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PREFACE. 

Some apology may appear requuite for oSuing a new book to the pabtic on 
the science of Algebra- CBpeciaBy as there are sereral worin of acknowledged 
merit on tiiat subject already before the paUie^ claiming attentim. 

But the intrinnc merits of a book are not alone sufficient to secure its adop 
tion, and render it generally uscfuL In additi<Mi to merit, it must be adapted 
to the general standard of scientiiSe instruction gi^en in our higher schools ; it 
must conform in a measure to the taste of the nation, and oorre^nd with the 
general dpirit of the age in which it is brought Ibrth. 

The elaborate and difiunye style of the French, as applied to this science, 
can neyer be more than theoreUeaSjf popular among the English ; and the se* 
Tere, brief, and practical methods of the English are almost intolerable to the 
French. Tet both nations can boast of men highly pre-eminent in this sdenoe, 
and the high minded of bodi nations are ready and wilfing to acknowledge the 
merits of the other ; but the style and spirit of their respect i v e pr od uctions are 
necessarily yeiy dtiflSfmt* 

In this country, our authors and teachers hate generally adopted one or the 
other of &ese schools, and thus haye brought among us di£ferenoe of opin- 
ion, drawn from these different standards of measure for true excellenoe. 

Very many of the Frendi methods of treating algebraic science are not to be 
disregarded or set aside. Tint principles,' theories and demonstrations, are the 
essence of all true science, and the French are very elaborate in these. Yet no 
effort of individuals, and no influence of a few institutions of learning, can 
change the taste of the American people, and make them assimilate to the 
French, any more than they can make the entire people assume French yiva* 
city, and adopt French manners. 

Seyeral works, modified from the French, have had, and now have consid- 
erable popularity, but they do not naturally suit American pupils. They are 
not sufficiently practical to be unquestionably popular; aild excellent as they 
are, they fail to inspire that enthusiastic spirit, which woiks of a mote practi- 
cal and English character are known to do. 

At the other extreme are several English books, almost' Wbi^ practical, with 
little more than arbitrary rules laid down. 8uch books may in time make 
good resohen of problems, but they certainly fidl in most instances to make 
scientific algebraists. 

The author of this work has had much experience as a teacher of algebra, 
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and has used the different varieties of text books, with a view to test their com- 
parative excellencies, and decide if possible on the standard most proper to be 
adopted, and of course he designed this work to be such as his experience and 
judgment would approve. 

One of the designs of this book is to create in the minds of the pupils a love 
for the study, which must in some way be seeuxed before success can be at- 
tained. Small woriLB designed for children, or those purposely adapted to per^ 
sons of low capacity, will not eecure this end. Those who give tone to public 
opinion in schools, will look down upon, rather than up to, works of this kind, 
and then the day of their uselulDess m past On the other hand, works of a 
high theocetioal chaxacier are apt to discourage the pupil before his acquire- 
ments enable him to appreciate them, and on this aooount alone such works 
are not the most proper for elementary class books. 

This work is designed, in the strictest sense, to be both theoretical and prac- 
tical, and therefbie, if the author has aocomjdiished his design, it will be found 
about midway between the French and English schools. 

In this treatise will be found condensed and brief modes of operation, not 
hitherto much known or generally practised, and several expedients are systemr 
atised and taught, by which.many otherwias tedious operations are avoided. 

Some applications of the celebrated problems of the couriers, and also of the 
lights^ are introducedinto this «rork, as an index to the pupil of the subsequent 
utilily of algebraic science^, which may allure him on to mpre thorough investi- 
gatioofl, and moro extensiva study. 

Such problems would lie more in place in text books oo natural philosophy 
and <86tronomy than in an elementary ajgebra, but the aluiast entire absence of 
them in works of that kind, is our apology for inserting them here, if 
apology be necessary. 

Quite young pupils, and such as may not have an adequate knowledge of 
phyncs and the general outlines of astronomy, may omit these articles of ap- 
plication ; but in all cases tha teach^ alone can decide what to omit and what 
to teach. 

Within a few years many new iexi books on algebra have appeared in differ- 
ent parts of the country, which is a sure index that sometliing is desired—* 
som'ething expected, — not yet found. The happy medium between the theo- 
retical and practical mathematics, or, rather, the bi^ppy blending of the two, 
which all seem to desire, is most difficult to attain ; hence, many have failed 
in their efforts to meet the wants of the public. 

Metaphysical theories, and speculative science, suit the meridians of France 
and Grermany better than those of the United States. But it is almost impos- 
sible to comment on this subject without being misapprehended ; the author 
of this book is a great admirer of the pure theories of algebraical science, for 
it is impovdUe to be practically skillful without having high theoretical acquire- 
ments. It is the man of theory who brings forth practical results, but it is not 
theory alone-^ is theory long and well applied. 
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Who will contend that Watt, Fitch, or Fulton, were ignorant or inaltentiTe 
to every theory concerning tiie nature and power of steam, yet they are only 
known as practical men, and it is almost in vain to look for any bene&ctors of 
mankind, or any promoters of real science from those known only as theo- 
rists, or among those who are strenuous contenders for technicalities and forms. 

We are led to these remarks to counteract, in some measure, if possible, that 
false impression existing in some minds, that a high standard work on algebra, 
must necessarily be very formal in manner and abstrusely theoretical m mat- 
ter ; but in our view t^ese are blemishes rather than excellencies. 

The author of this work is a great advocate for brevity, when not purchased 
at the expense of peri|Mcuity, and this may account for the book appearing 
very small, considering what it is claimed to contain. For instance, we have 
only two formulas in arithmetical progression, and some authors have 20. 
We contend the two are sufficient, and when well understood c6ver the whole 
theory pertaining to the subject, and in practice, whether for absolute use or 
lasting improvement of the mind, are fiur better than 20. The great nimiber 
only serves to confuse and distract die nund ; the two essential ones, can be 
remembered and most clearly and philosc^pdiically comprehended. The same 
remarks apply to geometrical progression. 

In the general theory of equations of the higher degrees this work is not too 
diffuse ; at the same time it designs to be simple and clear, and as much is 
given as in the judgment of the author would be acceptable, in a work as ele> 
mentary and condensed as this ; and if every position is not rigidly demonstra- 
ted, nothing is left in obscurity or doubt 

We have made special effi>rt to present the beautiful theorem of Sturm in 
such a manner as to bring it direct to the comprriiension of the student, and if 
we have &iled in this, we stand not alone. 

The subject itself, though not essentially difficult, is abstruse for a learner, 
and in our effi>rt to render it clear we have been more circuitous and elaborate 
than we had hoped to have been, or at first intended. 

We may apply the same remarks to our treatment of Homer *s method of 
solving the higher equations. 

Brevity is a great excellence, but perspicuity is greater, and, as a general 
thing, the two go hand in hand; and these views have guided us in preparing 
the whole work ; we have felt bound to be clear and show the rationale of 
every operation, and the foundation of every principle, at whatever cost. 

The Indeterminate and Diophantine analysis are not essential in a regular 
course of mathematics, and it has not been customary to teach them in many 
institutions ; for these reasons we do not insert them in our text book. The 
teacher or the student, however, will find them in a condse form in a key to 
this work. 
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ELEMENTS OF ALGEBRA. 

INTRODUCTION. 

DEFINITIONS AND AXIOMS. 

Algebra is a general kind of arithmetic, an universal analysis, 
or science of computation by symbols. 

Quantify or magnitude is a general term applied to everything 
which admits of increase, diminution, and measurement. 

The measurement of quantity is accomplished by means of an 
assumed unit or standard of measure ; and the unit must be the 
same, in kind, as the quantity measured. Measuring length, we 
apply length, as an inch, a yard« or a mile, &c. ; measuring area, 
we apply area, as a square inch, foot, or acre, &e. ; measuring 
money, a dollar, pound, &c., may be taken for the unit. 

Numbers represent the repetition of things, and when no ap- 
plication is made, the number is said to be abstract. Thus 5, 13, 
200, &c., are numbers, but $5, 13 yards, 200 acres, are quanti- 
ties. 

In algebraical expressions, some quantities may be known, 
others unknown ; the known quantities are represented by the 
first or leading letters of the alphabet, a, 6, c, c/, &c., and the 
unknown quantities by the final letters, z, ^, Xf ti, tic, 

THE SIGNS. 

(1) The perpendicular cross, thus -|-, called plus, denotes ad' 
ditian, or a positive value, state, or condition. 

(2) The horizontal dash, thus — , called minus, denotes sulh « 
traetioHf or a negative value, state, or condition. 

(3) The diamond cfcmbs, thus X , or a point between two quan- 
tities, denotes that they ftre to be multiplied together. 

(9) 
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(4) A horizontal line with a point above and below, thus -f-, 
denotes division. Also, two quantities, one above another, as 
numerator and denominator, thus -f , indicates that a is divided 

by 6. 

(5) Double horizontal lines, thus =, represent equality. Points 
between terms, thus a : b :: c : d^ represent proportion, and are 
read as a is to 6 so is c to (f. 

(6) The following sign represents root J ; alone it signifies 
square root. With small figures attached, thus ^tj ^J ^J, &c., 
indicates the thirds fourth^ fifths &c., root. 

Roots may also be represented by fractions written over a 

quantity, as cr a a^, &;c., which indicate the square root, 
the third root, ^nd fourth root of a.* 

(7) This symbol, ay>b, signifies that a is greater than b. 
This *' , a<^b, signifies that a is less than b. 

(8) A vinculum or bar , or parenthesis ( ) is used to con- 
nect several quantities together. Thus a-^b+c Xxot {a'\'b-\-c)Xj 
denotes that a plus b plus c is to be multiplied by x. The bar 

y may be placed vertically, thus, which is the same 
as (o— (?+«) y» or the same as ay— (/y+cy without the 

vinculum. 

(9) Simple quantities consist of a single term, as a, b, ab, Sx, 
&c. Compound quantities consist of two or more terms con- 
nected by their proper signs, as a-^-x, 36-|-2y, lab — 3a?y+c, &c. 
A binomial consists of two terms ; a trinomial of three ; and a 
polynomial of many, or any number of terms above two. 

(10) The numeral which stands before a quantity is called its 
coefficient ; thus 3x, 3 is the coefficient of x, and indicates that 
three x'^s are taken. Coefficients may be literal, simple, or com- 
pound, as well as numeral ; thus abx, (a+6) x ; (c — rf+2) x. 
Here ab, (a+6) and (c — c?+^) ms^y be considered coeffitients of a:. 

(11) A measure of any quantity is that by which it can be 

divided without a remainder. 2 is a measui/e of'^, oir ^ny even 



* The adc^tion and utility of this last mode of notation, which ought to be 
exdusively used, will be explained in a subseqnmt part of this work. 
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EXERCISES ON NOTATION. 1 1 

number. 5a is the measure of 20a. Sx is the measure of 12a?, 
or 12a2r. 

A mtUtiple of any quantity is that which is some exact num- 
ber of times that quantity ; thus 12 is a multiple of 3, or of 4, or 
of 6, and dOab is a multiple of 3a6, of 5ad, &c. 

AXIOMS. 

Axioms are self-evident truths, and of course are above demon- 
stration ; no explanation can render them more clear. The fol- 
lowing are those applicable to algebra, and are the principles on 
which the truth of all algebraical operations ^na//i/ rest: 

Axiom 1. If the same quantity or equal quantities be added to 
equal quantities, their sums will be equal. 

2. If the same quantity or equal quantities be subtracted from 
equal quantities, the remainders will be equal. 

3. If .equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same, or by equal 
quantities, the quotients will be equal. 

5. If the same quantity be both added to and subtracted from 
another, the value of the latter will not be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of the former will not be altered. 

7. Quantities Vhich are respectively equal to any other quan- 
tity are equal to each other. 

8. Equal roots of equal quantities are equal. 

9. Eqvial powers of the same or equal quantities are equal. 
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EXERCISES ON NOTATION. 

When definite values are given to the letters employed, we 
can at once iktermine the value of their combination in any alge- 
braic expression. 
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Leta=5 b:=20 c=4 d^l 
Then a+6— c=5+20— 4 or a+6— c=21 



-+d=:?^+l or-+rf=6 

a 5 a 

a 5 a 5 

b 20^ A^ 4 

a6+ac+rf=5X20+5iX4+l=121 
2a+36+^G+5<f=10+60+8+5=83 



SECTION I. 

ADDITION. 

(Art. 1.) Before we can make use of literal or algebraical 
quantities to aid us in any mathematical investigation, we must 
not only learn the nature of the quantities expressed, but how to 
add, subtract, multiply, and divide them, and subsequently learn 
how to raise them to powers, and extract roots. 

The pupil has undoubtedly learned in antlunetic, that quanti- 
ties representing different things cofmot w 'added together; for 
instance, dollars and yards of cloth cannot^ put into one sum ; 
but dollars can be added to dollars, and yards to yards ; units can 
be added to units, tens to tens, &c. So in algebra, a can be 
added to a, making 2a ; 3a can be added to 5a, making 88. As 
a may represent a dollar, then 3a would be 3 dollars, and 5a 
would be 5 dollars, and the sum would be 8 dollars. Again, a 
may represent any number of dollars as well as one dollar ; for 
example, suppose a to represent 6 dollars, then 3a would be 18 
dollars, and 5a would be 30 dollars, and the whole sum would be 
48 dollars. Also, 8a is 8 times 6 or 48 dollars ; hence any num 
her of a's may be added to any other number of a's by uniting 
their coefficients ; but a cannot be added to b, or 4a to 3b, or to 
any other dissimilar quantity, because it wopld be adding unlike 
thingiy \)\ii we can write ii-\-b and da^db, indicating the addi- 
tion by the sign, making a impound quantity^ 
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Let the pupil observe that a broad generality, a wide latitude 
must be flren to the term addition. In algebra, it rather means 
uniting, condensing, or reducing terms, and in some cases, the 
sum may appear Jike difference, owing to the difference of signs. 
Thus, 4a added to — a is 3a ; that is, the quantities united can 
only make So, because the minus sign indicates that one a must 
be taken out. Again, 76+36 — ib, when united, can only give 
66, which is in fact the 8um of these quantities, as 46 has the 
minus sign, which demands that it should be taken out ; hence to 
add similar quantities we have the following 

Rule. Md the affirmative coefficients into one sum and the 
negative ones into another, and take their difference with the 
sign of the greater, to which affix the common literal quan- 
tity. 

EXAMPLES FOR PRACTICE. 

5a 17a? -f-5a6 6a+56 — ^Tc^^ + Sjry 

2a 2x — 6a6 — (ia^-46 — 2cd-\^Zxy 

Sum 7a 19j: — a6 +6 — 9cd+llxy 

5a4-6 edy+ax 4x — 6 

" 3a+c 2cdy — 3aa: 2ar-[-10 

7a— 26+c 4crfy+8aar — 3a^+ 7 

--i-aa—- 36 — 4c — 7cdy — ax 6a? — 12 

Sum 12a— 46— 2c 9x— 1 

N. B. Like quantities, of whatever kind, whether of powers or 
roots, may be added together the same as more simple or rational 
qnantities. 

Thus 3a* and 8a* are 1 la*, and 763+363=106*. No matter 
what the terms may be, if they are only alike in kind. Let the 
reader observe that 2Cflf+^)+3(a+6) must be together 6(a+6), 
that is, 2 times any quantity whatever added to 3 times the 
same quantity must be 6 times that quantity. Therefore, 
4jQ^y+d^x+y=7tJx+yt for Jx+y, which represents the 
square root of ar-ty, may be considered a single quantity. 

(Art. 2.) To find the sum of various quantities we have the 
following 
B 
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Rule. Collect together aU thoie that are alike^ by uniting 
their cotfficientSf and then write the different sums, one after 
another, unth their proper signs. 



1. 

3ay 

2ax 

—Say 

6ax 



EXAMPLES. 

— 7ar^ 
+Baxy 



Sum Sax — 2xy Baxy-^pttx^ 



8. 

+3ay 
+40* — 22y 
— 3a8y+4ic* 

4afy — 80:* 



4. ft. 6. 

4ai>— 130+3^3! 14aa?— 2ar* 9+lO^aa? — 5iy . 

6a:* +3aar+9ar* hax+Zxy 2a:+7^ay+5y 

7ay — i^a:+90 8y* — 4aar 5y+3^aar+4y 

^ar+40— )Ba;« 3ar*+26 10 — 4^aa:+4y 

7aap+8a^+7ay 

•y. Add2ay— 2a*,\3a*+ayA«*+ay» 4a»— 3^, 2ay— 2a*. 

.i;i». 4a*+3ay. ^.'' 

8.. Add 8iftc^ — 3ary, 6aa5— 6xy, 9ary— 5aar, 2a*a?*+a:y, 
5aa? — 3ay. Ans. 10aV+5ar — ^ay. 

9. Add 2a:*— lOy, S^xy+lOar, 2a:^+25y, \%xy—Jxy, 
— Sy+I7sjxy. , 

Ans. 2ix*y+l2xy+10x+2x^+l9Jxy+7y. 

10. Add 26a>-12, 3ar*— 26x, 6ar*— S^^r, 37a:-fel2, 
a*+3. ^ Jins. 9i*+3. 

11. Add 106«— 36ar*, 26V— 6*. 10— 26ar*, 6*ar*— 20. 
36ar*+i*. Jins. 106*+3^ar— 26a:*— 10. 

19. Add 2a*— 3ar*+i»*» 2aa:*— 18ay+8, 10a*— ay— 4. 

Ans. 12a*— aa:*+a:*— 14ay+4. 

18. Add 96c»— 18ac*, 156c*+ac, 9ac*— 246c*, 9ac*— 2. 

Ans. ac — 2 
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14^* Add am'— 1, 6«frt~Sf»^+4, 7— 8ajM^2»nVtnd 
am*+2am+i; Ms. ,9n^+lh 

15. Add 12a— 13a6+16aa?, 8 — 4m+2y, — efl+7a6*+ 
I2y — ^24, and 7ab — I6ax'\-4m, 

,.Am,, 6,0— 6a6+14y+7a6'— 16. 

16. Add 72£u:*— 8ay®, — 38ax*— 3c^*+7ay*, 8+19a3/\ 
. — 6ay^+l2—Siax*+ha^—9(n/*. Ansy — ^ay3+20. 

Add 04-6 and 3a-^56 together. 

Add 6a?— 56+a+8 to —5a — 4a:+46— 3. . 

Add a+2ft— 3c— IC to 36 — 4a+6c+10 and 5*— c. " 

Add 3a+6 — 10. to c^-^a and — 4c-i^2a — 36 — 7. 



Add 3«*+26'— c tq? 3a6— 3a»+6c— ^. . 

(Art. 3.) When similar quantities have literal coefficients^ we 
may add them by patting their coefficients in a vinculum, and 
writing the term on' the outside as a factor. 

Thus the sum of ax and bx is (a'jrb)x. 

EXAMPLES. "'' 

2cff+3^ iai/+26x. 

4dx+7y* 4y +6x 



Sum (a+2c+4^>r-t-(6+3a+7)y' (4a+4)y+(3c+6)a? 

3. 4. 

Add 3aj4-2a?y ffa;+7y 

5a? + cay 7aa>-^^ 

(a +6)ar+2crfay — ^2ar +4y 

Sum (a+26+3)a?+(2crf+c+2)ay (8a— 2)a?+8y 

5. Add 8aa:+2(ar+a)+36, 9aa?+6(ar+a)— 96, and llar+ 
66— 7aas-8(ar+a). Ans. 10aa:+llx. 

«. Add (a-|-6)^a? and (c+2a — b)j/x> together. 

T. Add 28a«(a?+5y)+21, 18a— 18a«(ar4-6y), — 16a«(ar+ 
6y)— 8. Ana. 18a+13. 
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«• Add 17a(a:+8ay)+l2rf^c*, 8— ISay— 80^6^, ^7ii(ar+ 



"SUBTRACTION. 

(Art. 4.) We do not approve of the use of the term stibtraction^ 
as applied to algebra, for in many eases subtraction Appears like 
addition, and addition like subtraction. We prefer io use the 
term difference. 

What is th^ difference between 12 and 20 degrees of north 
latitude ? This is subtraction. But when we demand the differ- 
ence of latitude between 6 degrees north and 3 degrees south, the 
result appears like addition, for the difference is really 9 de- 
grees; the sum of 6 and 8. This example serves to explain the 
true nature of the sign minus. It is merely an opposition to 
the sign plus ; it is counting in another directum $ and if we 
call the degrees north of the equator plus^ we must call those 
south of it minus, taking the equator as the zero line. 

So it is oa the thermometer scale ; the divisions above zero 
are called plus^ those below minus. Money due to us may be 
called plus $ money that we owe should then be called minus, — 
the one circumstance is directly opposite, in effect, to the other. 
Indeed, we can conceive of no quantity less than nothing, as 
we sometimes express ourselves; It is quantity in opposite cir- 
cumstances or counted in an opposite direction; hence the differ- 
ence or space between a positive and a negative quantity is 
their apparent sum. 

As a further illustration of finding difierences, let us take the 
following examples, which all can understand : 

From 16 16 16 16 16 16 

Take 12 8 2 0—2 



Differ. 4 8 14 16 18 20 

Here the reader should strictly observe that the smaller the 
number we take away, the grater the remainder, and when the 
subtrahend becomes minus, it must be added. 
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Prom 


12a 


12a 12a 12a 


12a 


12a 


Take 


20a 


16a 12a 9a 


6a 


a 


Diff. 


—8a 


— ia da 


6a 


11a 



When a ^eater is taken from a less, we cannot have kposi' 
live or plus difference, it must be minus. 

From 20a 10a 5a — 5a — 10a 
Take 11a 11a 11a 11a —6 —6 —5a 



Diff. 9a —a —6a —11a +b b—6a —5a 

Here it will be perceived that the difference between zero and 
Miy quantity is the same quantity with the sign changed. 

(Art. 5.) Unlike quantities cannot be written in one sum, (Art. 
ly) but must be taken one after another with their proper sig^s : 
therefore, the difference of unlike quantities can only be ex- 
pressed by signs. Thus the difference between a and b is a— 6, 
a positive quantity if a is greater than 5, otherwise it is negative. 
From a take 6— e, (observe that they are unlike quantities). 

OPERATION. 

From a+0+0 

Take 0+b^c 



Remainder, or difference, a--^-\-c 

This formal manner of operation ipay be dispensed with ; th^ 
ciphers need not be written, and the signs of the subtrahend need 
only be changed. 

From the preceding observation, we draw the following 

GENERAL RULE FOR SUBTRACTION, OR ALGEBRAIC DIF- 
FERENCES. 

Change the signs of the subtrahend j or conceive them, to be 
changed; then proceed as in addition. 

EXAMPLES. 

From 4a+2a: — 3c 3aa:+2y a+b 

Take a+4a: — 6c x%f — ^y a-^—b 

Bemainder, 3<*— ^+3c 3aa: — ^a?y+4y 26 
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From 
Take 


4. 5. 

2a:*— 3ar+y* 7a+a— 5c 

— a:» — ix+a —a+2+ c 


6. 


Rem. 


3a:«+a?+y*— a 8a » —6c 


.y 


From 
Take 


8ar*— 3a?y+2y*+ c 
a^ — 6ay+3y*— 2c 


8. 
ar+fta?+cx 

a?+aa:+6a? 


Diff. 


7a^+Bxy — y*+3c 


((>— l)a? 


From 
Take 


9. 

ax+by+cz 

— «w? — ny-^z 


to. 

a+b+c 


Diff. 


(a+fn)x+{b+n)y+{c+p)z 


2a+26+2c 



(Art. 6.) From a take b. The result is a— ^. The minus 
sign here shows that the operation has been performed ; b was 
positive before the subtraction ; changing the sign performed 
the subtraction; so changing the sign of any other quantity 
would subtract it. 

11* From 9a take {ab+x--'-^ — y)^ considering the terms in 
the vinculum as one term, the difference must be do — {eA+x~-~ 
e — y)i but if we subtract this quantity not as a whole, but term 
by term, the remainder must be 3a — ab — x+c+y. 

That iSi when the vinctUum is taken awcy, all the signs 
unthin the vinculum must be changed. 

1«. From 30a!y take (40a!y— 25*+3c — id). 

Rem. 26*— lOay— 3c+4rf. 



1^. From Jx+y+BaX'^1% take — (4^af+y— 2aa:+5). 
—•^ jjgm 5aa>-37a:+y— 12— *. 

14« Find the difference between Qi^^^2y — 6 and — 8y*— 
6y+ 12. ^ns. 14y*+3y— 17 

15. From 3a— 6— 2a:+7 take 8— 36+a+4ar. 

Jlns. 2a+26 — 6a>— 1. 
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16. From 9p+q+r'-^28 take ^f^ — Sr+2$ — 8. 

IT. From 13a*— 2aa:+9a:j* take 6a*— 7aa>— a:*. 

1 

18. From 20ay — 5^a+3y take 4xy+5a^ — y 

Ans., 16a?y— I0a^+4y. 

19. From the sum of 6j^ — Was?^ and Sa^^-hSax', take 
4a:*y — 4aa:'4"^- ^^* lOar^ — ioa:' — a. 

90. From the sum of 16a*5+8c(/a>— 3 and 24— 8a*5+2crfj? 
take the sum of 12a*6 — 3crfa? — 8 and 16+crfa? — ic^h. 

Diff. 12c(/a;+13— 0*6. 

9E» J'rom the difference between %ab — 12cy and — 3a6+ 

4cy take the sum of 5a5— 7ey and a64-cy« 

Diff. 5a6— lOcy. 
From 2a+26 take — a— 6. 
From aX'\^bx take ou— 6a:. 
From a+c+6 take a-]rc — 6. 
From 3a:+2y+2 take 6x+3y+6* 
From 6a+2a?+c take 6a+6a>— 3c. 
From — 4flH-2j? — 2 take — 6a — 2x — 2, 
From 12a>— 2ay+3 take 7+ay+lOar. 



^^^^^/Si^/^^^^^^^f^^^^^'V^^/WV^^^^A'^/N^^i^^^^W 



MULTIPLICATION. 



(Art. 7.) The nature of multiplication is the same in arithmetic 
and algebra. It is one quantity repeated as many times as there 
are units in another ; the two quantities may be called factors, 
and in abstract quantities, either may be called the multiplicand ; 
the other will of course be the multiplier. 

Thus 4X5. It is indifferent whether we consider 4 repeated 
6 timti or 6 repeated 4 times $ that is, it is indifferent which we 
call the multiplier. Let a represent 4, and h represent 5, then 
the product is aX6 ; or with letters we may omit the sign and 
the product will be simply ab* 
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The product of sny namber of letters, 9» ab cdyis cAcd. 

The product o( x y z is xyz. 

In the product it is no matter in what order the letters are 
placed; xy and yxla the same product. 

The product of axXby is axby or abxy. Now suppose 
a=6 and b^S, then ab^4S, and the product of <ixXby would 
be the same as the product of QxXSy or 48:ry. From this we 
draw the following rule for multiplying simple quantities : 

Multiply the coefficients together and annex the letters^ one 
efter another, to the product. 

EXABIPLES. 

!• Multiply 8a: by 7a. Prod. 2lax. 

9. Multiply 4y by Bab Prod. I2aby. 

8. Multiply 36 by 5c, and that product by lOar. 

Prod. l^Obcx. 

4. Multiply 6ax by I2by by 7ad. Prod. 60iaaxydb. 

5. Multiply 3ac by 116 by xy. 

6. Multiply of by pq by 4. 

In the above examples no signs were e3q>ressed, and of course 
plus was understood ; and it is bs clear as an axiom that plus 
multiplied by plus must produce plus, or a positire product. 

(Art 8.) As algebraic quantities are liable to be affected by 
negative signs, we must investigate the products arising from 
them. Let it be required, to multiply — i by 3, that is, repeat 
the negative quantity 3 timies ; the whole must be negative, a5 
the $um of any number if negative quantities is negative. 
Hence mmus multiplHed by phta gives mifiusy — aXb gives 
-Hi6 ; also a multiplied ■ b3r; '^ must give — <i6, as we may 
conceive the minus 5 repeated a times. 

(Art 9.) Now let it be required to multiply — 4 by —3, that 
is, minus 4 must be subtracted 3^ tiihes; but to subtract minus 
4 is the same as to add. 4, (Axti 5,) giving a positive or plus 
quantity ; and to silbtracit it 3 times, as the — -^ indicates, will 
give a product of +12* 

That is, minus multiplied by minus givtsplus. 
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This principle is so important that we give another mode of 
illustrating it : 

Required the product of 11—6 by a-«-«. 

Here a — b must be repeated o-^ times. 

If we take a— ^, a times, we shall have too large a product, 
as the multiplier a is to be diminished by c. 

That is a — b - 

Multiplied by (i 

Gives aa*^abi which is too great by a— -6 repeated 

c times, or by ac-^cb, which must be subtracted from the former 
product; but to subtract we change signs, (Art 5,) therefore the 
true product must be oo— 06-— ac4~c5« ^ 

That is, the product of minus b by minus c gives plus be, 
midf in general^ minus multipKed by minus gives plus. 

But pius quantities multiplied by plus give plus, and minus by 
plus, or plus by minus, give minus ; therefore we may say, in 
short, 

TTiat quantities affected by like signs, when multiplied toge- 
ther, give plus, and when affected by unlike signs give minus. 

(Art. 10.) The product of a into b can only be expressed by 
ab or ba. The product of abed, ^c, is abed; but if 6 c and d 
are each equal to a, the product would be aaaa. 

The product of aa into ooa is aaaaa ; but for the sake of 
brevity and eanvenienee, in place of writing etaa, we write o^. 
The figure on. the right of the letter shows how many time^ the 
letter is takes of a factor, and is called an exponent. The pro- 
duct of 0* into ^ is a repeated 3 times as a factor, and 4 times 
98 a factor; in. all 7 times ; that is, write the letter and add the 
esqionents. 

EXAMPLES. 

What is the product of a' by o^ ? 
What is the product of a?* by a:* ? 
What is the product of y* by y* by y* ? 
What is the product of a" by aT ? 
What is the product of 5 V by bx. 
What is the product of ac by ac^ by (if<^l 



Axs. 


c?. 


Ans. 


x"'. 


Ans, 


y"- 


Ans. «"+"*. 


Ans. 


fia/". 


Ans. 


ff&. 



22 ELEMENTS OF ALGEBRA. 

If adding numeral exponents is a trae operation, it must be 
equally true when the exponents are literal. 

N. Bk When the exponent is not expressed, one is understood, 
for a is certainly the same as aS or once taken. 

(Art. XL) Every factor must appear or be contained in a pro- 
duct. Thus (u^ multiplied by bai^ must be abx^. Now if a^6 
and 6=10 the product would be 60^:^. 

Multiply 3a* by 7a». Product 210*. 

From this we draw the following rule for the multiplication 
of exponential quantities. 

Multiply the coefficients and add the exponents of the same 
letter* AU the letters must appear in the product. 

EXAMPLES. 

Multiply 4fl* by 3a. Prod. 12a«. 

Multiply 3a:« by — 2a:». Prod. — to». 

Multiply 3a: by 7af* by 3a*y. Prod. 63cfz^. 

What is the product of 2aa;', 4aa?y, 7abx ? 

Prod. 5Ma^&j/k. 

What is the product of 2a**, 3a"*a?, and ax 1 

Prod. 60**+**+^. 

Multiply 9a*a? by 4a?. Prod. 36a*ar*. 

Multiply 17a»6*c« by 7ac. Prod. 119rt*6*c*. 

Multiply lla»6«c by 10a»6V* Prod. llOaW^c^K 

Multiply 12iy c»a? by 5a«6ay. Prod. 606rt*6»c»«y. 

Multiply 77a»ca?* by 61a»&. Prod. 4697Mcxl*. 

Multiply 117a6Va: by 2a»6«c. Prod. *2«4a*5Vx. 

Multiply Mx by 6ar. 

Multiply 9aa:* by — ^7aa?. 

Multiply 7aa? by — i. 

Multiply 3ac by *— 2ca; by -'^Ac. Prod. 24ac^x. 

(Art. 12.) When one compound quantity is to be multiplied 
or repeated as many times as there are units in another, it i* 
erident that the multiplicand must be repeated by every term of 
the multiplier. 
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Thus the product of o-f-i+c by a:+y+^- 
It is evident that a-{rb+c must be repeated x times, then y 
times, then z times ; and the operation may stand thus : 

a+b-^-c 
on+y+z 

Product by x ax-^-bx+cx 
Product by y «y+^y+cy 

Product by z az-^rbz-^-cz 



Entire Product ax-^-ba^cx+ay+by-^rey+az'^bz+cz. 

From the foregoing articles we draw the following general 
rule for the multiplication of compound quantities. 

Multiply all the terms of the mtdtipHcand by each term of 
the multiplier, observing that like signs, in both factors, give 
plus, and unlike, minus. 

Write each term of the product distinctly by itsdf, with its 
proper sign, and afterwards condense or connect the terms as 
much as possible, as in cuidition. 

EXAMPLES. 
1. 9. 

Multiply 2ar^3a; 3x+ 2y 

By 2i +4y 4x — 5y 

Partial product 4aa^63* 12.ar*+ Sxy 

2d part. prod. Saxy—I2xy — 195ry— lOy* 

Whole prodi 4aaj^8afry— 6a:*— I2ay 12a^— Tay^lOy* 

S. Multiply 22^+ty—2f 

By . 8a?:— 3y 



Partial product 63:*+3a^— 6ay* 

2d partial product — 6a:*y — 3ay*+6y* 

Whole product 6a!*— aa^— 0ay*+6y* 

4. Multigply 3a*— 2a6— 6* by 2a— 46. 

- Prod. 6a*— 16a*6+6a6»+46«. 

5. Mtiltiply 0!^— a?y+y* bv x+y Prod o'+y* 
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•• Multiply 0*— Bac+c* by 



Prod. 0^— 4tfc+4ac«— c*. 
Prod. ^+2ab+ii». 






T. Multiply a+b by a+b. 

8. Multiply x+y by x+y. Prod. 

9. Multiply a— ^ by a — b. Prod. 

10. Multiply a? — y by a>— y. Prorf. 

* 

(Art. 13.) By inspecting all the problems, from the 7th to the 
10th, we shall perceive that they are all binomial quantities, and 
the multiplicand and multiplier the same. 

But when a number is to be multiplied into itself the product 
is called a square. Now by inspecting the products, we find, 
that the square of any binomial quantity is equal to plits ; the 
square of the two parts and tunce the product of the two parts. 

N. B, The product of the two parts will be plus or minus, 
according to the sign between the binomial. 

Let us now examine the product of a-(-6 into a— 6. 

a +b 2m +2n 

a— 6 %m'^2n 



ifi+ab 



4tn"4"4»nn 
' •— 4f?ifi— 4)1* 



Product c^ 



4f?i* 



— 4n« 



Multiply 2a+9b by 2(^—86. Prod. 4a«— 96«. 

Multiply 3y — c by 3y — c. Prod. 9y« — c". 

Tlius, by inspection, we find the product of the sum mid 
difference of two qiumtities is equal to the difference of their 
squares. 

The propositions included in this article are ptoved also in 
geometry. 

(Art. 14.) We can sometimes make use of binpinial quantities 
gready to our advantage, as a few of the following examples will 
show: 

1* Multiply a-f^+c, or square the trinomial quantity a+ 
h+e» Suppose a+b r^resented by Sy then it will be irf-c» 
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The square of this is <'-|-2«c-f-c'; restoring the value of ^, and 
we have (a+by+2{a+b)e+f^. 

9* Square x+y-"^. Let x+y»«* 

Then (s— ;r)»«s«^— 2«2r+«*=(a?+y)*— 2(«+y)i+««. 
•• Multiply x+jf+z by a?+y — z. Prod. (a?+y)^ — zK 

€• Multiply 2a:^— dx+2 by 2>— 8. 

Prod, 2a;«— 19«»+26aN— 16. 

«l. Multiply ax+by by aa:+cy. 

•• Multiply ix+y by ia>— y. Prod, iaj^^-y*. 

t. Multiply a«+2a»5+2a^ +b^ 
By a»— 2a«6-i-2a6« — 6» 



a»+2a55+2fl*6»+a«6» 
— 2a*/^— 4«r«6^^— 4a»^— 2a«6* 

+2tf*6«+4«»6'+4<^*+8o6* 

Prod, o'-^^ 

«. Multiply jcs^— iar+f 
By ix + 2 



+ 2 a^^— ar+$ 
Product, iJc'+V^^aJ+f 



« 
« 



9. What is the product of ir+6* by cT+fr*? 

XO..What is the product of a^^lx by «»— tb? 

11* What is the product of 4oi^+9.3fi+\Qx+9^hy dx-^l 

Jins. 12a?^— 192. 

19. What is the product of c^+c^b+aV+b* by o-^ ? 

Jim. <i^^-*1. 
C 
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DIVISION.. 

(Art. 15.) Division is the tHHiverse of multiplieatloii, the pro^ 
duct being called a dividend, and one of the factors a divisor. If 
a multiplie4 by b give the product a6, then ab divided by a must 
give 6 fbr a qdotient, and if divided by 6, give a. In short, if 
one simple quantity is to be divided by another simple quantity, 
the quotient minit be found by inspection, as in division of num- 
bers. 

EXAMPLES. 

1* Divide Idab by 4a. Mtm. 4b. 

9. Divide 21 acd by 7c. .^n^. 3ad. 

3* Divide abH by ac. J9n8, l^. 

4. Divide 3ary by 2&c. Ans. -^^^ 

In this last example, and in many others, the absolute divisioH- 
cannot be effect^. In some cases it can be partially effected, 
and the quotients must be fractional* 

5. Divide 3aca?* by acy» Ans, • 

%f 

9b 
•• Divide 726«a: by Sabx. Ans. — . 

•^ a 

T. Divide 27a6v by llabx. Jins. -^. 

(Art. 16.) It will be observed that the product of the divisor 
and quotient must make the dividend, and the signs must con- 
form to the principles laid dowii in multiplication. • The follow- 
ing examples will iUustrate : . 

S* Divide. •">— 8^ by Zy*^ JlfHe* • -^. 

IK Divide — 9y by — 8y. Am. + 3. 

lO. Divide +9y by — 8y. Ahs. — 3. 



* The term quotient would be more exact and technical, here ; but, in 
•ulti herttAer, we ehall ihvariably use the term Ans^ as more brief and ela> 
gmt, and it is equally weU undentood. 
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27 



(Art. 17.) The product of n^ into a* is a"r(Art. 10,) that is^ 
in moltiplication/we add tho exponents ; and as division is the 
•onrerse of multiplication, to divide powers of the same letteff 
we must subtract the exponent of the divisor from that of the 
dividend. 



Divide 2tf by c^. 


Ans. 2a». 


Divide —a' by o^. 


•tfn*. — a. 


Divide 16a!« by 4x. 


Ans. 4a;*. 


Divide Uax%^ by —-Soy. 


•4n«. — 5a?y". 


Divide 69a"* by 7«r. 


^n*. 9£r-". 


Divide 12aa;" by — 3<u?. 


^n«. — 4X**-'. 


Divide 7a«6 by 21rf6«. 




• 

Divide -^So^aJ* by — 7i<*a!«. 

• 


'^'*'- 7««' 


Divide IHa^ftV by 78«'6c*. 


2c 


Divide 9aa6e by 12a<5c'(f. 




Divide efbf^ by a»6«c*. 

ft 


Ans, — 7-«» 
aor 

! ■ • ■ 


• • ■ 
Divide THcfb^cd^ by 21a6c(f. 


7 



Divide Uo&^cd' by Mb(?. 



Ans. 



Tbd 
Sac* 



(Art. 18.) The object of this article is to explain the nature of 
negative exponents. 

Divide ef successively by a, and we shall have the following 
quotients : . 

tft .0^, Oi l^ --, 



i. i. &c. 



Divide t^ again, rigidly adhering to the principle that to 
divide any power ot a by a, the exponent becomes one lessy and 
we have 
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i^^ a^f a\ tff ir*f tr*f a"^, ke. 

Now tbet6 quotients must be equal, that ii» d^ in one eeriee 
equals e^ in the other, and 

c^=:a«, a^a\ l=a< i=a-» -=«-" \-^ 

Another illustration. We divide exponential quantitiea by 
subtracting the exponent of the divisor from the exponent of the 
dividend. Thus a* divided by a* gives a quotient of fl^s^o*. 
af divided by a'=tfi'~^=^arK We can also divide by taking the 
dividend for a numerator and the divisor for a denommalory ihua 

-i=--, therefore -5=0** (Axiom 7.) 

From this we learn, that exponential terms may be changed 
from a numerator to a denominatot^ and the reverse, by change 
ing the signs of the exponents, 

^^•' S=^ ^«=& r=^ 
Divide Me by fl"6«c-'. Aa. ^}br^<f. 

Observe, that to divide is to subtract the exponents. 

Divide 14a6*c{f by Mb(^. ^ns, :; — ^rfido'^erK 

(Art. 19.) A compound term divided by a simple temiy is 
effected by dividing each term of the eompoand quanti^ by the 
simple divisor. 

EXAMPLES. 

1* Divide' Zaao^V^x by tap. • Am. . a**-5. 

a. Divide %:^-\-\%^ by ^^. Jlns. 2x+d. 

3. Divide 9bed+l%bcx—dVe by 35c. Jins: d+4x-^b. 
. €• Divicje 7<MP+3«y~7W by r^lad. 
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•• Dinde lW6c— 15«caB*+5a(P by — 5ac. 

6. Divide lOai*— ISx*— 26a? by 5a:/ Ans. 2a;*— 3a>— 5. 
Y. Divide — l6a&+dOa6' by — ea&. 

Am. y— 106«. 

8. Divide 30a'6'+60a*fr— 606 by — 12a6. 

Ans, — 3a6 — 6a+i. 

9» Divide lOra? — cry-^-^crx by cr. 

10. Divide lOvy+lGcJ by 2^. 

11. Divide 6ay — 18acd+24a by 6a. 
W» Divide mav-«mx+«» by m. 

(Art 20.) We now come to the last and most important ope- 
ration in division, the division of one compound quantity by an- 
ether compound quantity. 

The dividend may be considered a product of the divisor into 
the yet unknown factor, the quotient ; and the highest power of 
any letter in the product, or the now called dividend, must be 
eonceived'to have been formed by the highest power of the 6ame 
letter in the divisor into the highest power of that letter in the 
quotient. Therefore, both the divisor and the dividend must 
be arranged according to the regular powers of some letter. 

After this, the truth of the following rule will become obvious 
by its great similarity to division in numbers. 

Rule. Divide the first term of the dividend by the first term 
efthe divisor, and set the result in the quotient.* 

Multiply the whoh divisor by the quotient thus founds cmd 
subtract the product from the dividend. 

The remainder will form a new dividend^ with which prO' 
ceed as before, till the first term of the divisor is no longer 
contained in the first term of the remainder. 

The divisor and remainder, ^ there be a remainder, are then 

* Divide ihe first term of the dividend and of the remainders by the first 
term of the divisor ; be not troubled about other terms. 
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to be written in the form of a fraction^ as in diviiion of num* 
bers. 

EXAMPLES. 

Divide a"+2aft+6« by a+b. 

Here, a is the leading letter, standing first in both dividend 
and divisor ; hence no change of place is necessary. 

OPERATION. 

a+by+2ab+b'{a+b 
a»+ ab 



ab+l^ 
ab+l^ 



Agreeably to the rule, we consider that a will be contained in 
€^9 a times ; then the product of a into the divisor is c^+(dff and 
the first term of the remainder is a6, in which a is contained 6 
times. We then multiply the divisor by 6, and there being no 
remainder, a+& is the whole quotient. 

Divide ci^+3a?a?+3aaj"+a5' by x+«, 

As th^ highest power of a stands in the first term of the divi- 
dend, and the powers of a decrease in regular gradation froqi 
term to term, therefor^ we must change th^ tern^s of the diTisor 
to make a stand fir^t, 

OPERATION. 

1. a+a:)a»+8a»ar+3aa*+x»(a^+2ar+a* 



2e^x+Baj^ 
2a»a?+2aa:» 
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tf — (^C 






ac^ — c* 
oc* — c' 



8. a"— 4a+4)a»— da»+12flh-^(a— 2 

II?— 40*+ 4a 



— 2a«+ 8a--8 
— 2a»+ 8a— 8 



4. Divide 6a:*— 96 by 6aN— 12. ^n$. a»+2a;»+4a?+8 

5. Divide a*— ^ by a — b. Ans, a+ft. 

«. Divide 26a:«-^-^i^-.2x*-^jc* by 5x«— 4a:*. 

•tfn*. 5a:2-|-4a:»+3a?+2. 

(Art. 21.) We may cast oi&t equal factors from the dividend 
and divisor, without ohangin(|f the value of the quotients, for 
amxy divided by am gives xy for a quotient ; cast out either of 
the common factors a or m from both dividend and divisor, and 
we shall still have xy for a quotient. This, in many instances, 
will greatly facilitate the operation. Thus, in the 4th example, 
the factor 6 may be cast out, as it is contained in all the terms ; 
and in the 6th example the factor x* may be cast out ; the quo- 
tients will of course be the same. 

It* Divide a^+4aa?+4«'+y* by a+2a:. 

Ans. a4-2a?^ — ^. 

a+2a: 

8. Divide 6tf*+9a*— 15a by do*— 3a. 

(Observe Art. 21,) Am. 2a*+2a+6. 

9. Divide a:®— y* by a:'+2a:^+2ary*+y'. 

Am. X* — ^2a:^+2ary*— y. 
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10. Divide ox*— (4iM-^)a!M-^ by ax-^. 

^ns, a^— ax— 5. 

11. Divide 1 by 1 — a. Ant. l+a+o'+a', &c., Ac. 
1«. Divide a:»+|^+|?+l by |+4. 

Ans. 2x*— ^+2. 

N. B. We may multiply both dividend and divisor by the 
same number as well as divide them. 

la. Divide 1— 5y+10y*— 10y«+5y— 3/^ by 1— 2y+y'. 

14. Divide a*+46* 1^ a*— 2od+26». 

j?n«. a*+2a6+26". 

14^. Divide a!:*-Krf*+a:'— «*+2ap — 1 by a:*+x— 1. 

j?n«. a?* — ar'+x* — x-^-l. 

16. Divide a*— a:* by a — x. 

Am. «*-Hr'a?4-«'«*+««*+** 
IT. Divide ft'+y' by 6+y- 

1§» Divide a*4-6a*y+5ay*+y' by a+y- 

w^n*. a*+4ay4-y** 

If more examples are desired for practice, the examples in 
multiplication may be taken. The product or answer may be 
taken for a dividend, and either one of the factors for a divisor ; 
the other will be the quotient. 

Also, the examples in division may be changed to examples in 
multiplication ; and these changes may serve ^ impress on the 
mind of the pupil the close connection between these two opera- 
tions. 

(Art. 22.) In the following examples the dividends and divi- 
sors are given in the form of fractions, and the quotients are the 
terms after the sign of equaHty. Let the pupil actually divide, 
and observe the quotients attentively. 

1. »=a:+c 



DIVISION. as 



3. =a:*4-aa?+fl*« 

X — a 

X* a* 

a?— ^ • 

X — a 

Hence we may conclude that in general a?** — a"* i« divisible by 
:r-— a, m being any entire positive number. 

That is, =x^»+aa;"^+ - - - a*-«a?+a"^». 

The quotient commencing with a power of x, one less than 
m, and ending with a power of a, one less than m. 

7^96 divisions show, that the difference of two equal powers 
of different quantities is always divisible by the difference of 
their roots, 

(Art. 23.) By trial, that is, actual division, we shad find that 



x+a 
X* — tf* 



s=sa>— «. 



x+a 



=0^— ^a:*+ a^x — o^. 



= a^ — ax^-^-c^a^ — c^a^+a^x — a^. 



&c. Sic. Sie. &c. 

From which we learn that the difference of any two equal 
powers of different quantities, is also divisible by the sum of their 
roots when the exponent of the power is an even number. 

(Art. 24.) By actual division we find that 



a?+a 



=a:^— aa:+«'« 



^!^:^^a^^.a3i^+f^x'—(^x+(^. 

x+a 

And in general, we may conclude that the sum of any two 
equal powers of different quantities, is divisible by the sum of 
their roots when the exponent of the power is an odd number. 

3 
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In Art. 22, if we make a=l the formulas become 



x—l 
x^—l 



=x+l. 



x—l 
or— I 



=x^+x+l. 



=jpm-l_|.^m-2^^m-3^ &C. 



x —1 
If we make a?=l, what will the formulas become? 

Make the same substitutions in articles 23 and 24, and exa- 
mine the results. 

By inspecting articles 22, 23, and 24, we find that 

(a?+a)(a>-^a)=a:^ — «*, (ar*+aa:+«2)(a? — a)=x^ — a^, &c., 

tor the product of the divisor and quotient must always produce the 
dividend. These principles point out an expedient of condensing 
a multitude of terms by multiplying them by the roots of the terms 
involved. Thus, a?^itaa:r^+aVdzflr^x+a\ can be condensed to 
two terms by multiplying them by xdza, the root of the first and 
last term, with the minus sign where the signs are plus in the 
multiplicand, and with the plus sign where the signs are alter- 
nately plus and minus. See examples in Art. 22 and 24. 



ALGEBRAIC FRACTIONS. 

(Art. 25.) We shall be very brief on the subject of algebraic 
fractions, because the names and rules of operations are the same 
as numeral fractions in common arithmetic ; and for illustration, 
shall, in some cases, place them side by side. 

Case i. To reduce a mixed quantity to mi, improper fretC" 
tlon, multiply the integer by tke^ denominator of the fraction^ 
and to the product add the numerator ^ or connect it with its 
proper sign, -j- or — ; then the denominator being act under 
this aumf udll give the improper Jraction required. 
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EXAMPLES. 

a? 
b 



!• Reduce 2| and a+7 to improper fractions. 



Jins. V and ?^. 



These two operations, and the principle that governs them, 
are exactly alike. 

3. Reduce 5|- and a-\"r to improper fractions. 

8. Reduce 4 — | and a—— to improper fractions. 

Jins. y and . 

X 

4. Reduce 5 — and 26 to improper fractions. 

25—4+1 22 , 26c— 3a:+a 
warn*. = =— and 

c 

oh~^x 
«5. Reduce 5aH v — to an improper fraction. 

6. Reduce 12H r — to an improper fraction. 

•y. Reduce 4+2a?H — to an improper fraction. 

2dC— 5 

8. Reduce 5a: — to an improper fraction. 

o 

3^2 — 30 

9. Reduce 3a — ^9 XT" ^ ^^ improper fraction. 

/ Am. ^. 

Case 2. Tlit convtrse of Case I. To reduce improper 
fractions to mixed qtumtities^ divide the numej'ator by the de- 
fU}minatQr9 as fur aspoasible^ and set the remainder ^ {if any,) 



V- 



3d ELEMENTS OF ALGEBRA. 

over the denominator for the fractional part ; the two joined 
together with their proper sign, toitt be the mixed quantity 
sought. 

EXAMPLES. 

ab^rX 
!• Redace y and — r — to mixed quantities. 

^na. 51 and a+-T . 



a^'\'bx 
3* Reduce y and to mixed quantities. 

bx 
Ans. 2i and aH — . 
• a 

8« Reduce —3^ ^ to a mixed quantity. 

Ans. ha+^-^. 

y 

4. Reduce .- ■ ' ' to a whole or mixed quantity. 

Ans. 2a+26. 

5« Reduce — to a whole number. 

a?— y 

Ans. 2{a:*+ipy+y«) by (Art. 22.) 
6. iCeduce to a mixed quantity. 

T. Reduce to a mixed quantity. 

oa 

13a;+5 

8. Reduce — - — to a mixed quantity. 

^ ^ , ^oi^—\%ax+y—^x . , 

!>• Keauce ■ — - — to a mixed quantity. 

(Art. 26.) It is very desirable to obtain algebraic quantities in 
their most condensed form. Therefore, it is often necessary to ' 
reduce fractions to their lowest terms ; and this can be done as 
in arithmetic, by dividing both numerator and denominator by 
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their obvious common factors, or for their final reduction, by 
their greatest common measure. If the terms have no common 
measure, Oie fraction is aheady to its lowest terms. 

The principle on which these .r^uctions rest is that of divi- 
sion, explained in (Art. 21). ^ 

Case 3. To find the greafest common measure of the terms, 
of a fraction^ divide the greater term by the less, and the last 
divisor by the remainder, cfnd so on till nothing remains ; thm 
the divisor last used will fie the common measure required. 

But note, that it is primer to arrange the qmmtilies according 
to the powers of some letter, as is shown in division, 

N. B. During the operation we may cast out, or throw in a 

factor to either one of the terms without affecting the common 

measure, as such a factor would make no part of the common 

measure, and the value of quantities is not under consideration. 

ab + h^ 
Thus, the fraction — r — rz has a-^-b for its sireatest common 

a^ — 6* 

measure ; and this quantity is not affected by casting out the 

factor b from the numerator, and seeking the common measure 

a+b 
of the fraction — — —• 

(Art. 27.) To demonstrate the truth of the rule for finding the 
greatest common measure, let us suppose D to represent a divi- 
dend, and d a divisor, q the first quotient and r the first re 
mainder. 

In short, let us represent successive divisions as follows : 

d)D{q 

r)d{q' 
rq' 



r')r{q" 



rq' 





Now, in division, the dividend is always equal to the product 
of the divisor and quotient, plus the remainder, if any. 
* D 
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Therefore, 


r^r'q" 


and 


d^rq'+r' 


and 


D:^dq+r. 



As r:=r'q'\ the last divisor r' is a factor in r (there l^eing no 
remainder) ; that is, r' measures r. 

Now as r' measures r, it measures any number of times r, 
or rq''\-r!i or d; therefore r' measures d, • 

Again, as r' measures d and r, it measures any number of 
times c/,+r; that is, it measures dq-^-r or D, 

Hence r', the last divisor, is a common measure to both D 

D 

and c?, or to the fraction -r. 

d • 

We have now to sho\v that r' is not only the common mea- 
sure of D and d^ but the greatest common measure. 

In division, if we subtract the product of the divisor and quo- 
tient from the dividend, we shall have the remainder. 

That is, jO-r-^=r, and (^— rj'==r'. 

Now every common measure of I) and d is also a measure of 
J} — dq=r $ and every common measure of r and of d and r, is 
also a measure of d — rq'=r' ; that is, a measure of r'. But the 
greatest measure of r' is itself. This, then, is the greatest com- 
mon measure of D and d. 

EXAMPLES. 

!• Find the greatest common measure to the two terms of 

a*— 1 

the fraction -Vi — ; ^ind with it, reduce the fraction to its lowest 

terms. 

CONSIDERATION AND OPERATION. 

The denominator has c^ as a factor to all its terms, which is 
not a factor in the numerator / hence this can form no part of 
the common measure, or the common measure will still be there 
if this factor is taken away. 

a'* — 1 
We then seek the common measure of ~-r- — 
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Hence a^4~l is the common measure, which, used as a divisor 
to both numerator and denominator, reduces the fraction to 



a^ 



lion 



3* Find the greatest common measure, and re(|uc^,the frac- 
3f — y^ ■ . - 

x^ — ^y* 



■f. 



Divide this rem. by y^ x'tf^ — y* 

... . xy^y^ 

Ans, Common measure a>— y. - 

Fraction reduced — ^ . ^ . 

•• , ' •- ' -- ' . 
3« Find the greatest common measure and reduce the frac- 



tion 



Qc^xy-^bax^y^ 



•^Mf* Greatest common measure a'-J*^» Seduced frac- 
lion — ! — ^ 
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Find the greatest common measure of a'+3a*6-|-3a6*+^ 
and a^c4-2a6c4-ft'c. 

Reject the common factor c in one of the terms. 






4* Find the greatest common divisor, and reduce the fraction 
3at— 2a— 1 



to its lowest terms. 



Ao*— 2a*— 3a+i 

Here we find that neither term will divide by the other ; but 
if these quantities have a common divisor, such divisor will still 
exist if we multiply one of the terms by any number whatever, 
to render division possible. 

Therefore take 4c^—2(;fi^ Ba+ 1 
Multiply it by 3 

3a«— 2a— l)12o»— 6a*— 9a+ 3(4a 
120*— 8a<— 4a 



2a*— 6a+ 3 
Multiply by 3 

3(<^— 2a— l)6a^— 15a+ 9(2 
6a*— 4a — 2 



Divide by —11 — 11 a+ 1 1 



l)3au-2a— l(3a+l 
3a^— 3a 



— 1 
a— 1 

Ans. Greatest common measure a— 1. Reduced fraction 
3a+l 
4a*+2a— 1* 
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ft* Find the greatest common measure and reduce the firac- 
tion ^ ^ 3^4-3^ ^ ^** lowest terms* 

Ans. Common divisor fi^— a:*. Reduced fraction . 

6. Find the greatest common measure, and reduce the frac- 
tion -r — =^ to its lowest terms. 

Ana. Common divisor a*— 4/*. Red, frac. -rr ?■; — ^. 

7. Reduce —-^ to its lowest terms. 

Ans. - 



a+x 



do* -f- Tax— 3a^ 

•• Reduce r— -; to its lowest terms. 

6cr+ 1 loaf +3ar 



30—07 

Ba+x 

^ , (fibx^-^Zabx^ ^ bx 

K Reduce — r-— — r-r- to its lowest terms. Ans. — . 

i9. Reduce ^ to its lowest terms. 

6ax — 8a 

2a«+3x 
An8. — - — 
2 

a*— 6* 

!• What is the value of ? Ana. a%— 6'. 

a«+&» 

9* Findthegreatestcommondivisorof 12a*— 240*6+ 12a'6S 
ci 8a»&»—24a*^+24a^>*— 86». Ana. if—2ab+bK 

^Art. 28.) We may often reduce a fraction by separating both 
t^iE^erator and denominator into obvious factors, > without the 
K'Oaality of finding the greatest common divisor. 4*he follow- 
er ^fe some examples of the kind : 
d2 
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1. Reduce -r-, r-r-rz w its lowest terms. 

c^+2ab+b^ {a+b){a+b)'~ ia+p)la+d) "" a+b ' 
3* Reduce — r — rr- to its lowest terms. ^ns. 



a?* — 1 a?— 1 
8* Reduce ^ — to its lowest terms. Ana» . 

^+y y 

' • • ■ 

4. Reduce ; — -- to its lowest terms. An8, — ; — -. 

acx-\-abx ac+ab 

2«* — 16a? — 8 

5. Reduce — , to its lowest terms. Ana, #. 

(Art, 29.) To find the least common multiple of two or 
mx>re quantities. 

The least common multiple of several, quantities it the i^ast 
quantity in which each of them is contained without a remainder. 

Thus, the least common multiple of the prime factors, a, 5, c, 
a?, is obviously their product abcx. Now observe that the same 
product is the least common multiple also, whea either one of 
these letters appears in more than one of the terms; l\ike' a, 
for example, and let it appear with b, c, or a?, or with all of 
them, as a, a6, c, ax^ or cr, 6, ae, ox, the product abcx is fitill 
divisible by each of these termff. Therefore, when the same 
factor appears in any number of the terms, it is only necessary 
that it should appear oncp in the product ; that is, once in the 
least common multiple. If it should be used more than once, 
the product so formed would not be the ha^^ cohnmon mtdtyile. 

From this examination, the following rule for finding the least 
common multiple will be obvious: . j .: - 

Rule. Write the given terms, one after another, and draw 
aline beneath them* Then dimde by arty prime factor thai 
wUl divide tioo or more of the term$^ witlMut a rtnunnder^ 
bringing down the quotients and the (erma that will not divide^ 
to a line below. Divide this second Hne 4U the firsts forming 
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a thirds ^c, until nothing but prime qumUUies are left. TTten 
fntdHply all the ^visors and the rernahring terms that tmU not 
divide f and their product will be the leaet comm&n multiple, 
N B, This riile tb also in commoa arithmetic, 

EXAMPLES, 

1* Required the least common multiple of SixCf 40*, 1206, 
1600, and ex. 

2a)Sac 40* 12ab 8oc ex 



2c)4c 


2a - 


6b 


4c 


ex 


2)2 


a 


86 


2 


X 



1 a 36 1 X 

Therefore 2aX2cX2XaXSbXx=24(^cbx. 

Here the divisor 2c will not divide 2a, but the coefficient of 
c will divide the coefficient of a, and we let them divide, for it 
is ibe same as first dividing by 2, and afterwards by c. From 
the same consideration we permit 2c to divide ex, or let the let- 
ter c in the divispr strike out c before x. '.,..' 

By the rule we should divide by 2 and by c separately ; but 
this is a practical abbreviation of the rule. 

J*. Required the least common multiple of 27a, 156, 9a6, and 
3a». \^ns. I35a^b. 

3. Find the least common multiple' of {c^-^sc^), 4(a — x)^ 
and (a-i-x). Ans, 4{(^ — x^). 

41* Find the least common multiple of ax^t bx, acx, and 
€^—a^. Ans. {c^—o?)acbx^. 

5. Find the least cwnmon multiple of a+6, a — 6, a'+a5+6*, 
and 0* — a6+6*. Ans. efi — 6*. 

The least common multiple is useful many times in reducing 
fractions to their least common denominator. 

Case 4. To reduce fractions to a common denominator. 

(Art 30.) The role for this operation, and the principle on 
nvhich it is founded, is just the same as in common arithmetic, 
merely the multiplicatioti of numerator and denominator by the 
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same quantity. The object of reducing fractions to a common 
denomina^r is to add Mem, or to take theif difference, as diffe- 
rent dmominatiam cannot be pnt into one sum. 

Rule. MulHply each numerator by all the denominators, 
* excq)t its own, for a new numerator, and all the denominators 
for a common denominator. 

Or, find the least common multiple of the given denonnna' 
tors for a common denominator ; then multiply each derunni* 
nator by such a quantity as will give the common denomina- 
tor, and multiply each numerator by the same quantity by 
which its denominator was multiplied. 

EXAMPLES. 

2a 36 
t. Reduce — and -r- to a common denominator. 

X. 2c 

► '■ 

^ 4ac , 9bx 

Ans. -— and - — . 

^cx 2cx 

2a 8a4-26 
9* Reduce -r* ^d — :: — ^ & common denominator. 
b 2e 

Mns. -r- and — 

26c 26c 

5a 36 
S* Reduce -- and ---, and 4rf to a common denominator. 
3a; 2c 

^ lOac ,96ar .%Aedx 

*ans. — — and - — and — . 

^cx 6cx 6cx 

a X"^! y 
4. Reduce t^, , -—— » to fractions bavins a common de- 

6. c x+Q ^ 

nominator. ^ . . ^. . ,v. . . 

/Mns. acx+crc (6ar+6)(a?+a) 6cy 

6car+a6c* bcx+iSc ' bcx+abc 
(Art. 31.) Case 5. Addition or sum (^fractions. 

Rule. Seduce the fractions to a common denominator^ 
gnd the sum of the numerators, written over the common deno^ 
minatoff will be the sum qf the fractions. 
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EXAMPLES. 



3«B 2*Z7 X 

!• Add —-» —i and ^5 together^ 

^ 5 7 • » 



5 7 

63a?+80«+3to _ 1 28a? 



jSh%8» 



106 106 



ft. Add -r and — ^, .tfn*. — ' . 

c DC 

8. Add -, •— and — ; — *. 
2' 3 a+x 

Ba+Bx+2af+2ifx+M+ta^ 



An8^ 



6(a+a?) 



^ ,^^ fl4-^ , a— 6 ^ 2a*+2Z>« 

^ Add r and — r-;. .an^. — r — 77-. 

a— o a+6 IT — 6* 

a+3 . 2a — 6 ^ 14a — 13 

5. Add 2a 4- —r- and 4aH — • Am. 6a+ . oa • 

6 4 '^v 

«. Add a r- and oH . .«n*. a+6i . 

he DC 

/ p 2 2aN— 3 

V. Add 6a?+— T— and 4x — . 

3 6a: 

5a:*— 16a?+9 



15ar 



• Arts. 9a:4 

3a? b 6^— a? 

9. What is the sum of 2b+—, t-— and — j— ? 

6 b — X b 

%b^x—^b7?+bx^ 
•^^'- ^^+^+ 66«-66a: ~' 

V 2 2v — 3 « 

d. What is the sum of Sy+^-g" and 4y— ~ — T 

6ii2_16y+9 
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10. What is the sum of fi«, -z^ and ^i.? 7 

3(r 4a 

Jbts. 6a+ j^j 

(Art 32.) Oasb 6. Subtraction or difference of fractions. 

Rule. Reduce the fractions to a common denominator^ and 
subtract the numerator of that fraction which is to be sub- 
traded from the numerator of the other, placing the difference 
over the common denominator, 

EXAMPLES. 

, ^ 7x ^ 2x— 1 ^ 21a?— 4x+2 17a:+2 

!• From -rr take — ^r^* .ans. = — - — . 

2 3 6 6 

»• From take — ; — . Eq. fractions r:r — ^,, ^ * • 

2y 



Difference or ^ns. 



3. From | take y . Diff. ^ 

3a: - 2ar " 13ar 

4. From -— take -— . ^ns. -—-. 

7 9 63 

^ ^ 2a — b .^ ^ 3a — ib 

5. From —3 — subtract — -7 — . 

4c 3o 

&ab—3b^—nac+iebc 



^ns. 



\2bc 



^ _, ^ , llo— 10 . ^ , 3a— ^. .^ 

6. From 3aH — subtract 2aH . 

15 7 

7. From a;+ .f~^ subtract ^f"*"^ . ^n«. x — r^-;. 

ar+ay !!r—-ocy <r — y* 

8. Prom ^ take !*=!?. ^n». ^"d-Sbd-^c+Sac 

2c 5d lOcd 
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•« , a? , a>''''Hi ^ ^ , ca?+6a>— aft 
•• From 3ar+-i: take x . M8. 2a?H r 

o C DC 

10. Find the difference between — j and —tt*^ 

^ 4ab 



a»-^* 



II. From i^±^ take ^^i:^ ^ns. 4. 

Case 7. Multiplication effractions, 

(Art. 33.) The multiplication of algebraic fractions is just the 
same in principle and m fact, as in numeral fractions, hence the 
rule must be the same. 

It is, in truth, an axiom, that | multiplied by 2 muj,t be 4, and 
multiplied by 3 must be f ; and the result would be equally ob- 
vious with any other simple fraction ; hence, to multiply a frac- 
tion by a whole number, we must multiply its numerator. 

It is manifest that doubling a denominator without changing its 
numerator halves a fraction, thus i ; double the 2, and we have 
:J, the half of the first fraction. • 

Also f , double the 5 gives j\, the half of |. In the same 
manner, to divide a fraction by 3 we would multiply its denomi- 
nator by 3, &c. In general, to divide a fraction by any num- 
ber, we must multiply the denominator by that number. 

Now let us take the literal fraction j, and multiply it by c, the 

ac 
product must be -T-. 

a c 
Again, let it be required to multiply r by -^. Here the mul- 

tipHcation is the sanie as before, except the multiplier c is divided 
by d ; therefore if we multiply by c we must divide by d. But 

the product of r by c is -z-\ this must be divided by d, and we 

ac a c 

shall have r^ for the true product of r by ~. 
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From the preceding investigation we draw the following nde 
to multiply fractions : 

Rule. Multiply the numerators together for a new nume' 
rotor ^ and the denominators together for afHw denominator, 

N. B. When equal numeral factors, or the same literal terms 
appear in numerators and' denominators, thej may be canceled, 
or leA out, which will save subsequent reductions* 

EXAMPLES. 

1. Multiply T by- and -^. Ans. — ^. 

'^ '' ^ X e ex 

In this example, h in the denominator of one fraction cancels 
b in the numerator of another. 

ia-^'x') 5a a . 

a. Multiply ?^±?y by ?^. ^ns. ^-^±^. 

^^ 2a ^ bx bx 

4. Multiply — - — by — ; — . ^ns. ^. 

^^•^ 2y ^ a+x y 

a:«— V* X a 

5. Multiply* ^, — I — and . Ans. a. 

X x+y X — y 

x-\-\ x—\ ^a^ — 1) 

6. Multiply 3a, and — — r together. Ans. -^ — r-77. 

^ ^ 2a a+b ^ 2(a +6) 

N. B. Reduce mixed quantities to improper fractions. 

«« ar* a* 6* 

T. What is the continued product of — r-r-, — -—. and 

a+o aX'\'X^ 

o— a? X 

4v* 16v — 30 

8. Multiply ^ ^ ' by —^- . 4ns. tu. 

by — 10 2y ^ 

* Separate into factors when separation is obvious. 
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9. Multiply -—-I- by -j— n- -tfiM- ^ ?^ ^ 

!•. Muhipiy --^. by ^^j;-^. ^».. 3(«+«). 

!!• Required the continued product of -3 — =^, — -— ^ and 

ij ^ 

. Ans, (a-j- a?) . 

a— a? 

1«. Multiply «+| by a-|. ^n,. «'6*+«»y^J^'y. 

t.. MulUply ^ by ^X A.. 

^ (£±^g±*!). 

14- Multiply — ^- by ^^^-^. ^n,. ^^^^~^. 

15. Multiply -T— by q a . 00 j;-loom •^'*** 



a— 26 -^ 8a*+32«6+826« 2«+46' 

Case 8. Division of Fractions. 

(Art. 34.) To acquire a clear understanding of division in 
fractions, let us return to division in whole numbers. 

The first principle to which we wish to call the attention of 
the reader, is, that if we multiply or divide both dividend and 
divisor of any sum in division, by any number whatever, we do 
not affect or change the quotient. (Art. 21.) 

Thus, 2)6(3 4)12(3 8)24(3 &c. 

The second principle to which we would call observation is, 
that if we multiply any fraction by its denominator, we have the 
numerator for a product. 

Thus, I multiplied by 3 gives I, the numerator, and | by 5 
gives 2, and -j- multiplied by b gives a, A^. 
£ 4 
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c 

Now let it be required to divide t by ^. 

The quotient will be the same if we multiply both dividend 
and divisor by the same quantity. Let us multiply both terms 

ad 
by d, the denominator of the divisor, and we have -^ to be di- 
vided by the whole number c. But to divide a fraction by a 
whole number we must multiply the denominator by that num- 

od ' 

her. (Art. 33.) Hence j-- is the true quotient required. 

We can mechanically arrive at the same result by inverting 
the terms of the divisor, and then multiplying the upper terms 
together for a numerator, and the lower terms for a denominator ; 
therefore to divide one fraction by another we have the following 

Rule. Invert the terms of the divisor, and proceed as in ' 
mtdtiplication. 

EXAMPLES. 

1. Divide — !— by —tt. -^w*- ^^-75— • 

%• Divide — by -. 

c 5wC ^cx 
Operation: divisor inverted r-X — =— r- •^n«. 

b a ab 

A T%- -J 15a6 - lOac* 

•• Divide by -= „, 

a — X <r — ar 

Operation. ]^^i^^^, ^„,. i6(f±^. 
. ^. ., 2a;«— 7 . o« . (2a*— 7)(ar+a) 



Ope-on, (-S)g^)x^-=^+.. 



{x — b) [x — b) X'\'b 



* Divide into fiu^tors, in all such cases, and cancel 



•• Divide —5 5- by — 



a*— ^c* 
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•1 



fl— <r 



^ ... . , 142r— 3 , lOoN— 4 
T.Dmde— ^— by-^^. 



2a+a? 



a"+aa?+a:* 



^ns. 



70a?— 15 
10a? — 4' 



9^— —3a? s^ 

8. Divide — by — . 

5 5 



•/Sns. 



9a>— 3 
a? 



9. Divide — r-— by 



a?+l 



8 



10. Divide ^ by ?2^+?5!f . 



•/Sn«. 



18a?— 21 
a;«— 1 



6a^ 



11. Divide 



C^'~^3C^ 



cF — 2aa?+a:' 



by 



fl^4-«a?+a?» 



a — a? 



18. Divide ?»^ by t, 

5 5 



w^tw. a"+a!^. 



Atis, 



9y-3 



IS. Divide r-j-T- by r-r— • 

a+6 "^ a+6 



14. Divide 12 by 



(a+xy 



X 



M. Divide '^±^ by « 

a? *^ a? 

16. Divide ^ by ^""^ 



6c*a? 



4i/' 



w^n5. 






12a? 

c?+aa?+a;*' 

a 



■ 4d(x—b) 



a? fl 

IT. Divide a by the product of — -, — into 



x+y 



a>-y 



f/ins. 



^-y' 



X 



18. Divide }. , J by the product of — = — ^ into 
2(a+6) -^ '^ ^a 



a+6' 
w^n5. 3a. 
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SECTION II. 
CHAPTER L 

Preparatory to the solution of problems, and to extended in- 
vestigations of scientific truth, we commenced by explaining the 
reason and the manner of adding, subtracting, multiplying, and 
dividing algebraic quantities, both whole and fractional, that the 
mind of the pupil need not be called away to the art of perform- 
ing these operations, when all his attention may be required on 
the nature and philosophy of the problem itself. 

For this reason we did not coipmence with problems, as Col- 
burn and some others have done. 

Analytical investigations are mostly carried on by means 

OF EQUATIONS. 

(Art. 35.) An equation is an algebraical expression, meaning 
that certain quantities are equal to certain other quantities. Thus, 
3+4*=7; a+b=^c ; a:+4=10, are equations, and express that 
3 added to 4 is equal to 7, and in the second equation that a 
added to 6 is equal to c, &c. The signs are only abbreviations 
for words. 

The- quantities on each side of the sign of equality are called 
members. Those on the left of the sign form ihejirst member, 
those on the right the second. 

In the solution of problems every equation is supposed to con- 
tain at least one unknown quantity^ and the solution of an equa- 
tion is the art of changing and operating on the terms by means 
of addition, subtraction, multiplication, or diTifion, or by all these 
combined, so that the unknown term may stand alone as one 
member of the equation, equal to known terms in the other 
member, by which it then becomes known. 

Equations are of the first, second, third, or fourth degree, 
according as the unknown quantity which tkey contain is of the 
first, second, third, or fourth power. 

ax-{-b=3ax is an equation of the Jirst degree or simple 
equ€Uion* 
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aa^-^-bx^^Bab is an equation of the second degree or quadratic 
equation. 

ttx*+6a:*4-caF==2a^6 is an equation of the third degree. 

aa;*4-^a?*+ca5*+(fa?=2a6* is an equation of iht fourth degree. 

We shall at present confine ourselves to simple equations. 

(Art. 36.) The unknown quantity of an equation may be 
united to known quantities, In four different ways : by addition, 
by subtraction, by multiplication, and by division, and further 
by various combinations of these four ways^as shown by the 
following equations, both numeral and literal : 







NUMERAL. 


LITERAL. 


1st. 


By addition. 


a?+6=10 


ar+a=6 


2d. 


By subtraction, 


X— 8=12 


X — C=(f 


3d. 


By multiplication. 


20x=80 


ax^e 


4th. 


By division. 


X 

-=16 


^ 1 



*6th. a:+6— 8+4=10+2— 3, x-^-a-^+c—d+c, &c., 
are equations in which the unknown is connected with known 
quantities by both addition and subtraction. 

X X 

2j:+-=21, aj?+T=c> are equations in which the unknown 

3 

is connected with known quantities by both multiplication and 
division. 

Equations oflen occur, in solving problems, in which all of 
these operations are combined. 

(Art. 37.) Let us now examine how the unknown term can 
be separated from other terms, and be made to stand by itself. 
Take the 1st equation, or other similar ones. 

ar+6=10 x+a^b 

Take equal quantities 6= 6 a=a from both 

members, and . ar=10 — 6 x=b — a the 

remainders must be equal. (Ax. 2.) Now we find the term 
added to x, whatever it may be, appears on the other side with 
a contrary sign, and tlie unknown term x being equal to known 
terms is now known. 
e2 
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Take the equations x — 8=12 x — e=d 

Add equals to both memb. 8= 8 c=c 

Sums are equal a:=12+ 8 x=^d+c (Ax. 1.) 

Here again the quantity united to x appears on the oppoeile 
side with a contrary sign. 

From this we may draw the following principle or role of 
operation : 

w5ny term may be transposed from one member of an equth 
Hon to the other, by changing its sign. 

Now 20x=80. ax=^e. If we divide both members by the 
coefficient of the unknown term, the quotients will be equal. 

(Ax. 4.) Hence a:=|J=4. • ar=-. 

That is, the unknown term is disengaged from known terms, 
in this case, by division. 

X X 

Again, take the equations -=16; j==5'+«« 

Multiply both members by the divisor of the unknown term, 
and we have a?=16X4. X=^gd+ad. Equations which must 
be true by (Ax. 3.), and here it will be observed that x is libe- 
rated by mtUtiplication, 

From these observations we deduce this general principle : 

That to separate the unknoti^-iquantity from additional 
tenns we must use subtraction; from subtracted terms we 
must use 4iddition ; from multiplied terms we must use divi' 
sion ; from divisors we must use multiplication* 

In all cases take the opposite operation. 

EXAMPLES. 

1. Given3a>— 4=7a?— 16 to find the value of a:. w9n«. x=s3. 

li. Given 3a?+9 — 1 — 5x=0 to find the value of x^ 

Ans* a: =-4. 

8. Given 4y+7=y4-21—3+y to find y. Ans. y==5j. 

4l« Given 5aa?— -css^^— ^Soo; to find the value of x, 

Ans» 3?=—^ — • 



J' 
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5. Given ax^-{-bx=9oc^-\-Cic to find the value of x in terms 

- • ' • 

of a, b, and c. ./Jn*. a:= ^r. 

a — 9 

N* B. In this last example we observe that every term of .the 
equation contains at least one factor of x ; we therefore divide 
every term by a:, to suppress this factor. 

(Art. 38.) In many practical problems, the unknown term is 
often combined with known terms,, not merely in a simple man- 
ner, but under various fractional and compound forms. Hence« 
rules can only embody general principles, and skill and tact must 
be acquired by close attention and practical application : but from 
the foregoing principles we draw the following • 

Geneiial Rule. Connect and Unite as much as pombli all 
the terms of a similar kind on both sides 6f the equation. Then^ 
to clear of fractions^ inultiply both sides by the denominators^ 
one after another i in succession, Or^ multiply by their con* 
tinued product, or by their least common fnultiplcj (when such 
a number is obvious,) and the equation will be free of fractions. 

Then, transpose the unknown terms to the first member of 
the equation, and the known terms to the other. TTien unite 
the shnilar terms, andjlivide by the coefficient of the unknoivn 
term, and the equation is solved: 

]g:XAMPLES. 

!• Given x+sX-f-S — 7=6 — 1, to find the value of x. 
Uniting the known terms, after transposition, agreeably to = the 
rule of addition, we find x-\-ix=^9. Multiply every term by 
2, and we have 2x+x=18. Therefore a?=6. 

a. Given 2a:+|a:+J/r — 3a=46+3a, to find x, 

N. B. We may clear of fractions, in the first place, befor^e we 
condense and unite terms, if more convenient, and among literal 
quantities this is generally preferable. 

In the present case let usi multiply every term of the equation 
by 12, the product of 3X4, and we shall have 

24ar+to+4r— 36a=:486+30a. 
Transpose and unite, and d7x^iSb+72a* 



66 ELEMENTS OF ALGEBRA. 



« 



S« Given iar+f^+i^^S^* to find the ralue of x. 

Here are no scattering terms to collect, and clearing of frac- 
tions is the first operation. 

By an examination of the denominators, 12 is obviously their 
least common multiple, therefore multiply by 12. Say 12 
halves are 6 whole ones, 12 thirds are 4, 12 fourths are 3, &c. 

Hence, 6a:4-4ar+3x=30X12 

Collect the terms, 13x=:30 X 12 

Divide by 13, and x^ 3X12=36, wfiu 

N. B. In other books we find the numerals actually multiplied 
by 12. Here it is only indicated, which is all that is necessary. 
For when we come to divide by the coefficient of or, we shall 
find factors that will cancel, unless that coefficient is prime to all 
the other numbers used, which, in practice, is very rarely the 

4. Given iar+y^+ia:=a, to find x. 

This example is essentially the same as the last. It is identi- 
cal if we suppose a=30. 

Solution, 6x+4x+Sx=l2a 

Or, 13a:=12a 

12(1 



Divide and x=- 



13 



Now if a be any multiple of 13, the problem is eaay and 
brief in numerals. 

« ^- A« I 3a? — 11 *5iP — 5 , 97 — 7x , ^ , , i i. 

a. Given 21^ — — =-f-5 1 — to find the value of :^. 

lo o ^ 

Here 16 is obviously the least common multiple of the deno- 
minators, and the rule would require ds to multiply by it, and 
such an operation would be correct ; but in this case it is more 
easy to multiply by the least denominator 2, and then condense 
like terms* Thus, 
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Multiply by 2, and we have 

42H ^— =_— +97— 7a:- 

Recollect that we can multiply a fraction by dividing its deno- 
minator. Also observe that we can mentally take away 42 from 
both sides of the equation, and the remainders will be equal. 
(Ax. 2.) 

Then, — •- — = — ^ [-55— Tar, 

Multiply by 8, and 

3a?— 11 =10a>— 10+440 — 56a? ; 

Transposing and uniting terms, we have 

49a?=441 ; 
By division, a?s=9. 

6. Given |a?+2i+ll=|a?+17, to find a;. 

If we commence by clearing of fractions, we should make 
comparatively a long and tedious operation. Let us first reduce 
it by striiiing out equals from both sides of the equation. Wis 
can take II from both aides without an3f formality of transposing 
or changing signs ; say drop equals from both sides, (Ax. 2.) and 
reduce the fraction fa?=ia?. 

All this can be done as quick as thought, and we shall have 

Multiply by 4, then i^+2i=i^+0; 

\ZX , _ _ • *«. i \-ZtC , - 

_-.+10=a?+24, or ---=a?+14; 

5 O 

Hence, 7a?=70, or a?=10 Ans. 

7. Given |a;^-5+ia?+8+^a?— lp=100— 6— 7 to find the 
ralue of a?. 

Collecting and uniting the numeral quantities, we have 

ia?+ia?+ia?=94; 

Multiply every term by 60, and we have 

20a?+ 1 5ar+ 12a?=:94.60 
Collecting terms, 47a?8=94.60 

Divide both sides by 47, and x» 2.60n:120 Ans. 
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(Art. 39.) When equations contain compound fractions and 
simple ones, clear them of the simple fractions first, and unite, 
as far as possible, all the simple terms. 

EXAMPLES. 

8. Given — 5 — h -to "^ — o^ ^ """ "^* value of ar. 
y 0wC~f~ o o 

Multiply all the terms by the smallest denominator, 3. That 
is, divide all the denominators by 3, and 

6a:+7 , 7a:— 13 ^ , ^ 
3 2a?+l 

21ic— '39 
Multiply by 3 again, and 6a?+7+ » 4.1 '^Qj^+l^* 

Drop 6a:-f7, and , =5. 

^wC~f" 1 

Clear of fractiDns, 21a? — 89=10x+5. 

Drop lOo; and add 39, and we have 11x^44, or a?a=4. 

■ 

^. Given — — ^ ~ =-- to find the value of a?. 

21 . 4a:— II 3 

7ar-L16 
Observe that — ~ — may be expressed in two parts, thus, 

—-+—-. Observe also, that -r-r^^^. Hence these terms may 
21 21 21 3 ^ 

be dropped, the remainders must be equal. Transpose the 

. 16 x+% 
mmus term, then — -= 



21 4x— 11 

Clear of fractions, and 64a?— 11 X 16=21ar+21 X8. 
Drop 21a? and observe that 11 X 16 is the same as 22X8. 
Then 43a?— 22X8=21X8. Let a=8, 
Then 43ar— 22a=21a. 
Transpose — ^22a and 43ar=43a. 
Hence a?=a. But a =8. Therefore a;=:8. 

N. B. We operate thus, to call attention to the relation of 
quantities, and to form a habit of quick comparison, which will, 
in many instances, save much labor and introduce the pupil inte 
the true spirit of the science. 



\ 

d 
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14p. Given — -^ — =— r+T to find the value of x. 

9x 
By a slight examination we perceive that -- is equal to ix, 

3d 

Hence these terms may be lef^ out, as they balance each other. 

Also 9 0-^5 

Also, j-g — y. 

Therefore ^=^^. 
9 5x — 4 

Clear of fractions, and 25x — ^20 =36x — 108. 
Transpose' 25x— 36a:=20 — 108. 

Unite and change signs, and lla?=88 or x=^Sf Ans. 

*i n- 20a?, 36, 5ic+20 4ar , 86 ^ . . 
11. Given _+-+g_^=^+_ to find a:. 

By taking equals from both sides, we have 

^ Tft"** "Y reduction a?=4. 

•A ^. 3a: a:^l ^ 20a?+13 ^ , 

Is. Given -— =6jc • to find x. 

4 2 4 

Multiply by 4, td clear of fractions, and 

3a?— 2a:+2=24a? — ^20ar — 13. Reduced a?=6. 

(Art. 40.) When a minus sign stands before a compound 
quantity, it indicates that the whole is to be subtracted ; but we 
subtract by changing signs, (Art. 5). The minus sign before 

— ^— in the last example, does not indicate that the x is minus, 

but that this term must be subtracted. When the term is multi- 
plied by 4, the numerator becomes 2a? — 2, and subtracting it 
we have — 2a:4-2. 

Having thus far explained, we give the following unwrought 
equations, for practice : 

3a? X 
IS. Given -;r=T+24 to find the value of x. Ans, 19V. 
2 4 * 

14. Givcfn jx-l-|«»10 to find the value of x. Am. 24. 
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X— -3 . X x-4-19 
1«. Given —-+-.==20 -^ to find ar. Jln$. 0. 

• A r>' ^+1 , x+2 ,^ 'ar+3 ^ ^ 

16. Given -^+-^«16 ^ to find x. Jim. 13. 

• • /^*- ft ^+3,,. 12X+26 ^ , 
IT. Given 2x ^ — 1-1«= = — to find ar. 

-^ ^. 2ar+l a:+3 

18. Given X -L— =_!-. to find ar. jftw. «asl8. 

19. Given iar+|ar+iar+iar=s:77 to find x. Jim, x=»^. 
«0. Given iar+|j:+iar=rl30 to find x. Ans. :r=:120 
ai. Given ia:+Var+T*jar=90 to find x. Am. arasl20. 
93. Given iy+ iy+\y=^2 to find y. Jim. y«84. 
93. Given 5ar+^j?+iar=34 to find x.. Jins. o^asO. 

24. Given llar+— +—+-5+— =315 to find x. 

t) 4 O «4 

Am. xb^. 
»5. Given y+|+^+^+:^=*146 to find y. Am. y*66. 

96. Given ^^;^J^ 2 9= ^^~^^ 3 to find ar. .tfn«. ar==2. 
x+2 X — 2 

There is a peculiar circumstance attending this 26th example, 
and the 4th example of Art. 42, which will cause us to refer to 
them in a subsequent part of this work. 

N. B. In solving equations 19, 20, 21, 22, and 23, use no 
larger numbers than those given, indicating and not performing 
numeral multiplications. 

(Art. 41.) Every proportion may be converted into an equa- 
tion. Proportion is nothing more than an assumption that the 
same relation or the same ratio exists between two quantities, 
as exists between two other quantities. 

That is, v^ is to J9 as V is to D. Some relation exists be- 
tween A and B, Let r ezpreM that relation, then B^svtA* But 
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the relation between C and /? is the same (by hypothesis) as 
between A and B. Hence D=rC. 

Then in place o( A:B :: C:jD 
we have wd : rA: : CirC 

Multiply the extreme terms, and we have rCA. 

Multiply the mean terms, and we have r^C. 

Obviously the same product, whatever quantities may be re- 
presented by either w5, or r, or C. 

Hence, to convert a proportion into an equation, we have the 
following 

Rule. Place the product of the extremes equal to the pro- 
duct of the means. 

(Art. 42.) The relation between two quantities is not changed 
by multiplying or dividing both of them by the same quantity. 
Thus, a : & :: 2a : 25, or more generally, aihzina: nh, for the 
product of the extremes is obviously equal to the product of the 
means. 

That IS, a is to h as any number of times a is to the same 
number of times h. 

We shall take up proportion again, but Articles 41 and 42 are 
sufficient for our present purpose. 

EXAMPLES. 

1. Given 3a: — 1 : 2a?+l*«! 3ar : ar to find x. 
(By Art. 41.) Sar*— a?=6a;«+3a:. 
Transpose and unite, and we have 0=3a:*+4ar. 
Divide by ar, and 3a:+4=0 or a:=— |-, Ans. 

3 3a: 
%• Given ^ : -r- : : 6 : 5a: — 4 to find x, 
2 4 

The first two terms have the same relation as i : |a:, or as 
2 : X. Hence 2 : ar :: 6 : 5ar-— 4. 

Product of extremes and means, lOar— 8=6a: or a:=2. 

^ ^. (ar— l)(ar+l) a;+l « , . ^ , 

S. Given ^^ X • -^ : : 2 : 1 to find x. 

aa oa 

Arts. a?:=3. 
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4. Given — j— : (a>— 5) : : | : J to find a:. 

9* Given o^+S : a : : 6 : c to find the value of a?. 

c 

6. Given 2a? — 3 : a>— -1 :: 2a: : x+l to find the value of x. 

Am. a>-l. 

V. Given x4-6 : 38 — x : : 9 : 2 to find x. Am. x»80. 

9* Given a?H-4 : a>^ll : : 100 : 40 to find x. Ans, xa^Sl. 

QUESTIONS PRODUCING SIMPLE EQUATIONS. 

(Art. 43.) We now suppose the pupil can readily reduce a 
simple equation containing but one unknown quantity, and he is, 
therefore, prepared to solve the following questions. The only 
difficulty he can experience is the want of tact to reason briefly 
and powerfully with algebraic symbols ; but this tact can only 
be acquired by practice and strict attention to the solution of 
questions. We can only give the following general directioii : 
Represent the unknown quantity by some symbol or letter, 
^ and really consider it as definite and known, and go over the 
same operations astoverify the answer when known. 

EXAMPLES. 

1* What number is that whose third part added to its fourth 
part makes 21 ? Ans. 2%. 

The number may be represented by x. 
Then jar+ix=21. Therefore a?=36. 

9. Two men having found a bag of money, dispute4 mboat 
the division of it. One said that the half, the third, and the 
fourth parts of it made $130, and if the other could tell how 
much money the bag contained, he might have it all. How 
much money did the bag contain ? Ans. $120* 

(See equation 20, Art. 40.) 
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9. A man has a lease for 20 years, one-third of the time past 
is equal to one-half of the time to come. How much of the time 
has passed? 

Let a?=s the time past. 

Then 20— a? = the time to come. 

By the question -= — - — . Therefore a?=12 ^na. 

3 2 

4. What number is that, from which 6 being subtracted, and 
the remainder multiplied by 11, the product will be 121 ? 

Let x^=^ the number. 

Then (ay— 6)11=121, or a?— 6=11 by division. 

Hence a?=17. 

5« It is required to find two numbers, whose difference is 6, 
such that if I of the less be added to ^ of the greater, the sum 
•hall be equal to I of th'e greater diminished by ^ of the less. 

Let x= the less. Then a?+6= the greater. 

-n 1. 11 a:+6 a:+6 , 
By the question ix-] — — ■=— \x. 

Drop ix from both sides and add \x to both sides, and we 

have — 3~ =2, or a?=2, the less number. 
5 

We may clear of fractions in full, and then transpose and unite 
terms, but the operation would be much longer. 

6. After paying i and j of my money, I had $66 left ; how 
much had I at first ? ^ns. $120. 

7. After paying away i of my money, and i of what remained, 
and losing \ of « what was left, I found that I had still $24. How 
much had I at first ? ^ns. 60. 

9. What number is that from which if 5 be subtracted, | of 
the remainder will be 40 ? ^ns, 65. 

9* A man sold a horse and a chaise for $200 ; i of the price 
of the horse was equal to ^ of the price of the chaisei What 
was the price of each? ^ns. Chaise $120. Horse $80. 
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y 10 

V4, 



10. Diride 48 into two such parts, that if the less he divided 
y 4, and the gpneater hy 6, the sam of the quotients will be 9* 

Ans. 12 and 86. 



11* An estate is to be divided among 4 children, in the fol- 
lowing manner : 

The first is to have $200 more than k of the whole. 
The second is to have $340 more than \ of the whole. 
The third is to have $300 more than \ of the whole. 
And the fourth is to have $400 more than j of the whole. 
What is the value of the estate ? Ans, $4800 

13« Find two numbers in the proportion of 8 to 4, whose 
sum shall be to the sum of their squares as 7 to 50. 

Ana, 6 and 8. 

N. B. When proportional numbers are required, it is generally 
most convenient to represent them by one unknown term* with 
coefficients of the given relation. Thus, numbers in proportion 
of 3 to 4, may be icxpressed by 3x and 4x, and the proportion 
of a to 6 may be expressed by ctx and hx, 

13. The sum of $2000 was bequeathed to two persons, so 
that the share of A should be to that of ^ as 7 to 0. What was 
the share of each? Ans* A^s share $875, J9's share $1125. 

14* A certain sum of money was put at simple interest, and 
m 8 months it amounted to $1488, and in 15 months it amounted 
to $1530. What was the sum 1 Ana. $1440. 

Let x=^ the sum. The sum or principal subtracted from ftm 
amount will give interest: therefore 1488 — x represents the 
interest for 8 months, and 1530 — x is the interest for 15 months. 

Now whatever be the rate per cent, double time wiU gift 
double interest, <&;c. Hence 8 : 15 :: 1488 — x: 1530— <c. 

N. B. To acquire true delicacy in algebraical operations, it is 
often expedient not to use large numerals, but let them be repre- 
sented by letters. In the present example let a=sl488. Then 
a-|-42=1530, and the proportion becomes 8: 15::a— ^:a4* 
42— X. 
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Multiply extremes, &c., 804*8*42— -8a?==15ii—15j?. 
Drop 8a and -— So?. We then have 8-42=7flH-7a:. 
Dividing by 7 and transposing a:=a^— 48=1440, w^n<. 

15. K merchant aUows $1000 per annum for the expenses 
of his family, and annually increases that part of his capita] 
which is not so expended by a third of it ; at the end of three 
years his original stock was doubled. What had he at first ? 

^ns. $14,800. 

Let 2^= the original stock, and a=1000. 

To increase any quantity by its i part is equivalent to multi- 

plying it by ^. Hence — - — is his 2d year's stock. 

(See Universal Key to Algebra, page 17.) 

16. A man has a lease for 99 years, and being asked how 
much of it was already expired, answered that | of the time past 
was equal to | of the time to come. Required the time past and 
the time to come. 

Assume a— 99. ^na. Time past, 54 years. 

17. In the composition of a quantity of gunpowder 
The nitre was 10 lbs. more than f of the whole, 
The sulphur 4| lbs. less than ^ of the whole, 

The charcoal 2 lbs. less than \ of the nitre. 

What was the amount of gunpowder ? •^ns, 69 lbs. 

18* Divide $183 between two men, so that ^ of what the first 
receives shall be equal to y\ of what the second receives. What 
will be the share of each ? jSns. 1st, $63 ; 2d, $120. 

19* Divide the number 68 into two such parts that the difiei- 
ence between the greater and 84 shall be equal to 3 times the 
difference between the less and 40. ^ns. Greater, 42 ; Less, 26. 

90. Four places are situated in the order of the letters A, B, 
Cf D. The distance from w^ to j9 is 34 miles. The distance 
from .tf to j9 is to the distance from C to Z? as 2 to 3. And i 
of the distance from A to B, added to half the distance from C 
to i>, is three times the distance from B Xq C, What are the 
respective distances ? 

Ans. From A to ^=12 ; from B to 0=4 ; from C toZ>=18. 
f2 5 
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91* A man driving a flock of sheep to market, was met by a 
party of soldiers, who pUmdered him of i of his flock and 6 
more. Afterwards he was met by another company, who took 
i what he then had and 10 more : after that he had but 2 left. 
How many had he at first ? ^ns, 45. 

9d« A laborer engaged to serve for 60 days on these condi- 
tions : That for every day he worked he should have 75 cents 
and his board, and for every day he was idle he should forfeit 25 
cents for damage and board. At the end of the time a settlement 
was made and he received $25. How many days did he work, 
and how many days was he idle ? 

The common way of solving such questions is to let x= the 
days he worked ; then 60 — x represents the ^ays he was idle. 
Then sum up the account and put it equal to $25. 

Another method is to consider that if he worked the whole 60 
days, at 75 cents per day, he must receive $45. But for every 
day he was idle, he not only lost his wages, 75 cents, but 25 
cents in addition. That is, he lost $1 every day he was idle. 

Now let x== the days he was idle. Then j:= the dollars 
he lost. And 45 — a:=25 or a:=20 the days he was idle. 

93* A boy engaged to carry 100 glass vessels to a certain 
place, and to receive 3 cents for every one he delivered, and to 
forfeit 9 cents for every one he broke. On settlement, he re- 
ceived 2 dollars and 40 cents. How many did he break ? 

•^ns. 5. 

94* A person engaged to work a days on these conditions : 
For each day he worked he was to receive b cents, for each day 
he was idle he was to forfeit c cents. At the end of a days he 
received d cents. How many days was he idle ? 

^ns. -J--, — days. 

95* It is required to divide the number 204 into two such 
parts, that | of the less being taken from the greater, the remain- 
der will be equal to f of the greater subtracted from 4 times the 
less. ^ns. The numbers are 154 and 60.* 



i 
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(Art. 44.) We introduce this, and a few following problems, 
to teach one important expedient^ not to say principle, which is, 
not always to commence a problem by putting the unknown 
quantity equal to a single letter. We may take 2x, 3a:, or nx 
to represent the unknown quantity, as well as x^ and we may 
resort to this expedient when /rar/tona/j9ar/« of the quantity are 
called in question, and take such a number of x*s as may be 
divided without fractions. 

In the present example we do not put x= to the less part, as 
we must have | of the less part. It will be more convenient to 
put 5a?= the less part. Then | of it will be 2ar. Put a=204. 

96. A man bought a horse and chaise for 341 (a) dollars. 
Now if J of the price of the horse be subtracted from twice the 
price of the chaise, the remainder will be the same as if | of the 
price of the chaise be subtracted from 3 times the price of the 
horse. Required the price of each. 

Ana. %orse $152. Chaise $189. 

N. B. Let 8a? = the price of the horse. 
Or let 7a?= the price of the chaise. 

Solve this question by both of these notations. 

97. From two casks of equal size are drawn quantities, which 
are in the proportion of 6 to 7 ; and it appears that if 16 gallons 
less had been drawn from that which is now the emptier, only one 
half as much would have been drawn from it as from the other. 
How many gallons were drawn from each ? Ans. 24 and 28. 

N. B. Let 6a? and Ix equal the quantities drawn out. 

98* Divide $315 among four persons, A^ B, C, and A giving 
B as much and ^ more than A ; C i more than A and B toge- 
ther; and D i more than A, B and C. What is the share of 
each? Ans. w^ $24. ^$36. C $80, and 2> $175. 

If we take x to represent A^s share, we shall have a very 
complex and troublesome problem.* But it will be more simple 
by making 6x=A^a share. 

* Taking x for A's share, and reducing their sum, gives Equation 24, 
Art 40. 
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Thus, let 


Gxssw^'s share. 


Then 


9x^B*B share. 


And 


15x+5af=C'8 share. 


Also 


S5X'\ — — =2>'8 share. 


Sum 


. Sbx 
70ar+-T^=315 
4 




280ar+36ar=315X4 




315x=315X4 




x=4 Hence 62r=;24, JPb sh 



99* A gamester at play staked \ of his money, which he lostt 
but afterwards won 4 shillings ; he then lost i of what he had, 
and afterwards w5n 3 shillings ; after this he lost ^ of what he 
had, and finding that he had but 20 shillings remaining, he left 
off playing. How much had he at first ? Jins. 30 shillings. 

30* A gentleman spends | of his yearly income for the sup- 
port of his family, and | of the remainder for improving his 
house and grounds, and lays by $70 a year. What is his in- 
come? ^ns, 9X70 dollars, or more generally, times the 
sum he saves. 

31. Divide the number 60 (a) into two such parts that their 
product may be equal to three times the square of the less num- 
ber ? ^ns* 15 and 45, or ia= the less part. 

39. After paying away i and \ of my money, I had 34 (a) 

dollars left. What had I at first ? 

o 
Ans. 56 dollars. General answer -r-X^S. 

17 

8S« My horse and saddle are together worth 00 {a) doUarB, 
and my horse is worth 8 times my saddle. What is the value 
of each? Ans. Saddle $10. Horse $80. 

S4« My horse and saddle are together worth a dollars, and 
my borse is worth n times my saddle. What is the value of 

each ? Arts. Saddle — r-7« Horse — ; — . 

n+1 »+! 
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55. The rent of an estate is 8 per cent, greater this year than 
last. This year it is 1800 dollars. What was it last year? 

^719. $1750. 

56. The rent of an estate is n per cent, greater this year than 
last. This year it is a dollars. What was it last year ? 

^^9, ,^^ . dollars. 
100 +n 

57. wf and B have the same income. •^ contracts an annual 
debt amounting to | of it ; B lives upon ^ of it ; at the end of 
two years B lends to ^ enough to pay off his debts, and has 32 
(a) dollars to spare. What is the income of each ?- 

Jins. $280 or i(d5a). 

SS. What number is that of which ^, i and ^ added together 

make 73 (a) ? a oa r^ t a ®4« 

^ ' ^na. 84. General ms. --—. 

73 

39. ^ person after spending 100 dollars more than \ of his 
income, had remaining 35 dollars more than i of it. Required 
his income. ^ns. $450. 

40* A person after spending (a) dollars more than \ of his 
income, had remaining (6) dollars more than i of it. Required 
his income. 

Ans, ^p) donars. 

41. There are two numbers in proportion of 2 to 3, and if 4 
be added to each of them, the sums will be in proportion of 5 
to 7? • Jins. 16 and 24. 

49. It is required to find a number such, that if it be increased 

by 7, the square root of the sum shall be equal to the square 

root of the number itself, and 1 more. ^ns. 9. 

# 

4S. ^ sets out from a certain place, and travels at the rate of 

7 miles in 5 hours ; and 8 hours afterward B sets out from the 

same place in pursuit, at the rate of 5 miles in 3 hours. How 

long and how far must B travel before he overtakes ^? 

Ans. 42 hours, and 70 miles. 
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SIMPLE EQUATIONS. 

CHAPTER XL 

(Art. 45.) We have given a sufficient number of examples, 
and introduced the reader sufficiently far into the science pre- 
vious to giving instructions for the solution of questions contain- 
ing two or more unknown quantities. 

There are many simple problems which one may meet with 
in algebra which cannot be solved by the use of a single tn^ 
knoum quantity, and there are also some which may be Bolvei 
by a single unknown letter, that may become much more simple 
by using two or more unknown quantities. 

When two unknown quantities are used, two independent 
equations must exist, in which the value of the unknown letters 
must be the same in each. When three unknown quantities are 
used, there must exist three independent equations, in which the 
value of any one of the unknown letters is the same in each. 

In short J there must be cts many indq)endent equations as 
unknown quantities used in the question. 

For more definite illustration let us suppose the following 
question : 

^ merchant sends me a bill of 16 dollars for dpair of shoes 
and 2 pair of boots ; afterwards he sends another biU of 28 
dollars for A pair of shoes and Spair of boots^ charging ai the 
same rate. What was his price for a pair of shoes 1 4md what 
for a pair of boots ? 

This can be resolved by one unknown quantity, but it ia ^ 
more simple to use two. 

Let x^ the price of a pair of shoes. 
And y=: the price of a pair of boots. 
Then by the question 3a:-|-2y=16 

And 4a?+3y=23. 

These two equations are independent ; that is, one cannot be 
converted into the other by multiplication or division, notwith- 
standing the value of x and of y are the same in both equations. 

Having intimated that this problem can be resolved with one 
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unknown quantity, we will explain in what manner, before we 
prooeed to a general solution of equations containing two un- 
known quantities. 

Let x= the price of a pair of shoes. 
Then 3a^= the price of three pair of shoes. 
And 16— 3a:= the price of two pair of boots. 

16— 3ic 

Consequently — - — = the price of one pair of boots. 

Now 4 pair of shoes which cost 4a?, and 3 pair of boots which 

48— —9^ 
cost — - — being added together, must equal 23 dollars. 

That is, 4ar+24— §a?=23. 

Or, 1— iaf=0. Therefore x=^% dollars, the price 

of a pair of shoes. Sut^stitute the value of x in the expression 

16— 3;r 

— - — and we find 5 dollars for the price of a pair of boots. 

it 

Now let us resume the equations, 

3a?+2y=16 {A) 
4a?+3y=23 (^) 



FIRST METHOD OF ELIMINATION. 

(Art. 46.) Transpose the terms containing y to the right hand 
sides of the equations, and divide by the coefficients of a?, and 

From equation (^) we have a?= — 5— ^ (C) 

And from {B) we have a?= — — ^ (2>) 

Put the two expressions for x equal to each other. (Ax. 7.) 

And l±^y=2i^. 

3 4 

An equation which readily gives y=4(, which, taken as the 
value of y, in either equation (C) or (Z>) will give a:=2. 

Tim metJiod of diminationi just expUtmid^ U tatted the 
method by comparison. 
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SECOND METHOD OF ELUONATION. 

(Art 47.) To explain another method of splatioDy let us again 
resume the equations : 

3a?+2y=16 (Ji) 
4a?+3y=23 (B) 

The value of x from equation {Ji) is xs=i(16— 2y). 

Substitute this value for x in equation {B), and we have 
4X i(16— -2y)+3y==23« an equation containing oAly y. 

Reducing it, we find y==5 the same as before. 

This method of elimination is called the method by substitu- 
tion, and consists in finding the value of one unknown quantity 
from one equation to put that value in the other which will cause 
one unknown quantity to disappear. 

THIRD METHOD OF ELIMINATION. 

(Art. 48.) Resume again 3aH-2y«16 {^) 

42r+3y«23 {B) 

When the coefficients of either op or y are the same in both 
equations, and the signs alike, that term will disappear by sub- 
traction. 

When the signs are unlike, and the coefficients equal, the term 
will disappear by addition. 

To make the coefficients of x equals multiply each equation 
by the coefficient of x in the other. 

To make the coefficients of y e^al, multiply each equation 
by the coefficient ofy in the other. 

Multiply equation {Jl) by 4 and 12ar+8y=64 
MulUply equation (B) by 3 and 12;i:+9y=60 

Difference y=5 as before. 

To continue this investigation, let us take the equations 

2ar+3y=23 (Jl) 
5av-2y=10 (B) 

Multiply equation (wi) by 2, and equation (B) by 3, and we 
have 4ar4-^=46 

15x— 6|ys30 
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Eqaations in which the coefficients of y are equal, and the 

signs unlike. In this case add, and the y's will destroy each 

other, giving 19a?— 76 

Or a?=4. 

This method of elimination is called the method by addition 
and subtraction. 

FOURTH METHOD OF ELIMINATION. 

(Art. 48.) Take the equations 22;-f-8y=23. {Ji) 
And 5a?— 2y=10. {B) 

Multiply one of the equations, for example (f^), by some inde- 
terminate quantity, say m. 
Then 2mar+3my==23m 

Subtract {B) 6x — 2y=10 

Remainder, (C) {im — B)ar+(3»i+2)y=23m— lU 

As m is an indeterminate quantity, we can assume it of any 
value to suit our pleasure, and whatever the assumption may be, 
the equation is still true. 

Let us assume it of such. a value as shall make the coefficient 
of y, (3m+2)=r0. 

The whole term will then be times y, which is 0, and equa- 
tion (C) becomes > 

(2m — 6)a:=23m — 10 

^ 23wi — 10 , ... 

Or x—-^ =- {D) 

2m — 5 ^ ' 

But 3m+2=0. Therefore m= — |. 
Which substitute for m in equation (2>), and we have 
_23Xf— 10 __ — 23X2— 30^— 76 
^'^ _8Xf— 5 —2X2—15 —19 * 

This is a Ftenoh method, introduced by Bezout, bat it is too 
indirect and metaphysical to be much practised, or hi feet much 
known. 

Of the other three methoils, sometimes one is preferable and 
sometimes another, according to the relation of the coefficients 
and the positions in which they stand. 
G ' 
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No one should be prejudiced against either method, and in 
practice we use either one, or inodificationB of them, as the cut 
may require. The forms may be disregarded when the princir 
pies are kept in view. 

(Art. 49.) To present these different forms in the most general 
manner, let us take the following general equations, as all pa^ 
ticular equations can be reduced to these forms. 

ax-^-by =c {^ 
a'x+b'y=^€' {B) 

Observe that a and a\ may represent very different quantities, 
so b and b* may be different, also e and & may be different. In 
special problems, however, a may be equal to a', or be some 
multiple of it; and the same remark may apply to the other 
letters. In such cases the solution of the equations are much 
easier than by the definite forms. Hence, in solving definite 
problems great attention should be paid to the relative values of 
the coefficients. 

FirMt method. 

Transpose the terms containing y and divide by the eoeffi- 
cients of a?, and « 

a?=£ll^, also x=^- ^ (C) 

a a' ^ ' 

Therefore £-5y^c^;^ ^^^^ 

a a' ^ ' 



Clearing of fractions, give a't — a'by=^ac* — ab'y. 
Transpose, and {ab' — a'b)y^=acf^^c. 



By division V=-t; if 



When y is determined, its value put in either eqoatioa marked 
(C) will give or. 

Second method. 



From equation (w^) a? — ^ . 
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Which valoe of x fubttitnte m equation {B) and 

Clearing of fractions and transposing a% we have 

ab'y — a'by^^ac'-'-ii'e 



^^ ac' — a'e 



ab'—a'b 
The same value of y as before found. 

« 

Third ruethod. 

Multiply equation (t^) by a\ and equation (B) by a. 

And a'ax-\'a'by=a'c. i 

Also a'ax+ab'y^ac' 



Difference {ab' — a*b)y=ac' — a'c 



ac' — &c 



Or y=—r. 77 same value as by the 

^ ab' — ab 

other methods. 

Ibttrth method. 

Multiply equation (t^) by an indefinite number nit 
And amx+bmy===mc 

Subtract (-B) a'jc+ 6'y==c' 



And {am — a')a?+(6m — 6')y=mc — c'. 

Now the value of m may be so assumed as to render the 
coefficient of a?=0, or am — a'==0. 

Then (6fiir-^')y=mc— c' 



a' 
But am — a'=0, or m=-. 

a 



76 ELEMENTS OF ALOEBRA. 

Put this remlttnt valae of m, in eqaadon (C), and 

a' 



a 



y= 



a 



ca' — ae' 
a'b-'Htb' 



by multiplying both numerator and denominator by a. 

(Art. 50.) The principles just explained for elimination be- 
tween two quantities may be extended to any number, whdre the 
number of independent equations given are equal to the number 
of unknown quantities. For instance, suppose we have the 
three independent equations : 

• ax-\'by-\-cz=:d (w^) 

a"x+b"y+c"z=^d" (C) 

We can eliminate either or, or y, or z, (whichever may be 
most convenient in any definite problem) between equations {Jfj 
and (Bj) and we shall have a new equation containing only two 
unknown quantities. We can then eliminate the same letter be* 
tween equations {B) and {€,) or (./?) and (C,) and have another 
equation containing the same two unknown quantities. 

Then we shall have two independent equations, containing two 
unknown quantities, which can be resolved by either of the foist 
methods already explained. 

(Art. 51.) Another theoretical method, from the French, we 
present to the reader, more for curiosity than for any thing fdse. 

Multiply the first equation (.^,) by an indefinite assumed num- 
ber m. Multiply the second equation (B) by another indefinite 
number n, and add their products together. Their sum will be 

{am+a'n)x+{bm-^b'n)y'^{cm+c'n)z=^dm+nd' 
Subtract eq. (C) a"x +b"y c'*z=d'\ 

And {am+a'n — a")x+{bm+b'n — b")y+{cm+&nr-'€")z 

^dm+nd!^". 
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As m and n are independent and arbitrary numbers, they can 
be so assumed that 

am+a'np— a"s=0 and bm+b'n — 6"=0. 
Tlien mn+a'n^a" (1) and bm+b'n^b" (2) 

A A dm+nd'—d" ... 

And jr= -. (3) 

. cm+c'n — c' ^ ' 

From equations (1) and (2) we can find the values of m and 
^9 which values may be substituted in equation (3,) and then z 
will be fully determined. 

EXAMPLES FOR PRACTICE. 

1. Given < ,^ .J' ,^^ f to find the values of x and y. 
il2x+7y=100 5 ^ 

We can resolve this problem by either one of the four methods 
just explained. But we would not restrict the pupil to the very 
letter of the rule, for that in many cases might lead to unneces- 
sarily lengthy operations. 

If we take the third method of elimination, we should multi- 
ply the first equation by 12, the second by 8 ; but as the coeffi- 
cients of X contain the common factor 4, we can muhiply by 3 
and 2, in place of 12 and 8. That is, multiply by the fourth 
part of 12 and 8. 

In practice even this form need hot be observed, we may de- 
cide on our multipliers by inspection only. 

Three times the 1st gives 24x4-1^^^204 

Twice the 2d gives 24x4-14^—200 

Difference gives y^^ 

Substituting this value of y in first equation, and 

82:4-20=68 or ar=6. 

In solving this, we have used modificatiotu of the 3d and 2d 
formal methods. 
o2 
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For exercise, let oa nse the 4th methocL 

8mx-f5my=:68m 
Take 120?+ 7y =100 



(8m— 12)ar+(5m— .7)ys68m— 100 
Assume 8m— 12=0. 

68m~100 -^ 

^®" y^ 5m-7 ' Butm=|. 

rpv, . 08X1—100 204—200 ^ ^ 

Therefore y=-^^^^=-^_j^^4 ^ns. 

*• ^*^^° 1 7^5=r I ^ ^"^ "^ "'^ y- 

If we multiply the first of these equations by 3, the coefficicnti 
of y will be equal, and the equations beqpme 

15a:+0y=57, 
And 7a? — 6y =9. 

To eliminate y, we add these equations (the signs of the tenv 
containing y being unlike), and there results 

22a?=66, 
a?=3. 

This Value of x put in the 1st equation gives 

15+2y=19, 
And y=2* 

3. Given ?X?+6y=21 and ?^4-5a?=23tofinda?andy. 

Clear of fractions and reduce. We then have 

a?+24y=76 
And 15a?+ y =63. 

In this case there are no abbreviations of the rules, as tk« 
ooefficients of the unknown terms are prime to each ether. 
Continuing the operation, we find a?=4, y=3. 
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4. Given a?+y=17 and ---=-^ to find x and y. 

Owing to the peculiarity of form in tlie 2d equation, it is most 
expedient to resolve this by the 2d method. 

From the 2d, x^^-^. Then ^+y=17. 

Clearing of fractions, 9y+8y=l'}'X8. 

Or, 17y=17X8, or y=8. 

Hence, a?=9. 

5. Given < ^ i « Zi oi \ *^ ^^^ *^® values of x and y. 

Here we observe that both x and y are divided by 8, x in one 
equation, and y in the other ; also, x and y are both multiplied 
by 8. 

(Art. 51.) All such circumstances enable us to resort to many 
pleasant expedients which go far to teach the true spirit of al- 
gebra. 

X'\''U 

Add these two equations, and ''-^'\'S{X'\'f/)^=326. 

Assume a:4-y=*« 

Or let 8 represent the sum of x-\-f/, then ^M-i-Ss^d^b. 
Clear of fractions, and «4~645=325X8. 
Unite and divide by 65 and ^=5X8. 

Or ar+y=5a. (^) By returning to the value of «, and put- 
ting a=8. 

Multiply the 1st equation by 8, and 

a;+64y=194a 
Subtract (w4) x + y=5a 

Rem. 6dy=189a 

Divide by 63 and y=3a=24. Whence ar=2a=16. 
Let the pupil take any one of the formal rules for the solution 
of the preceding equations, and mark the difference. 

•• Given ja:+3y=21 and Jy+3a?=29 to find x and y. 

^n». a?=9. y=6. 
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7. Given 4x4'y='34 and 4y-{-x=si^ to find xandjf. 

w^nt. x=:S, y^t 

8. 6i?en ix-^-iy^^l^ and ix+iyssH^ to find x and y. 

9. Given a?+ly=!8 and ix+y=7 to find x and y. 

•i^ns. a?=r6. y'4. 

10. Given |x+7y=s99 and ^y+7x=51 to find x and y. 

•i^n*. a?=7. y=14. 

f ix— 12=Jy+8 

11. Given I ^+y+i:e^«fc?+27. 

w^nt. a?=:60. y=:40. 

n h t H 

19. Given -+-=6 and — | — =10, to find x and v. 
X y X y 

Multiply the first equation by e, the second by a, and |ve shall 

have 

ac , he ^ 
— — s=6c 
X y 

ac . ad ,^ 
— — =10a. 
X y 



By subtraction {pc — «(/)-= 6c — 10a 

m% - hc-^-ad 

Therefore — —^=1/. 

6c— -lOa ^ 



^^ ^. 147 147 „^ ,^v , 17, 56 41 ,„, ^ , 

18. Given =28 [A) and — | =— {B) to find 

X y X y 3 

the values of x and y. 

Divide equation (w^) by 7, and — - — --= 4, 

114 
Divide this result by 21, and — =--- (C) 

^ a?, y 21 ^ ' 



EQUATION& SI 

Multiply (C) by n, ghres "— y=||. {B) 

73 219 

Subtract (Z>) from {^B) and we have — '="oT"* 

Patting this value in equation (C) and reducing we find a?=3. 

14« Given — | — =*= 1 and — | — = — 1-« to find the vahies 

X y y X y X 2 

^^^^y Am. :c=4 andy=2. 

-. -^. Ca?+150: V— 50::3:2 ) ^ , , 

!§• Given «< ' ^ , ,/.^ * ^ ^ to find a? and y. 

d^w«. a?=300. y*a50. 

• - ,.. « . ^ . , 6a:*— 24v2+130 \ 
!•. Given to+6y+l== aa:-4yT3 



, , ^ 161— 16r , 9at/— 110 
And 3a:=— r ; — h ^ 



> to find 0? and y* 
110 

4y-l • 3y-4 ^ 

./?n«. a:=9. y=2. 
■> 
Note.— For solutions of examples 15 and 16, see Universal 

Key to the Science of Algebra, page 26. 

IV. Given \ , ^'" oo ( to find the values of x and y. 

Ana. ar=2. .y=5. 

18. Given \ f^+fy==® ^ to find a? and y. 

w^n«. a?=6. y^lS. 

19. Given a?+y«=8 and a:*— y*=16 to find x and y. 

^n*. a:=5. y=3. 

90. Given 4(a7+y)*=0(^i>--y) and o^ — y'=d6 to find x and y. 

w^rw. a:=61. y=2i. 
6 
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91* Given x:y::4:3 and a:* — ^=^37, to find x and y. 

Jiru. af=4. y=3. 

99* Given x+y=^a and a;* — j^=:ab to find- ^ and y. 

%%• Given =3 and — rT=? to find a: and v- 

•5n«. a?=4. y=16. 

«4. Given i(a:+2)+8y--=31 and i(y+5)+lto««l^ to 
find the values of x and y. w^n^. ar=10. y=3. 

•d. Given 3a:+7y=79 and 2t/+ia?=19 to find the values 
of X and y. Ann, 2:= 10. y^7. 

•6. Given i(ar+y)+25=ar and 5(a:+y) — 5=y to find 
the values of x and y. w^n*. a?=86. y=s35. 

%H. Given a>— 4=y+l and 5a:— ^=^—^+37 to find the 

o 4 o 

values of x and y. Sn9, x=8. y«3. 

98. Given 4— ?^=y— 17f aij^ 5=!+^ ^ ^"^^ ^^ 
values of a? and y. .^n«. a:=10. y=20. 

_ 7a? — 21 . a: . 32* — 19 . 2x+t/ 

M. Given l2=-+y_=4+— ^— and -^- 

9a>— 7 3y+9 4a:+5y , ^ , , a ^ i 

— - — =-*^ r:r-^ to find x and v« •^w*- a?=9. %i=-i, 

8 4 16 ^ ^ 



SO. Giv^ < 



r 2y— ar „^ 59— 2a? 
T ^ =20— ► 

find X and y. 



L 



I y— 3 «/. 73— 3y 



ar— 18 3 

^719. ar821. ya>20. 
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CHAPTER m. 

Solution .of JSquaiions involving three or more urJcnoum 

quitntitiea. 

(Art. 52.) No additional principles are requisite to those given 
in articles 40 and 50. 

EXAMPLES. 

ap+ y+ 2r= 9 ' 

a:+2y+32r=16 

a?+3y+42r=21 



!• Given ^ 



> to find X9 y, and z. 



By the 1st method, transpose the terms containing y and z in 
each equation, and 

a?= 9 — y — z, 

x=ie — 2y— 3z, 

a?=21 — 3y— 4z. 

Then putting the 1st and 2d values equal, and the 2d and 3d 
values equal, gives 

9— t/— z=16— 2t/ — dz, 
1 6— 2y — Sz =2 1 — 3y— 4y . 

Transposing and condensing terms, and 

y«7— 2z, 

Also, y=5 — ^i 

Hence, 5— 2r=7 — 2z, or 2r=2 

Having j2:=2, we have y=5— z=3, and having the values of 
both z and y, by the first equation v/e find x=4, 

f2a?+4y— 3z=22 ^ 
4a:+2y+52r=18 
6a?+7y^ 2r=63 

Multiplying the first equation by 2, 4a?+8y — 6z=44 
And subtracting the second, 4a>— 2y+ 52:= 18 

The result is, {A) lOy— 1U=26 



' to find values of x, y and z. 
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Then multiply the first equation by 3, 6x+l2y — 92r=66 
And subtract the third, Bar-}- 7y — 2r=d3 

■_ _ _ _ * 

The result is, {£) fiy— 8ar= 3 . 

Multiply the new equation (B) by 2, lOy— lte« 6 

And subtract this from equation (A) lOy— -11^=26 • 

The result is, 5zsc80 

Therefore 2r= 4 

Substituting the value of z in equation {B) and we find y =7. 
Substituting these values in the first equation, and we find x^=3. 

r 3a:+9y+8«=41 ^ 
S. Given < 5a?+4y — 2z—20 > to find ar, y and z. 
[ llar4-7y— 62r=37 J 

To illustrate by a practical example we shall resolve this by 
the principles explained in (Art. 51.) 

3mx+9my+Smz=4lm 
bnx +4ny — 2nz =20n 

Sum (3m+5n)a:+(9m+4n)y+(8m— 2n)2r=41m+20n 
Take liar +7t/ — a2r=37 



Rem. (3m+6n— 1 1) a? — (7— 9m — in)y+{Sfn — 2n+6)z=: 
41m+20n— 37. 
AjBsume 3m+5n=ll (1) 

And 9m+4n=7 (2) 

Th^n * 41m+2 0n-37 

From equations (1) and (2) we find m— ^j and n«f f . 
These values substituted in equation (8) we have 



— 41XfT+20Xff~37 
— 8Xt\— 2Xff+ 6 

Multiply both numerator and denominator by 11, and we shall 

—123+520— 407 _ — 10 , 
^"^ ^^ —24— 62+ 66""i::ar" • 
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Putting this value of x in the 1st and 2d equations, we shall 
have only two equations involving x and y, from which the 
values of these letters may be determined* 

These equations can be resolved with much more facility by 
multiplying the 2d equation by 4, then adding it to the 1st to 
destroy the terms containing z. 

Afterwards multiplying the 2d equation by 3, and subtracting 
the 3d equation, and there will arise two equations containing x 
and y, which may be resolved by one of the methods already 
explained. 

(Art. 53.) When three, four, or more unknown quantities witli 
as many equations are given, and their coefficients are all ptimt 
to each other, the operation is necessarily long. But when sev- 
eral of the coefficients are multiples, or measures of each other, 
or unity, several expedients may be resorted to for the purpose 
of facilitating calculation. 

No specific rules can be given for mere expedients. Exam- 
ples alone can illustrate, but even examples will be fruitless to 
one who neglects general principles and definite theories. Some 
few expedients will be illustrated by the following 



1* Given 



* to find 0?, y, and z. 



EXAMPLES. 

' ar+y+if«81 ' 
* «+y— jr=B25 

Subtract the 2d from the 1st, and 22r=6. 
Subtract the dd from the 2d, and 2y=sl6. 
Add the 1st and 3d, and 2a?=40. 



a?+y+ar=26 ' 
JSI» Given \ a?— y = 4 



* to find rr, y and z. 



Add all three, and dor—dd or x^Vt. 

dy — a>— 2rs=12 \ to find or, y and z. 
7;2r— y— xa=24 J 
H 
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Assume x-^-^z^^. Add this equation to each of the given 
equations, and we have 

2x— 6+*, (A) 

Sz^24+8. (C) 
Multiply {^) by 4, and {B) by 2, and we have 

8ar=24+4*, 
8y=24+2*, 
8z=24+ 8. 

By addition, 8»=8X24+7«. Or «=72. 
Put this value of « in equation (w^) and we have 

2a?=6+72. Or ar=3+36=39, Ac. 

4. Given a:+iy=100, y+|2'=100, z+iar=100 to find 
0?, y, and 2r. 

Put a=100. Ms. x=M, y=72, and 2:=84. 

' u+v+x+y:=^lO ' 

w+v+a?+2r=ll 
w+v+y+2r=12 

v+ar+y+2r=14 

Here zrejive letters and five equations. Each letter has the 
same coefiicient, one understood. Each equation has 4 letters, 
z is wanting in the 1st equation, y in the 2d, &c. 

Now assume t/+v+^+y+^=*« 
Then 8—z=l0 {^) 

9 — a:=12 

8 — ti=14 
Add, and 5» — *=60 Or «=16. 
Put this value of 8 in equation (w^), and z=5, dec. 

•• Given a?+y=a, x-^z^b, y+2r==c. 

Add the 1st and 2d, and from the sum subtract the 8d. * 
Ans. x=^i{a+b — c), y=l(a+c-T^), z=i(6+ 



5. Given 



' to find the value of each. 
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7. Given « 



4z=^u+x+y 
ws=a>— 14 

^ru. w=26, ars=40, y=30, 2r=24. 



. to find the valae of u, x, y, 
and z. 



8* Given 



9. Given 



10. Given - 



ix+iy+iz^e2 
ix+iy+\z=47 

x+a== y+z 

y+a=2a:+2z 

z+a=2x+3y 

2x+ y— 22r=40 

4y — a:+3z=35 

3m+ /=:13 

y+ tt+ ^=15 

3a>*-y+3/— ti=49 



«^n«. 



f a?=24. 
y=CO. 
;2r=120. 



•^n«. 



•^TM. • 




(Art. 54.) Problems producing simple equations involving two 

or more tmknoion quantities, 

1* Find three numbers such, that the product of the Ist and 
2d; shall be 600; the product of the 1st and 3d, 300 ; and the 
product of the 2d and 3d, 200. 

Ans, The numbers are, 30, 20, and 10. 

9. Find three numbers, such that ihejirst with | the sum of 
the second and third shall be 120 ; the second with f the difleif- 
ence of the third zaA first shall be 70 ; and the sum of the three 
numbers shall be 190. Ans. 50 ; 65 ; 75. 

8« A certain sum of money was to be divided among three 
persons, A^ B^ and C, so that w^'s share exceeded | of the shares 
of B and C by f 120 ; also the share of B exceeded | of the 
shares oi A and Cby f 120; and the share of C, likewise, ex- 
ceeded f of the shares of A and B by f 120. What ww each 
person's share? 

Ans. A*s share, f 600 ; ^'s, 480 ; and C's 860. 
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4* A and By working at a job, can earn #40 in 6 daya ; wSaiid 
C together can earn f 64 in 9 daya ; and B and C iSO in 15 
days. What can each perM>n alone earn in a day? 

Let Ji earn a*, By<, and Cz dollara per day* then, 

By the question, 6a;+ 6yss40 

9a:+ 9z=64 
15y+16z=80 

Dividing the equations by the coefficients of the unknowa 
quantities, we have, a!-4-i/=:6' 

See Problem 6. (Art. 53.) 

A man has 4 sons. The sum of the ages of the first, second 
and third is 18 years ; the sum of the ages of the first, second 
and fourth is 16 years ; the sum of the ages of the first, third . 
and fourth is 14 years ; the sum of the ages of the second, third 
and fourth is 13 years. What are their ages? See Problem 5. 
(Art. 53.) Aa. Their ages are, 8, 6, 4, 3. 

«!• Ay B and C sat down to play, each one with a certain num* 
her of shillings ; . A loses to B and C as many shillings as each 
of them has. Next B loses to A and C -^a many as each of 
them now has. Lastly, C loses to A and B as many as each of 
them now has. After all, each one of them has 16 shillii^. 
How much did each one gain or lose ? 

Let ATss the number of shillings A had at first 
y= ^s shillings, and 
z^ C*8 shillings. 

Then, by resolving the problem, we shall find x^M^ y*>i4, 
and 2=8. Therefore, A lost 10 shillings, B gained 2, and C8. 

N. B. , When the equations are found, divide the Ist by 4', the 
2d by 2, and then compare them with Ex. 3. (Art. 53.) 

O. A gentleman left a sum of money to be divided among four 
servants, so that the share of the first was \ the sum <^ the 
shares of the other three ; the share of the second, | of the sum 
of the other three ; and the share of the third, \ the sum of the 
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Other three; and it was found that the share of the last was 14 
dollars less than that of the first. What was the amount ci 
money divided, and the shares of each respectively ? 

Jins. The sum was f 120 ; the shares 40, 30, 24 and 26. 

Obserre Prob. 7. (Art. 58,) in connection with this problem. 

V* A jockey has two horses, and two saddles which are worth 

15 and 10 dollars, respectively* / Now if the better saddle be put 
on the better horse, the Value of the better horse and saddle 
would be worth | of the other horse and saddle. But if the 
better saddle be put on the poorer horse, and the poorer saddle 
on the better horse, the value of the better horse and saddle is 
worth once and -fj the value of the other. Required the worth 
of each horse 1 Ans. 65 and 50 dollars. 

8* A merchant finds that if he mixes sherry and brandy in 
quantities which are in proportion of 2 to 1, he can sell the mix- 
ture at 78 shillings per dozen; but if the proportion be 7 to 2 he 
can sell it at 79 shillings per dozen. Required the price per 
dozen of the sherry and of the brandy ? 

An»^ Sherry, 81«. Brandy, 72«. 

In the solution of this question, put a=s78. Then a-|-laB79» 

9* Two persons, A and J9, can perform a piece of work in 

16 days. They work together for four days, when A being 
called ofiT, B is left to finish it, which he does in 36 days. In 
what time would each do it separately 1 

Ans. A in 24 days ; i^ in 48 days, 

10« What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes §; but the 
denominator being doubled, and the numerator increased by 2, 
the value becomes |? Ana. |. 

11. Two men wishing to purchase a house together, valued 
at 240 (a) dollars ; says A to B^ if you will lend me f of your 
money I can purchase the house alone ; but says B to A, if you 
lead roe | of yours, I can purchase the house. How much 
money had each of them ? Ans. A had f 160. B f 120. 

h2 
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19* It is required to divide the number 24 into two tach parts, 
that the quotient of the greater part divided by the less, may be 
to the quotient of the leas part divided by the greater, as 4 to 1. 

Jim. 16 and 8. 

18. A certain company at a tavern, when they came to settle 
their reckoning, found that had there been 4 more in compaay, 
they might have paid a shilling a-piece less than they did; but 
that if there had been 3 fewer in company, they must have paid 
a shilling a-piece more than they did. What then was the miDh 
ber of persons in company, and what did each pay ? 

^ns. 24 persons, each paid 7#. 

14« There is a certain number consisting of two places, a unit 
and a ten, which is four times the sum of its digits, and if 27 be 
added to it, the digits will be inverted. What is the number! 

Jim. 86. 

Note. Undoubtedly the reader has learned in arithmetic that 
numerals have a specific and a local value, and every remove 
from the unit multiplies by 10. Hence, if x represents a digit 
in the place of tens, and y in the place of units, the number must 
be expressed by lOur+y* A number consisting of three places, 
with Xf y and z to represent the digits, must be expressed by 
lOOx+lOy+ar. 

15. A number is expressed by three figures ; the sum of these 
figures is 11 ; the figure in the place of units is double that in 
the place of hundreds, and when 207 is added to this number, 
the sum obtained is expressed by the figures of this number re- 
versed. What is the number ? Ans. 326. 

16. To divide the number 00 into three parts, so that twice 
the first part increased by 40, three times the second part in- 
creased by 20, and four times the third part increased by 10, may 
be all equal to one another. 

An9. First part 39, second 30, and third 25. 

17* A person who possessed $100,000 (a,) placed the greater 
part of it out at 5 per cent, interest, and the other part at 4 per 
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sent The interest which he received- for the whole amounted 
to 4640 (6) dollars. Squired the two parts. 

An9. 64,000 and 36,000. dollars* 

Creneral Jhuwer, (1006— 4a) for the greater part, and (5a — 
1006) for the less. 

18* A person put out a certain sum of monej at interest at a 
certain rate. Another person put out f 10,000 more, at a rate 1 
per cent higher, and received an income of $800 more. = A third 
person put out f 1&,000 more than the first, at a rate 2 per. cent. 
higher, and received an income greater by $1,500. Required 
the several sums, and their respective rates of interest. 

Jins., Rates 4, 5 and per cent. Capitals $30,000, $40,000 
and $45,000. 

19* A widow possessed 13,000 dollars, which she divided 
into two parts and placed them at interest, in such a manner, that 
the incomes from them were equal. If she had put out the first 
portion at the same rate as the second, she would have drawn 
for this part 360 dollars interest, .and if she had placed the se- 
cond out at the same rate as the first, she would have drawn for it 
490 dollars interest ^hat were the two rates of interest ? 

^ns. 7 and 6 per cent* 

9^* There are three persons, ./?, B and C, whose ages are as 
follows : if B^B age be subtracted from w^'s, 'the difference will 
be C*B age ; if five times B^s age and twice C*s age, be added 
together, and from their sum w^'s age be subtracted, the remain- 
der will be 147. The sum of all their ages is 96. What are 
theur ages T ^na. A'b 48, ^'s 33, C's 15. 

91 • Find what each of three persons. A, B and (7, is worth, 
from knowing, 1st, that what A is worth added to 3 times what 
B and C are worth, make 4700 dollars ; 2d, that what B is worth 
added to four times what A and C are worth make 5800 dollars; 
3d, that what C is worth added to five times what A and B are 
worth make 6300 dollars. 

An8. A is worth 500, B 600, C 800 dollars. 

See brief solutioa to these two problems, 18 end 19, in Key to Algdi>ia. 



92 ELEMENTS OF ALGEBRA. 

Put 8= the tam that Ji, B and C are worth, to make an au- 
iliary equation. 

9d. Find what eaeh of three persons, A^ B^ C, is wortih 
knowing, Ist, that what A is worth added to / times whati? nd 
C are worth is equal to p; 2d, that what B is worth added to fli 
times what A and C are worth is equal to q$ 3d, thai what C is 
worth added to n times what A and B are worth is equal to n 

Let x^=^JFfi eapital, y=s^s, and z^C*». 
Then x+iy+izt=sp, is the first equation. 

Assume x+ y-j" z^=s. ' Multiply this equation by / and 
subtract the former, and (I — l)x=h — p. 

Ora.=^ 

By a dmilar operation, y=*^ ^ (A) 

And, z^ 

n — I 

This equation may take the following form : 

Now as the terms in parenthesis are fully determined, of 
known value, we may represent the first by a, the second by &« 
and this last form becomes 

By transposition, &c. (a-^i)8s=ib 

h 



Therefore «= 



a— 1 



This known value of b put in each of the equations marked 
(A), and the values of or, y and z will be theoretically dete^ 
mined. 
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9S. Three Inrotbert made a purchase of #2000 (a;) the Gacst 
wanted in addition to his own money | the money of the seoond, 
he second wanted in addition to his own I of the money of the 
hirda and the third required in addition to his own i of the 
Mney of the first. How much money had each ? 

Jhis. Ist had, f 1280; 2d, f 1440 ; and the dd, f 1680. 
Gm* Jlna. Ist had \\u; 2d, \\a; and the 3d |^. 
See Prob. 6. (Art. 58.) 

IM. Some hours alter a courier had been sent from Jt to B, 
Birhidi are 147 miles distant, a second was sent, whq wished to 
>vertAke him just as he entered B^ and to accomplish this he 
nust perform the journey in 28 hours less time than the first did. 
E^ow the time that ^ first travels 17 miles added to the time the 
second travels 56 miles is ld| hours. How many miles does 
»ch go per hour t Ana, 1st 3, the 2d, 7 miles per hour. 

95« There are two numbers, such that i the greater added to 
I the lesser, is 13 ; and if i the lesser is taken from | the greater, 
the remainder is nothing. Required the numbers. 

^n8. 18 and 12. 

96* Find three numbers of such magnitude, that the Ist with 
the i sum of the other two, the second with i of the other two, 
uid the third with i of the other two, may be the same, and 
amount to 51 in each case. ^ns, 15, 33, and 39. 

97* A said to B and C, ** Give me, each of you, 4 of your 
sheep, and I shall have 4 more than you will have lefl." B said 
to A and C, «* If each of you will give me 4 of your sheep, I 
shall have twice as many as you will have left." C then said 
to A and B^ ^ Each of you give me 4 of your sheep, and I shall 
have three times as many as you will have left." How many 
had each ? Ans. A%jB%, and C 10. 

98. What fraction is that, to the numerator of which if 1 be 
added, the fraction will be | : but if 1 be added to the denomina- 
tor, the fraction will be J ? Ans, jy. 

!M. What fraction is that, to the numerator of whieh if 3 be 
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added, the fraction will be 4 ; but if 2 be added to the denomina- 
tor, .the fraction will be I ? Ans* f . 

30* What fraction is that whose numerator being doobledt'ind 
its denominator increased by 7, the value becomes | ; but tlie d^ 
nominator being doubled, and the numerator inoreaaed by 89 the 
value becomes | ? ■ J3nB» j. 

31* If w^ give ^ $5 of his money, B will have twice as midi 
money as .^ has left; and if B give A f5, Ji will have thiieeat 
much as B has left. How much had each ? 

^n8. A f 13, and B %\\. 

39. A corn factor mixes wheat flour, which cost him 10 shil- 
lings per bushel, with barley flour, which, cost 4 ehilliogs per 
bushel, in such proportion as to gain 43| per cent, by seUiiig the 
mixture at 11 shillings per bushel.. Required the proportion. 

An%, The proportion is 14 bushels of wheat floar to of 
barley. 

33. There is a number consisting of two digits, which num- 
ber divided by 5 gives a certain quotient and a remainder of (me, 
and the same number divided by 8 gives another quotient and a 
remainder of one.. Now the quotient obtained by diyidiiig by 5 
is double of the value of the digit in the ten's place, and the quo- 
tient obtained by dividing by 8 is equal to 5 times the unit digit 
What is the number ? «dn«. 41. 

Interpretation of negative values resulting from the aohiUon 

of equations. 
(Art. 55.) The resolution of proper equations drawn firom 
problems not only reveal the numeral result, but improper enun- 
ciation by the change of signs. Or the signs being true algebraic 
language, they will point out errors in relation to terms in eom- 
mon language, as the following examples will illustrate : 

1* The sum of two numbers is 120, and their difference ii 
1 60 ; what are the numbers ? 
Let X be the greater and y the less. Then 

a:+y=120 (1) 
a?— y=160 (2) 
The solution gives a?=^140, and y=^ — ^20. 
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Here it appears that one of the numbers is greater than the 
sum given in the enunciation, yet the sum of x and y, in the al- 
gebraic sense, make 120. 

There is no such abstract number as — 20, and when minus 
appears it is only relative or opposite in direction or condition 
to plus, and the problem is susceptible of interpretation in an al- 
gebraic sense, but not in a definite arithmetical sense. 

Indeed we might have determined this at once by a considera- 
tion of the problem, for the difference of the two numbers is 
givei), greater than their sum. But we can form a problem, an 
algebraic (not an abstract) problem that will exacdy correspond 
with these conditions, thus : 

The joint property of two men amounts to 120 dollars, and 
one of them is worth 160 dollars more than the other. What 
amount of property does each possess ? 

The answer must be -|-140 and — ^20 dollars ; but there is no 
such thing as minus $20 in the abstract ; it must be interpreted 
debt 9 an opposite term to positive money in hand. 

%• Two men, •^ and B, commenced trade at the same time ; 
^ had 3 times as much money as B, and continuing in trade, •/? 
gains 400 dollars, and ^150 dollars ; now ^ has twice as much 
money as B. How much did each have at first ? 

Without any special consideration of the question, it implies 
that both had money, and asks how much. But on resolving the 
question with x to represent .^'s money, and y ^'s, we find 

aj=— 300 . 
And y= — 100 dollars. 

That is, they had no money, and the minus sign in this case 
indicates debt; and tlie solution not only reveals the numerical 
values, but the true conditions of the problem, and points out the 
necessary corrections of language to correspond to an arithmeti- 
cal sense, thus : 

A is three times as much in debt as B ; but A gains 400 dol- 
lars, and B 150 ; now A has tunce as much money as B. How 
much were each in debt? 

As the enunciation of this problem corresponds with the real 
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circumstance of the case, we can resolve tlie problem witfaoot a 
minus sign in the result. Thus : 

Let ar= B*» debt, then 3x» jTs debt 
15(^^= ^8 money, 400— 3a?ss ^b money 

Per question, 400 — 3a?=300 — 2x. Or aranlOO. 

3* What number is that whose fourth part exceeds its thiid 
part by 12 ? Jlns. — 144. 

But there is no such abstract number as -—144, and we cannot 
interpret this as dd}L It points out error or imposMUiit^f and 
by returning to the question we perceive that a fourth part of any 
number whatever cannot exceed its third part; it must be, its third 
part exceeds its fourth part by 12, and this enunciation gives the 
positive number, 144. Thus do equations rectify mbordinaft 
errors, and point out special conditions. 

4* A man when he was married was 30 years old, and his 
wife 15. How many years must elapse before his age will be 
three times the age of his wife ? 

Ans. The question is incorrectly enunciated ; 7i years hefon 
the marriage, not after, their ages bore the specified relation. 

5. A man worked 7 days, and had his son with him 3 days ; 
and received for wages 22 shillings. He afterwards worked 5 
days, and had his son with him one day, and received for wages 
18 shillings. What were his daily wages, and the daily wages 
of his son? 

Jins. The father received 4 shillings per day, and paid 2 shil- 
lings for his son's board. 

6. A man worked for a person ten days, having his wife with 
him 8 days, and his son 6 days, and he received $10.30 as com- 
pensation for all three; at another time he wrought 12 days, his 
wife 10 days, and son 4 days,, and he received $13.20; at m* 
other time he wrought 15 days, his wife 10 days, and his son 12 
days, at the same rates as before, and he received $13.85. What 
were the daily wages of each ? 

Ans. The husband 75 cts., wife 50 cts. The son 20 cts. tX' 

r 

ftnse per day. 
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Y« A man wrought 10 days for his neighbor, his wife 4 days, 
and son 3 days, and received $11.50 ; at another time he sorved 
daysy his wife 8 days, and his son 6 days, at the same rates as 
before, and received $12.00 ; a third time he served 7 days, his 
wife 6 days, and his son 4 days, at the same rates as before, and 
he received $9.00. What were the daily wages of each ? 

Jtns. Husband's wage8,$l. 00; wifeO; son 50 ct6. 

S« What fraction is that which becomes | when one is added 
to its numerator, and becomes | when 1 is added to its denomi- 
nator ? 

•tffit. In an arithmetical sense, there is no such fraction. The 
algebraic expression, ZZjj, will give the required results. 

(Art. 58.) By the aid of algebraical equations, we are enabled 
not only to resolve problems and point out defects or errors in 
their enunciation, as in the last article, but we are also enabled 
to demonstrate theorems, and elucidate many philosophical trudis. 
The following are examples : 

Theorem 1. It is required to demonstrate, that the half sum 
plus half the difference of two quantities give the greater of the 
•wo, and the half sum minus the half difference give the less. 

Let x= the greater number, y== the less, 

8= their sum, d= their difference. 

Then x+y== s {jS) 

And X — y= d (B) 

By addition, 2x= »+ d 

Or ar=J«4-W 

Sabtraet {B) horn (jS) and divifle by 2, and we have 

y=is—id 

'these last two equations, which are manifestly true, demon- 
strate the theorem. 

•i > 

Theorem %, Four times the product of any two numbers, is 
equal to the square of their sum, diminished by the square of 
thdr differenee. 

I 7 
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Let x» the greater namber, and y=^ the leea, ai in the Ian 
theorem. 2x^« -{-d 

And ^}/=^ -^^ 

By multiplication 4a?y=#^— ^ a demoDfltratkm of thi 
theorem. 

Many other theorems are demonstrable by* algebra, but we de 
fer them for the present, as some of them involve quadratic eqotr 
tions, which have not yet been investigated ; and we close the 
subject of simple equations by the following quite general prob- 
lem in relation to space, time and motion. 

To present it at first, in the most simple and practical Humner, 
let us suppose 

Two couriers f A end B) 100 miles asunder on the setme road 
set out to meet each others A going 6 miles per hour and B 4. 
Sow many hours must elapse before they meet^ and haw far 
wUl each travel? 

Let x= .^'s distance, y= J9's, and /= the time. 
Then a?+y=100 (1) 

As the miles per hour multiplied by the hours must give the 
distance each traveled, therefore, 

a?=6^ and y=4t (2) 
Substitute these values in equation (1) and 
(6+4)f= 100 

100 
Therefore, '=e+4 (^^ 

A A a. ^00X6 ^^ 100X4 ,^^ 

And ^=6/=-^:j:^ y=^'=-6+4- (^) 

From equation (S,) we learn that the time elapsed bsfoto the 
couriers met was the whole distance divided by their joint mo- 
tion per hour, a result in perfect accordance with reason. From 
equations (4,) we perceive that the distance each must trarei is 
the whole distance asunder multiplied by their respeetire mo- 
tions and divided by the sum of tlieir hourly motions. 

Now let us suppose the couriers start as b^ore^ but trend in 
the same directunif the one in pursuit of the other, B htmmg 
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100 miles the ^atif traoeOng four mikt^per hour, purmed by 
kj traveling 6 mihs per hour. How many hours must daf$e 
hrfore they come together^ and what distance must each travel? 

Take the same notation as before. 

Then a^-^y«=100 (1.) As A must trarel 100 miles more than 
B, But equations (^y) that is, x^^^ and y^=^4tt are true under 
all circumstances. 

Then (6— 4)<=s 100 
And t^^^SO 



The result in this case is as obvious as an axiom, ji has 100 
miles to gain, and he gains 2 miles per hour, it will therefore re- 
quire 60 hours. 

But it is the precise form that we wish to obserre. It is the 
fact that the given distance divided b>" the differsoce of their mo- 
tions gives the time, and their respective distances must be this 
time mul^lied by their respective rates of motion. 

Now the smdler (he difference b^dtween their motions, ti^e 
longer the time before one overtakes the other; when th^ differ- 
ence Is very small, the time will be very great ; when the differ- 
ence is nothing, the time will be infinitcdy great ; and this is in 
perfect accordance with reason ; for when they travel equally 
fast one cannot gain on the other, and they can never come to- 
gether. 

If the foremost courier travels faster than the other, they must 
all the while become more and more asunder ; and if they have 
ever been together it was preceding their departure from the 
points designated, and in an opposite direction from the one they 
are traveling, Tmd would be pointed out by a negative result. 

(Art. 59.) Let us now make the problem general. 

7\vo couriers, A and B, d miles asunder on the same road, 
set out to meet each other; A going a miles per heur^ B gokng 
b miles per hour. Hou> many hours must elapse brfore they 
meet, and how far wiU each travdf 
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Taking the same notation as in the jMurtieular eaae» 
Let opBs ^8 distance, ys B*b, and /a the time. 

Then x+y—d (1) x=:^at y^bt (2) 

Therefore {a+h)t^ Or ^"-XI W 

And a:=a/=^ y=*'=^ W 

If a=&, then ar=s^ and y==ld. A result perfectly obviouii 
the rates being equal. Each courier must pass ovet one half 
the distance before meeting. 

If a=0 ar=T-r-r=0 and «=-=-=(f. That is, one 

0-f-o * o 

will be at rest, and the other will pass over the whole diatanee. 

(Art 60.) Now let us eon$ider the other ease^ in which em 
courier pursuee the other^ starting at the same time from ^- 
ferent points. 

Let the line CD represent the space the couriers are aaunder 
when the pursuit conunences, and the point JS where uey come 

together, ^ ^ £ ^ 

i i i ' 

The direction from C towards D we call plus, the other direc- 
tion will therefore be minus. • 
Now as in the 2d example, (Art 58.) 

Put x—CE=^8 distance 

y^DE^Rn distance 

Then a>— y = CZ)=rf ( 1 ) 

As before, let /= the time. Then 

x^at y=bt (2) 

Therefore at — 6/=rf 

For the distances we have 



EQUATIONS. 101 

By an examination c^ these equations, it will be perceired that 
X and y will be equal when a is equal to b, yet d etill exists as 
a diflerence between them. This is in consequence of x and y 
in that case being so very great that d is lost in comparison. So 
all values are great or small only in comparison with others, or 
with our scale of measure. 

To make this clear, let us suppose two numbers differ by one, 
and if the numbers are small, the difference may be regarded as 
eonsiderable ; if large, more inconsiderable ; if still larger, still 
more inconsiderable, &c. If* the numbers or quantities be infin- 
itely great, the comparative small quantity may be rejected. 
Thus : 

5 and 6 differ by 1, and their relation is as 1 to 1.2. 

Also, 50 and 51 differ by 1, and their relation is as 1 to 1.02. 
500 to 601 are as 1 to 1.002, &c. The relation becoming nearer 
and nea^^er equality as the numbers become larger, and when the 
numbers become infinitely great the difference is comparatively 
nothing. 

mi 

When a=56 o— 6=0 and a?=--r- a symbol of infinity. 

If we suppose b greater than a, oh— 6 will become negative, and 
as X and y refer to the same point, that point must then be in the 
backward direction from that we suppose the couriers are mo- 
ving, and will show how far they have traveled since that event. 

If in the equations (3), (4) and (5), cf=0, and at the same 
time a=6, then we shall have ^=^» ^^n ^^^ ^^n ' ^^'^^ 

shows that ^ is a symbol of indetermination, it being equal to 

several quantities at the same time. If d^^O the two couriers 
were together at commencement ; and if they travel in the same 
direction, and equally fast, they will be together all the while, 
and the distances rep/esented by x and y will be equal, and of 

all possible values. Hence - may be taken of any value what- 

i2 
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ever, and may be made t9 take a partictdar valu^t0 aorreiptmd 
to any oiher circumitanee or eonditiorL* 

APPLICATION. 

(Art. 61.) We hare hitherto considered CD a right Hne; but 
the equations would be equally true, if we consider CD to be 
ctifved^ and indeed we can conceive the line CD to wind about 
a perfect circle just forming its circumference, and the point E 
upon the circle, CE being a little more than one circumCnrenee. 

This being understood, Equation (3,) (Art. 60,) give9 us a so- 
lution to the following problems. 

1* TTie hour and minute hands of a dock are together at 18 
0* clock. When are they next together? ' 

* The 26th equation (Art 40), if resolved in thebriefeit mannw, will dum 


the hifluenee of the fiMsior -s. In the eqaetion reSnrred to^ add SO to bodi 

memben and divide the numerator of the second member hy ite deftoimnitor, 

5a>4-5 
and we have — j— -{-1^. Drop l,and divide both mnoben bj 6^ wstboi 
a?-|-2 

a^4-l 
have ^ =1, or x-]-l=»-{'2. Hence IssS, a minifcef afasivdily. 

But all our opoations, yea, and all our reaeoningi have ben ooneet, bat 

we did not pay sufficient attention to dividing the numerator by the denoini- 

6(a^— 2) 
nator, which was -p rr-. Taking 6 for the quotient, whiefa it wixild be ia 

every case except when x — 2^), leads to die absurdity; which abeuditjTt 
in turrif shows that a>— 2^), or ac=i2. 

As another illustration of the influence of this symbol, take the ideuticil 
equation 100=100, or any other similar one. 

This IB the same as 96-f4=:96-|-4 

Truisposing, 4 — 4=96—96 

Resolving into fiictors, 1(4 — i)=:24(4-^) 

Dividing by the common &ctor, and 1=:34; 

1 

But, to restore equality, -- in this case must equal — , or 24. 


Hence we perceive that - is mdeterminate, in the abstract, but may be res^ 

dered definite itf particular cases. 
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d 
'By the equation, <= ^ this problem and all others like it 

are already feeolved. All we have to do ia to determine the 
Taluea of d, Of and b. . 

There are 12 spaces (hours) round the dial {^ate of a clock ; 
hence d may represent 12. a and b are the relative motions of 
the hands; a moves 12 spaces or entirely round the dial plate 
while b moves one space. Hence aaei2, 6=si, and o-^zsll. 

Consequently, tss\.^sssih, 5m. ST^^a. 

^gfdn. We may demand what time the hour and minute 
handi of a clock are together between 3 and 4. 

From 12 o'clock to past 3 o'clock there are 3 revolutions to 

3X12 
pass over in place of one, and the solution is therefore ^as— — 

and so on for any other hour. 

%. What time between two and three o*ehdt will the hour 
and minute hands of a clock make right angles with each other? 

Here the space that the one courier must gain on the other is 
two revolutions and a quarter ^ or 2|(f. 

Hence t=i\\X2k=^\\X |=;|:^=2h. 27yVm. 

8* What time between 5 and 6 will the two hands of a cbek 
make a right line 9 

Here one courier must gain 5| revolutions, or d in the equa- 
tion must be multiplied by 5i = y . 

Hence, /=1^XV=^^- 

That is, the hands make a right line at 6 o'clock, a result man- 
ifestly true. 

This simple equation enables us to determine the exact time 
when the two hands of a clock shall be in any given position. 

We may apply this equation to a laige circle, as well as to a 
small one ; it may .apply to the apparent circular course of the 
heavens, as well as to a dial plate of a clock ; and the application 
is equally simple. 

The cirde of the heavens, like all other circles, is divided into 
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360 degrees ; and the son and moon apparently fdbw each other 
like two couriers round the circle. 

In one day the moon moves on an average 1 8^.1764, (dinaiont 
of the circle,) and the sun apparently 0^.98566» or not qaite one 
division of the circle. The moon's motion being moet rapidr 
corresponds to a in the equation* and the sun's apparent motioD 
to b. Then a-^»= IS^". 1764— 0.08565== UM9075; and the 
time required for one courier to gain on the other the required 

space, in this case a revolution of 860 degrees, or t'^ ^s 

360 n— O 

12 19075 ^^^^ ^^^^ 29.5805887 days, or 29 days, 18 hours, 

44 minutes, 8 seconds, which is the mean time from one change 
of the moon to another, called a synodic revolution. 

These relative apparent motions of the sun and moon round 
the circular arc of the heavens, are very frequently compared to 
the motions of the hour and minute hands of a clock round the 
dial plate ; and from the preceding application of the same equa- 
tion we see how truly. 

We may not only apply this equation to the mean motions of 
the sun and moon, but it is equally applicable to the mean mo- 
tions of any two planets as seen from the sun. To appearance, 
the two planets would be nothing more than two couriers mo- 
ving in a circle, the one in pursuit of the other, and the time be- 
tween two intervals of coming together, (or coming in conjunc- 
tion, as it is commonly expressed,) will be invariably represen- 
ted by the equation 

d 
a — h 

To apply this to the motion of two planets, we propose the 
following problem : 

The planet Venus, as seen from the sun, describes an arc of 
l^ 36' per day, and the earth, as seen from the same point, de- 
scribes an arc of 59'. ^t what interval of time will these two 
bodies come in a line with the sun on the same side ? 

Here fl=r36' 6=59' rf=860* 

Therefore, a — 6^=37'; and as tlie denominator is 
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minutes, the numerator must be reduced to minutes also ; hence 
the equation becomes' 

./ 900X60 ^««« , 

— vr — =5®3'® days, nearly. 

We have not been very mtnule, as the motions of the planets 
are notperfecily uniform, and the actual interral between succes- 
sive conjunctions is slightly variable. Hence we were not par- 
ticular to take the values of a and 6 to the utmost fraction. A 
more rigid result would have been 583*92 days. Half of this 
time is the interval that Vmua remains a morning and' an even- 
ing star. 

(Art. 63.) This equation, as simple as it may appear, is one 
practical illustration of the true spirit and utility of analysis by 
algebra. 

The principles and relations of time and motion are fixed and 
invariable, and the equation, t^^- — x always represents 
that relation. 

If / can be determined by observation, as it may be in respect 
to the earth and the superior planets, the mean daily motions of 
the planets can be determined ; as (f=:360^, a=59' OB" the mean 
motion of the earth, and suppose b the motion of Mars^ for ex • 
ample, to be unknown. 

When unknown, represent it by a?. 

rwKL d 

Then /= or at — tx=sa. 

a — X 

Therefore a?= — : — . 
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SECTION III. 

iNvoLrmoj^. 

CHAPTER L 

(Art 64.) Equations, tod the resolotion of problemt prodooiiig 
tqaations, do not always result in the first powers of the ua- 
ftnown terms, but different powers are frequently inTolTed* and 
therefore it is necessary to inTsstigate methods of reeolving' equa- 
tions containing higher powers than the first ; and preparafoiy 
to this we must learn inyolution and evolution of algebnie 

quantities. 

(Art 65.) Involution is the method of raising any quantity to 

a given power. Evolution is the reverse of involution, and is 

the metliod of determining what quantity raised to a proposed 

power will produce a given quantity. 

As in arithmetic, inyolution is performed by multiplication, and 
evolution by the extraction of roots. 

The first powcir is the root or quantity itself; 

The second power, commonly called the aquare, is the quan- 
tity multiplied by itself ; 

The third power is the product of the second power by the 
quantity ; 

The fourth power is the third power multy>lied into the quai^ 
tity, &c. 

The second power of a is 

The third power is 

The fourth power is 

The second power of a* is 

The third power of a* is 

The nth power of o^ is the exponent 4 repeated n times, 

or t^. Therefore, to raise a simple literal quantity to any 
power, multiply its exponent by the index of the required 
power. 

Raise x to the 5th power. The exponent is I understood, 
and this I multiplied by 5 gives a^ for the 5th power. 



a Xa 


or 


rf 


a'Xa 


or 


«• 


d^Xa 


or 


rt* 


a*Xfl* 


or 


(f 


(^Xa* 


or 


a« 



Ans. 


x'\ 


Ana. 


r^ 


jSns, 


a**. 


Ana, 


of". 


Ans. 


t^af^. 


Ans. i 


»«dV. 


Ans, 


c^y°. 
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Raise x* -to llw 4tb power 
Raise y' to the third power. 
Raise :i^ to the 6th power. 
Raise a?" to the mth power. 
Raise ax^ to the 3d power. 
Raise ai^xl* to the, 2d power. 
Raise c^ to the 5th power. 

(Art. 66.) By the definitioQ of powers the second power is 
any quantity multiplied by itself; hence the second power of 
ax is (fa^f the second power of the coefficient a, as well as the 
other quantity x ; but a niay be a numeral, as 6:r, and its second 
power is 360?*. ffencej to raise any simple quantity to any 
pawer^ raise the numeral coefficient^ as in arithmetic^ to the 
required power^ and annex the powers of the given literal 
quantities, 

EXAMPLES. 

^' 1« Required the 3d power of 3aa^» 
9« Required the 4th power of f^^ 
8« Required the 3d power of — ^2x. 
41* Required the 4th power of -—do?. 

Observe, that by the rules laid down for multiplication, the 
even powers of minus quantities must hepluSf and the odd powers 
minus, ^ 

•• Required the Sd power of -r— • Ans. ^ . 

n OC Z&CT 

6* Required the 6th power of '-*^* Aria, 



Ans. 


27aV. 


Ans. 


Hy'. 


Ans. 


--8a:». 


Ans. 


81a?*. 



8ar' 7293?" 

^ ^ . , . «,, ^0*6 ^ 729a^*6« 
7. Required the 6th power of -j— Ans. ^ — . 

(Art. 67.) The powers of compound quantities are raised by 
the mere application of the rule for compound multiplication* 
(Art. 1«.) 
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Let a+b be raised to the 2d, 8d» 4th, Ae. powen 

a+b 
a+b 



ft 


a +a6 


id power or square 


, tf+2ab +6* 
a+b 






8d power or cube, 


tf+3(i'b+Bab*+V 
a+b 




tf«+8o*+8a«6«+o6' 


The 4th power, 


(^+4tfb+Mb'+4ab^+^ 
a+b 




tf+iM+dt^b^+At^f+ab* 

M+4tfb*+Ml^+4ab*+V 


The 5th power, 


tf+6d'b+ 10a»6»+ 10rf*'+6a6«+ft» 




itC, &C. 



By inspecting the result of each product, we may anriye at 
general principles, according to which any power of a binonual 
may be expressed, without the labor of actual moltipliettioik 
This theorem for abbreviating powers, and its general application 
to both powers and roots, first shown by Sir Isaac Newton, has 
given it the name of Newton's binomial, or the binomial theorem. 
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* Observe the 5th power : a, being the first, is called the leading 
term ; and 6, the second, is called the following term. The 8um 
of the exponents of the two letters in each and all of the terms 
amount to the index of the power. In the 5th power, the sum 
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of the exponents of a and 6^ !■ 5. ; in the 4th power it is 4 ; in 
the 10th power it would be 10» &c. In the 2d power there are 
three terms; in the 9d power there are 4 terms; in the 4th 
power there are 6 terms ; always one more term than the index 
of the power. 

The 2d letter does not appear in the first term ; the 1st letter 
does not appear in the last term. 

The highest power of the leading term is the index of the 
given power, and the powers of that letter decrease by one from 
term to term. The second letter appears in the 2d term» and its 
exponent increases by one from term to term as the exponent of 
the other letter decreases. 

The 8th power of (a+ft) is indicated thus : (a+ft)^ When 
expanded, its literal part, (aocording to the preceding observa- 
tions) must commence with o^, and the sum of the exponents of 
every term amount to 8, and they will stand thus : o^, a'by a'6^ 
a»6», fl*^, a«6», a»6«, ab\ W. 

The coefficients are not so obvious. However, we observe 
that &e coefficients of the first and last terms must be unity. 
The coefficients of the terms next to the first and last are equal, 
and the sum of the index of the power. The coefficients in- 
crease to the middle of the power, and then decrease in the 
same manner, and it is manifest that there must be eome law of 
connection between the exponents and the coefficients. 

By inspecting the 5th power of a-\-bi we find that the 2d co- 
efficient is 5, and the 3d is 10. 

^=10. 
♦ 2 

The third coefficient is the 2d, multiplied by the exponent of 
the leading letter, and divided by the exponent of the second 
letter increased by unity. 

In the same manner, the fourth coefficient is the third multi- 
plied by the exponent of the leading letter, and divided by the 
exponent of the second letter increased by unity ^ and saon from 
coefficient to (coefficient. 
K 



no 

The ith coefficient is 

The 5th is 

The last m 

Now let us expand 
For the Ist term write 
For the Sd term write 

8X7 
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= 10 



i luideretood. 



For the 3d, 



For the 4th, 



For the 5th, 



2 

28X6 



56X5 



=28 



(a+6)» 

8a% 
28a«6« 

56<^6' 

70fl*&* 



Now as the exponents of a and b are equal, we have anifed 
at the middle of the power, and of course to the highest coeffi' 
oient. The coefficients now decrease in the reverse order whiA 
they increased. 

Hence the expanded power is 

a>+8a'&+28a*^+56a»6»+70a*A*+56a«ft»+Ji8fl»y+8aft»+M. 

Let the reader observe, that the exponent of 6, increased by 
unity is always equal to the number of terms from the beginninf, 
or from the left of the power. Thus, b^ is in the 3d term, &e. 
Therefore in finding the coefficients we may divide by the num- 
ber of terms already written, in place of the exponents of the 
second term increased by unity. 

If the binomial (a+b) becomes (a+l,) that is, whim b be- 
comes unity, the 8th power becomes, 

a8+8o'+28a«+56a5+70a*+56a»+28a«+8a+ 1 . 

Any power of 1 is 1, and 1 as a factor never appears. 
If a becomes 1, then the expanded power becomes, 

m t 

l+86+286»+566»+706*+566»+28y+86^+i» 
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The maniiar 6f arriving at tliese results is to represent the unit 
by a letter, and expand the simple literal terms, and afterwards 
substitute their values in the result. 

(Art. 68.) If we expand (a«-^) in place of {a-\-b,) the expo- 
nents and coefficients will be precisely the same, but the princi- 
ples of multiplication of quantities afiected by different signs 
will give the minus sign to the second and to every alternate term. 

Thus the 6th power of (a— ^) is 

a«_6a5fr+ 1 5o*6?— 20o36»+ 1 6a«6*— 6a6'+6*. 

(Art. 69.) This method of readily expanding the powers of a 
binomial quantity is one application of the *' binomial theorem^* 
and it was thus by induction and by observations on the nrault 
of particular cases that the. ^eorem was established. Its rigid 
demonstration is fl6mewhat difficult, but its application is simple 
and useful. 

Its most general form may arise from expanding (a-h^)^ 

When n=3, we can readily expand it ; 

When n=:4, we can expand it ; 

When n= any whole positive number, we can expand it* 

Now let us operate with n just as we would with a known 
number, and we shall have 

(a+6)»=a»+na»-»^+nt!=lia»-V, &c. 

We know not where the series would terminate until we 
know the value of ». We ^ure convinced of the truth of the 
result when n represents any positive whole number ; but let n 
be negative or fractional, and we are not so sure of the result. 
To extend it to^ such cases requires deeper investigation and 
rigid demonstration, which would not be proper to go into at 
this time. We shall therefore content ourselves by some of its 
more simple applications. 

"^ EXAMPLES. 

!• Required the third power of 3a:+2y. 

We cannot well expand this by the binomial theorem, because 
the terms are not simple literal quantities. But we can assume 
3xssa and 2y=6. Then 

8a?+2y=a+6 and (a+6)«=rf+3a«H-3a6«+6» 
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Now to retnm to the values of a and 6, we hare, 

3a»6=3X9a:«X2y ^64afy. 
3a6*=3 X Sj: X 4y«— 36a?y". . 

Hence (8jc+2y)»=:37aj»+54a;^+3tey«+9y». 

9* Required tlie 4th power of 20* — 3. 
Let a?=2a' y=3. Then expand (a: — y)*, and return the 
values of x and y, and we shall find the result, 

9* Required the cube of (a+6+c+<f). 

As we can operate in this summary manner only on biiiomid 
quantities, we represent a+b by Xf or assume x^^a-^rbt and 
y=c+d. 

Then (a:+y)»=a:«+3a:*y+3ay»-fy. 

Returning the values of x and y, we have 

(a+bf+S{a+b)\c+d)+d{a+b){c+df+{e+df. 

Now we can expand by the binomial, these quantities cob- 
tained in parenthesis. 

4* Required the 4th power of 2a-\'Bx. 

Am. I6tf*+96a»a:+216a»x»+216flaj»+81a?«. 

«. Expand (a^+3y«)». 

Am. a?^»+16xy+90aY+«70aY+405xy+248!^- 

«. Expand (2a«+ar)» w5n«. 8fl^+12a*x+6«^«*+fl^a!» 



7. Expand (a>— 1)^ 

•tfns. a?«— ea:^+15aJ^— 20«»+15a:^— te+1. 



8. Expand (3a>— 5)». ^n*. 27a:«— 136x»+225a!^— 125. 

9. Expand (a+2)*. w^ns. a*+8a»+24fl?+82a+16. 

10. Expand (1— ia)*. ^n«. 1— 2ii+-^ 2"*"T6' 

U. Expand {a+b+ef. 

k%. Expand (a-<2&)'. 
18. Expand (1^2ap)*. 
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EVOLUTION. . 

CHAPTER n. 

(Art. 70). Evolution is the converse of involution, or the ex 
traction^ of roots, and the main principle is to observe how powers 
are formed, to be able to trace the operations back. Thus a, to 
square it we double its exponent, (Art. 65), and make it o^. 
Square this and we have 0*. Cube a' and we have €f. Take 
the 4th power of x and we have x"*. The nth power of ar* is 

Now, if multiplying exponents raises simple literal qoanthtes 
to powers, dividing exponents must extract roots. Thus, the 

square root of (<* is (f. The cube root of a* must be a^. The 
cube root of a must be its exponent, (1 understood,) divided by 

3, or J' 

Tlurefore roots are properly expressed by fractional expO' 

nents, 

1 
The square root of a is a^, and the exponents, $, \^ j, &e. in- 
dicate the third, fourth, and fifth roots. The 6th root of sfi is 

5 

x^; hence we perceive that the numerators of the exponent in* 
dicate the power of the quantity, and the denominator the root 
of that power. 

(Art. 71.) The square of <zx is aV. We square both 
factors, and so, for any other powers, we raise all the factors to 
the required power. Conversely, then, we extract roots by 
taking the required roots of all the factors. Thus the cube root 
of Sa^ is 2ar. 

The cube root of the factor 8 is 2, and of the factor x^ is x. 
The cube root of 16a^ cannot be expressed in a rational quantity, 
hut it can be separated into factors, 8a^X2, and the cube root of 
the first factor can be taken, and the index of the root put over 

the other factor thus, 2a X 2°, or 2a\/2. In such cases, the 
radical sign is usually preferred to the fractional index, as a more 
distinct separation between the factors. 
k2 8 
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The square root of 64a® is obviously 8a*, and from tills 
the preceding examples we draw the following 

Rule. For the extraction of the roots of monomials. Ex- 
tract the root of the numeral coefficients and divide the exporunl 
rf each letter by the index of the root. 

EXAMPLES. 

1* What is the square root of 49a^ar^ ? Ans. lao^, 

%. What is the square root of 25c^*^ ? Ans. 5c*6. 



3* What is the square root of 20aa? ? Ans, 2^5ax. 

In 20, the square factor 4 can be taken out ; the other factor 
8 5. The square root of 4 is 2, which is all the root we can 
take ; the root of the other factors can only be indicated as in the 
answer. 

4. What is the square root of 12a^ ] Ans. 2a^3. 

A* What is the square root of I44c^d^a^ ? Ans. I2a(^xy, 
6. What is the square root of 36x* ? Ans, ±6^*. 

(Art. 72.) The square root of algebraic quantities may be 
taken with the double sign, as indicating either plus or minus^ 
for either quantity will give the same square, and we may not 
know which of them produced the power. For example, the 
square root pf 16 may be either +4 or — 4, for either of them, 
when multiplied by itself, will produce 16. 

The cube root of a plus quantity is always plus^ and the cube 
root of a minus quantity is always minus. For '^2a cubed 
gives -^Sc^f and — ^2a cubed gives — Sa\ and a may represent 
any quantity whatever. 

EXAMPLES. 

1. What is the cube root of 125a'? Ans. 5a. 

9. What is the cube root of — 64a::* ? Ans. — 4a^. 

8. What is the cube root of — 216ay ? Ans. — 6a«*. 

4. What is the cube root of 729aV2 ? Ans. 9(^af*. 

«• What is the «ube root of 32a? ? Ans. 2a»/4(?. 



T^ V J 
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e. What is the 4th root of 256a«a:» ? Am. >4:4iki:'. 

T. What is the 4th root of 16a? Ans. d:2a*. 



8. What is the 4th root of 64a:y ? Am. ±:jSxy. 

N. B. The 4th root is the square root of the square root. 

Ill 

9. What is the 4th root of 20ax ? Ans. zh(20)*a'a?*. 

10. What is the square root of 75 ? Ana. dbS^lT 

75=25X3. 

11. Required the square root of - , . Ans. it-s-. 

1^* Required the square root of -r^ — . Ans. ±-5—. 

N. B. Reduce the fraction as much as possible, and then ex- 
tract the root. 

IS. Required the square root of ■ . Ans. db-^-. 

14. Required the nth root of -5;^-;^. Ans. -^. 

a' i ~i. "J- 

15. Required the nth root of j-. Ans. (f* b"* c* ' 

Observing that 7—=6"'c~' 

CHAPTER m. 

To extract roots of compound quantities. 

(Art. 72.) We shall commence this investigation by confining 
our attention to square root, and the only principle to guide us is 
the law of formation of squares. The square of a+6 is a*+2 
ab+b*. Now on the supposition that we do not know that the 
root of these terms is a-f-^r we are to find it or extract it out of 
the square 

a*+2a6+^^. 

We know that o^, the first teim* must have been formed by the 
multiplication of a into itself, and the n^xt term is 2a X 6. That 
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18 twice the root of the first term into the second term of the root 
Hence if we divide the second term of the square by twice the 
root of the first term, we shall obtain 6, the second term of the 
root, and as b must be multiplied into itself to form a square, we 
add 6 to 2a, and have 2a'{'bf which we call a divisor. 

OPERATION. 

(^+2ab+b^{a+b. 
a* 



2a+b)2ab+b^ 
2a6-f-6* 

We take a for the first term of the root, and subtract its square 
(a*) from the whole square. We then double a and divide 2ab 
by 2a and we find 6, which we place in both the divisor and quo- 
tient. Then we multiply 2a-\-b by b and we have 2a&-{-^, to 
subtract from the two remaining terms of tlie square, and in this 
case nothing remains. 

Again, let us take a-^-b+c, and square it. We shall find its 
square to be • 

a*+2a6+6*+2ac+26c+c2. 
a»+2a6+6*+2ac+26c+c*(a+6+c 
a» 

2a+b 2a6+6* 
2ab+b^ 



2a+2*+c 2ac+2be+<^ 

2ac+2bc+c^ 



By operating as before, we find the first two terms of the root 
to be a+bj and a remainder of 2ac+26c+c*. Double the root 
already found, and we have 2a-\'2b for a partial divisor. Divide 
the first term of the remainder 2ac by 2a, and we have c for the 
third term of the root, which must be added to 2a+26 to com- 
plete the divisor. Multiply the divisor by the last term of the 
root and set the product under the three terms last brought down, 
and we have no remainder. 
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Again, let us take a+b+c to square ; but before we square it 
let the single letter 8=a+b. 

Then we shall have «+c to square, which produces 
«*4-8*c+i;*. To take the square root of this we repeat the first 
operation, and thus the root of any quantity can be brought into 
a binomial, and the rule for a binomial root will answer for a root 
containing any number of terms by considering the root already 
fotendj however great, as one term. 

Hence the following rule to extract the square root of a com- 
pound quantity. 

Arrange the terms according to the powers of some letter ^ 
beginning tvith the highest j and set the square root of the first 
term in the quotient. 

Subtract the square of the root thus found from the first 
term and bring down the next two terms for a dividend. 

Diiyide the first term of the dividend by double of the root 
already founds and set the result both in the root and in the 
divisof. 

Multiply the divisor^ thus completed^ by the term of the root 
last founds and subtract the product fromthe dividend^ and so on. 

EXAMPLES. 

!• What is the square root of 



2a*+2ft )Mb+4l^ 
40*6+46* 



2«*+46— 2 _4a*— 86+4 

_4a*— 86+4 



«. What is the square root of ll-464-46«+2y — 46y+y*? 

Ans. 1— 26+y^ 

3. What is the square root of 4a?«— 4ai5+13a:*— 6a?+9 ? 

Ans. 2x* — a:+3» 

4. What 18 the square root of 4a^— 10a:*+24a5«— ieiir+4 ? 

Am. 2«*— 4x+2. 
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5. What is the square root of lG2?*+24x'+89a;*+60«+100? 

Jin9. 4gi^+3x+lO. 

6. What is the square root of 4a?«— 16a:»+8x*+iea:+4? 

Jiru. go:*— 4aj— 2. 

7» What is the square root of 

a^+2xy+]/^+6xz+tyz+9z^ ? Jim. x+y+Zz. 

8« What is the square root of cf — oft+lft"? 

9. What is the square root of ^ — ^'^JS^ 

^ a b b a 

win*. T or r. 

o a a 

a lis 

!•• What is the square root of ar^— 2x'y*+y^ ^ 

•in*, a:* — y* or y* — ^ar*. 

(Art. 73.) Every square root will be equally a root if we change 
the sign of all the terms. In the first example, for instance, the 
root may be taken — ? — ^26+2, as well as a^4-26 — ^2, for either 
one of these quantities, by squaring, will produce the given 
square. Also, observe that every square consisting of three 
terms only, has a binomial root. 

(Art. 74.) Algebraic squares may be taken for formulas, cor- 
responding to numeral squares,, and their roots may be extracted 
in the same way, and by the same rule. 

For example, a+b squared is a'+2a6-|-y» and to apply this 
to numerals, suppose a=40 and ^==7. 

Then the square of 40 is o'^teOO 

2a6= 660 
6«= 49 



Therefore, (47)*=2209 

Now the necessary divisions of this square number, 2200, are 
not visible, and the chief difficulty in discovering the root is to 
make these separations. 
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The first observation to make is that the square of 10 is 100, 
of 100 is 10000, and so on. Hence, the square root of any 
square number less than 100 consists of one figure, and of any 
square nnmber over 100 and less than 10000 of two figures, and 
so on. Every two places in a power demanding one place in 
if 8 root 

Hence, to find the number of places or figures in a root, we 
must separate the power into periods of two figtires, beginning 
at the unites place. For example, let us require the square root 
of 22*09. • Here are two periods indicating two places in the 
root, corresponding to tens and units. The greatest square in 22 
is 16, its root is 4, or 4 tens =40. Hence a=40. 

22 09(40+7=47 
«•= 16 00 



20+6=80+7=87 )609 

609 



Then 2a =80, which we use as a divisor for 609, and find it 
is contained 7 times. The 7 is taken > as the value of 6, and 
2a+6, the pomplete divisor, is 87, which multiplied by 7 gives 
the two last terms of the biuomial square. 2a6+6^560+49 
=609, and the entire root 40+7=47 is found. 

Arithmetically, a may be taken as 4 in place of 40, and 1600 
as 16, the place occupied by the 16 makes it 16 hundred, and 
the ciphers are superfluous.. Also, 2a may be considered 8 in 
place of 80, and 8 in 60 (not in 609) is contained 7 times, &c. 

If the square consists of more than two periods, treat it as fu^o, 
and obtain the two superior figures of the root, and when obtain- 
ed bring down another period to the remainder, and consider the 
root already obtained as one quantity, or one figure. 

For another example, let the square root of 899424 be ex- 
tracted. 



39*94-24 If 682 
36 



123 
1262 



394 
369 



25 24 
25 94 
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In this example, if we disregard the local value of the figures, 
we have as:6, 2ii=12, and 12 in 89, 8 times, which gives 6«8. 
Afterwards we suppose a3=63, and 2aa=126, 126 in 252, 2 times, 
or the second value of 6=^2. In the same manner, we woaM 
repeat the formula of a binomial square as many times as we 
have periods. 

EXERClsisS FOR PRACTICE. 

1. What is the square root of 8886? Ans, 94. 

9. What is the square root of 106929? An$. 327. 

8. What is the square root of 4782969? Ans. 2187. 
4. What is the square root of 43046721? Ans. 6561. 
^ What is the square root of 387420489? Ana. 19688. 

When there are whole numbers and decimals, point off periods 
both ways from the decimal point, and make the decimal places 
even, by. annexing ciphers when necessary, extending the deci- 
mal as far as desired. When there are decimals only» commence 
pointing off from the decimal point. 

EXAMPLES. 

1. What is the square root of 10-4976? Ana. 8-24. 

9. What is the square root of 3271-4207? Ana. (^7*19+. 

8. What is the square root of 4795*25731 ? Aria. W-247+* 
4. What is the square root of '0036 ? A^. -06. 

9. What is the square root of -00082754 ? Am. -01840+ 
6. What is the square root of -00103041 ? Ana. -toll. 

(Art. 75.) As the square of any quantity is the quantity nkil- 

tiplied by itself, and the product of t by r (Art. 64.) is ^ ; 

hence to take the aquare root of a fraction we muat extract the 
aquare root of both numerator and denominator. 

A fraction may be equal to a square, and the terms, as given, 
not square numbers ; such may be reduced to square numbers. 
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EXAMPLES. 
What is the square root of //j ? 

Observe yYr^li* Hence the square root is |. 

1* What is the square root of rVr - *^^' ■ t* 

9.' What is the square root of ^| T ^na. |. 

3. What is the square root of |^^| ? ^ns. |. 

4. What is the square root of U^J? ^ns. f 

When the given fractions cannot be reduced to square terms, 
reduce the value to a decimal, and extract the root, as in the last 
article. 

CHAPTER IV. 

To extract the cube root of compound quantities, 

(Art. 76.) We may extract the cube root in a similar manner 
as the square root, by dissecting or retracing the combination of 
terms in the formation of a binomial cube. 

The cube of a+b is a^+dM+Hab^+b* (Art. 67). Now 
to extract the root, it is evident we must take the root of the 
first term (a*), and the next term is 30^6. TTiree times the square 
of the first letter or term of the root multiplied by the 2d term 
of the root. 

Therefore* to find this second term of the root we must divide 
the second term of the power {Bc^b) by three times the square 
of the root already found (a). 

Sa^)SM{b 
3M 



When we can decide the value of 6, we may obtain the com- 
plete divisor for the remainder after the cube of the first term is 

subtracted, thus : 

« 

The remainder is 3a'6+3a6*+^' 

Take out the factor b, and 3a'+3a6+^' is the complete 

divisor for the remainder. But this divisor contains b, the very 

term we wish to find by means of the divisor ; hence it must be 

found before the divisor can be completed. In distinct algebraic 

L 



ItZ ELEMENTS OF ALGEURA. 

quantities tliere can be no difficulty, as the terms stand separate, 
and we find b by dividing simply 30*6 by 3a* ; but in nombers 
the terms are mingled together, and b can only be found by trial. 

Again, the terms 3a'4~3ff^H~^' explain the common arithme- 
tical rule, as Sc^ stands in the place of hundreds, it corresponds 
with the words : *' Multiply the square of the quotient by 300," 
•* and the quotient by 30," (3a,) &c. 

By inspecting the various powers of a+6, (Art. 67,) we draw 
the following general rule for the extraction of roots : 

Arrange (he terms according to (he powers of same letter $ 
take the required root of the first terrn and place it in the quo- 
tient : subtract its corresponding power from the first term, and 
bring down the second term for a dividend. 

Divide this term by twice the root lilresLdy found for the square 
root, three times the square of it for the cube root ^ four times 
the third power for the fourth root, &c., and the quotient will 
be the next term of the root. Involve the whole of the root, 
thus found, to its proper power, which subtract from the given 
quantity, and divide the first term of the remainder by the eame 
divisor as before: proceed in this man9ier till the whole root is 
determined. 

EXAMPLES. 

1. What is the cube root of x^+Ss^ — iOar'+Oto— 6i ? 
a*^eajj_40a5«4.96x— 64 (x«+2a:— 4 



Divisor 3a:*) 6a:^=lst remainder. 



.a- 



Divisor 3x* ) — I2a?*=2d remainder. 

a. What is the cube root of 27a«-|-108a'4-144a+64 ? 

^ns, Sa+4. 

8. What is the cube root of a*— ^a'a^+lSaa:*— 82:* ? 

jln$* a— 3x. 
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4« What is the cube root of a* — 3a:^+5ic» — 3a:— 1 ? 

Ans, ac*— aj— 1. 

5. What is the cube root of o^— 6a26-j-2a6«— 8i»« ? 

Arts, a — 2h, 

— — 3 1 

6. What is the cube root of a:*+3a:H — |--j, ? 

X ar 



Y. Extract the fourth root of 

a*+8a»+24a^+32a+ 1 6(a+2 



Ans. X'\ — . 

X 



4(f) 80*, &c. 



<X*+8a»+24a«+32a+ 1 6. 



(Art. T7.) To apply this general rule to the extraction of the 
cube root of numbers, we must first observe that the cube of 10 
is 1000, of lOQ is 1000000, &;c.; ten times the root producing 
1000 times the. power, or one cipher in the root producing 3 in 
the power ; hence any cube within 3 places of figures can have 
only one in its root, any cube within 6 places can have only two 
places in its root, Slc. Therefore we must divide ofi* the given 
power into periods consisting of three places, commencing at the 
unit. If the power contains decimals, commence at the unit 
place, and count three places each way, and the number of pe- 
riods will indicate the number of figures in the root. 

EXAMPLES. 

1. Required the cube root of 12812904. 

12-812-904(234 
a=2 0*= 8 

Divisor 3a»= 12 ^48 



12167 = (23)» 
3(23)«= 1587) 6459 (4 



12812904=(2d4)* 



\ 



Jhis. 


53. 


Jhis. 


83. 


AtlM. 


111. 


Am. 


1«7. 


Am. 


265. 


Am. 


854. 


Am. 


465. 
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Here 12 is contained in 48, 4 timet; but it must be remem- 
bered that 12 is only a trial or partial divisor ; when completed 
it will exceed 12, and of course the next figure of the root can- 
not exceed 3. 

The first figure in the root was 2. Then we assumed as=2. 
Afterwards we found the next figure must be 3. Then we ts- 
sumed a=23. To have found a succeeding figure, had there 
been a remainder, we should have assumed a3ss284, Alc.^ and 
from it obtained a new partial divisor. 

«. What is the cube root of 1488T7? 

8. What is the cube root of 671787? 

4. What is the cube root of 1367631? 

5. What is the cube root of 2048388 ? 

6. What is the cube root of 16581376 ? 

7. What is the cube root of 44361864 ? 

8. What is the cube root of 100644626 ? 

(Art. 78.) The methods of direct extraction of the cube root 
of sucn numbers as have surd roots, are all too tedioos to be 
much used, and several emment mathematicians have given more 
brief and practical methods of approximation. 

One of the most useful methods may be investigated as foUowi : 

Suppose a and a-f-c two cube roots, e being very tmatt in 
relation to a. a* and a'+3a'c+3ac'+c* are the cubes of the 
supposed roots. 

Now if we double the first cube (a*), and add it to the second, 
we shall have 3^3+3^,, 4. 3^^+^. 

If we double the second cube nnd add it to the first, we shall 

^*^® .3a»+6a«c+6ac«+2c». 

As c is a very small fraction compared to a, the terms con- 
taining c' and (^ are very small in relation to the otherSt and 
the relation of these two sums will not be materially changed by 
rejecting those terms containing c* and c', and the sums will 

**" ^ 3«'+3a«c 

And 8a'+6a^; 
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The ratio of these terms is the same as the ratio of a^c to 

a+2c. 

c 
Or the ratio is H 



a+c 

But the ratio of the roots a to a+c, is 1 -| — . 

a 

Observing again that c is supposed to be very small in rela- 

c c 

tion to o, the fractional parts of the ratios — ; — and - are both 

'^ a+c a 

small and very near in value to each other. Hence we have 
found an operation on two cubes which are near each other in 
magnitude, that will give a proportion very near in proportion to 
their roots ; and by knowing the root of one of the cubes, by this 
ratio we can find the other. 

For example, let it be required to find the cube root of 28, true 
to 4 or 5 places of decimals. As we wish to find the cube root 
of 28, we may assume that 28 is a ctibe. 27 is a cube near in 
value to 28, and the root of 27 we know to be 3. 

Hence a, in our investigation, corresponds to 3 in this exam- 
ple, and e is unknown; but the cube of a-^c is 28, and o^ 
is 27. 



Then 


27 


28 




2 


2 




54 


56 


Add 


28 


27 


Sums 


82 


: 83 



: : 3 ! a+f very nearly. 

Or (a+f)=W=3*03658-j-, which is the cube root of 28, 
true to 5 places of decimals. 

By the laws of proportion, which we hope more fiilly to in- 
vestigate in a subsequent part of this work, the above propor- 
tion, 82 : 83 : : a : a-f-Ct may take this change : 

82 : 1 :: a : c 

Hence, c= j\. c being a correction to the known root, 
which, being applied, will give the unknown or sought root. 

From what precedes, we may draw the following rule for find- 
ing approximate cube roots : 
l2 
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Rule. Take the nearest rationul cube to the given nunAer, 
and call it an assumed cube ; or, assume a root to the giooi 
number and cube it. Double the assumed cube and add the 
given number to it ; also, double the given number and add 
the assumed cube to it. TTien, by proportion, as the first sum 
is to the second, so is the- knoum root to the required root. Or 
take the difference of these sums, then say, as double of the 
assumed cube, added to the number, is to this difference, so ii 
the assumed root to a correction. 

This correction, added to or subtracted from the assumed root, 
as the case may require, will give the cube root very nearly. 

By repeating the operation with the root last found as an as- 
sumed root, we may obtain results to any degree of exactness; 
one operation, however, is generaUy sufficient. 

EXAMPLES. 

1* What is the approximate cube root of 120 ? 

^ns. 4-08242+. 
9« What is the approximate cube root of 8-5 ? 

Jins. 2-0408+- 
3« What is the approximate cube root of 63 ? 

^ns. 3-07905+. 

4* What is the approximate cube root of 515 ? 

^ns. 8-01 559+. 
5* What is the approximate cube root of 16 ? 

The cube root of 8 is 2, and of 27 is 3 ; therefore the cube 
root of 16 is between 2 and 3. Suppose it 2*5. The cube of 
this root is 15-625, which shows that the cube root of 16 is a 
litde more than 2-5, and by the rule 



31-25 
16 


32 
15-625 


: : 2*5 : to the n 
:: 2-5 : -01984 

Assumed root 

Correction 




47-26 
47-25 : 


47-625 
'375 


squired root 

2-50000 
•01984 




Approximate root 


2-51984^ 
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We give the last as an example to be followed in most cases 
where the root is about midway between two integer numbers. 

This rule may be used with advantage to extract the root of 
perfect cubes, when the powers are very large. 

EXAMPLE. 

The number 22*069*810*125 is a cube ; required its root. 

Dividing this cube into periods, we find that the root must 
contain 4 figures, and the superior period is 22, and the cube root 
of 22 is near 3, and of course the whole root near 3000 ; but it 
is not 3000. Suppose it 2800, and cube this number. The 
cube is 21952000000, which being less than the given number, 
shows that our assumed root is not large enough. 

To apply the rule, it will be sufficient to take six superior 
figures of the given and assumed cubes. Then by the rule, 

219 520 220698 

2 2 



439040 
220698 


441396 
219520 


2800 
: : 2800 

5 

Assumed root, 
Correction, 




659738 


660916 
659738 




659738 


: 1178 : 
2800 






942400 
2356 






659738)3298400( 
3298690 








2800 
5 



True root, 2805 

The result of the last proportion is not exactly 5, as will be 
seen by inspecting the work ; the slight imperfection arises from 
the rale being approximate, not perfect. 

When we have cubes, however, we can always decide the unit 
figure by inspection, and, in the present example, the unit figure 
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in the cube being 5, the nnit figure in the root must be 5, as no 
other figure when cubed will give 6 in the place of nnits* 

[For several other abbreviations and expedients in extracting 
cube root in numerals, see Robinson's Ajrithmetic.]] 

(Art. 79.) To obtain the 4th root, we may extract the square root 
of the square root. To obtain the 6th root, we may take die 
square root first, and then the cube root of that quantity. 

To extract odd roots of high powers in numeral quantities is 
very tedious and of no j^ractical utility ; we therefore give no ex- 
amples. 

(Art. 80.) Roots of quantities may be merely expressed by 
radical sighs. For example, the cube root of 16 may be ex- 
pressed thus : ^16, or 16^. If a cube factor is under the sign, 
that factor may be taken out by putting its root as a multiplier 
without the sign. In this example 16 has the cube factor 8, and 

3^16='78X2=2 ^2^ '^*^at is, twice the cube root of 2 is equal 
to the cube root of 16. Hence if the root of 2 is known, the 
root of 16 is equally known. The cube root of 40 is '^40= 

V8X6=2 V^- 

In tlie same manner we may express the square root of any 

number. Thus, the square root of 18 is jTs=J9X2=BJt 

The square root of 24 is 2^6. 

Observe that we pick out the square or cubefactorsj au tkt 
case may he, and extract the root of such factors^ placing thi 
root without the sign. Of course the sign must remain over 
that factor whose root cannot be extracted. 

We give the following examples for practice : 

1* Reduce the square root of 75 to lower terms, or reduce 

9. Reduce ^98a* to lower terms. ^n$. 7a J% 

8. Reduce Jl2x^i/ to lower terms. w^ns. 2xJ^. 

4* Reduce '^54aj* to lower terms. ^m. 2x \j2x* 

5. Reduce 4!|/108 to lower terms. ^na. 12 ^JT 

6. Reduce Jx^ — 1^3^ to lower terms. jSns. xjx-"^* 
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7* Reduce *JS2(^ to lower terms. Jlns, 2a ^J4, 



S. Reduce J2^c?7^ to lower terms. Arts. 2axj7a. 

9. Reduce ^^^ to lower terms. 

Where terms under the radical are fractional, it is expedient 
to reduce the denominator to a power corresponding to the radi- 
cal sign ; then by extracting the root there will be no fraction 
under the radical. 

The above example may be treated thus : 



V T J — wij ^ V — VsV ^ V = V 2 J 'J ^ 33— ^y ^33. Ans, 

We divided ^7 into the factors ^^j and y ; the first factor is a 
square; the other factor, y , we multiply both numerator and 
denominator by 3, to make the denominator a square. 

In like manner reduce the following : 

10. Reduce ^J^^^ to more simple terms. Ans. i^JlO. 

11. Reduce ^J^ to more simple terms'. Ans. i ^JlE. 
la. Reduce J^^ to more simple terms. Ans. ^jjQ. 



13. Reduce ^a*+a*6* to more simple terms. 



Ana. a^Jl+b\ 

14. Reduce J^ to more simple terms. Ans. ijQa, 

(Art. 81.) Radical quantities may be put into one sum, or the 
difference of two may be determined, provided the parts essen- 
tially radical are the same. 

Thus the sum of JS and 7^ ^^ ^J^ ^^^ *«Jr 
difference is 4J2 

For ^8=272 

And 772=672 

Sum 872 

Difference 4^2 

When radical quantities are not and cannot be reduced to the 

9 
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same quantity under the sign, their aom and difference can only 
be taken by the signs plus and minus. 

EXAMPLES. 

!• Find the sum and difference of JlMx and jAc^x. 

Ans. Sum, ^ajx ; difference, 2a^x. 



%• Find the sum and diff*erence of ^128 and ^72. 

Ans. Sum, 1472*; difference, 2j%, 

8. Find the sum and difference of '^135 and '^40. 

Ans. Sum, 5 '^5 ; difference, '^5. 

4. Find the sum and difference of ^^108 and 9 '^4. 

Ans. Sum, 12 ^4; difference, 6 V?. 

ff* Find the sum and difference of J\ and ^f . 

Ans. Sum, \J^\ difference, \J%. 

%• Find the sum and difference of ^^56 and '^189. 

Ana, Sum, 5 '^7 ; difference, '^7. 



V* Find the sum and difference of SJa^b and dtjl6a*b, 
Ans. Sum, (12(i*+3a)76; difference, (12a*— 3a)V6i 

(AjTt. 82.) We multiply letters together by writing them one 
afler another, as abxy. If they are numeral quantities, their 
product appears as one term ; if two or more of them are no- ' 
moral, the product of these quantities will 'appear as one term. 

This fundamental principle of multiplication may be applied to 
the multiplication of surds. Let it be required to multiply 

5^2 by 3^7. Here suppose a=5, 6=3, a?=^2, y^=^J*t* 

Then the product of 5^2" by 3^7" is abxy or 15^2X7« 

15^14. Hence, for the multiplication of quantities affected by 
the same radical sign, we draw the following 

Rule. Multiply the rational parts together for the raiumal 
part of the product y and the radical parte together for tht 
radical part of the product. 
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EXAMPLES. 

1* Required the product of 5^5 and 3^8. 

Product reduced. Ans. 30^10 

a. Required the product of 4^1^ and 3^27 Ans. 24 J6 
8. Required Ike product of 3^2^ and 2^8. Ans. 24. 

y 4U Required the product of 2^14 and 3 !;/47 %• 

Jins. 12 V?. 



5. Required the product of 2^5 and 2^10. Arts. 20^2. 

(Art. 83.) When two quantities are affected by different radj 
cal signs, their product can only be indicated, unless we first re 
duce them to the same root. 

The product of tja into ^^b can only be indicated thus, 

JaX^^bf unless we reduce them to the same root by means^ 
of their fractional indices, thus : / i ' 

Here it is obvious that a and b may appear under the same 

root, i Qr ^J, if we take a, 3d power, in place of a ; and 6, 2d 

power, in place of 6. 

lit 

Therefore the product of a^ into b^ is (aV)'. 

Hence the following more general rule to multiply radical 
quantities together : 

Hedttee the turds to the same root, if necessary ; then mu/- 
tiply the rational quantities together, and the surds together ; 
then annex the one product to the other for the whole product : 
which may be reduced to more simple terms if necessary, 

EXAMPLES. 

1 a 

!• Required the product of {a+b)^ and (a+by, 

Ans. (a+6)H 

li* Required the product of ^7 and '^7. Ans. (7')^ 



1 
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3. Required ihe product of. 2^3 and 3 '^4. 

Jim. 6V^ 

4. Required the product of ^tjl^ and ^10. 

Ann. •J^m. 

(Art. 84.) Division, being the converse of multiplication, one 
operation will point out the other, and without iiirther comment, 
we may give the following rule for the diviBion of radicals : 

Rule. B educe the surds to the same root^ when neeetstny^ 
and divide the rational part of the dividend by the raiiarud 
part of the divisor, and the surd part of the dividend by the 
surd part of the divisor^ and annex the quotients Jor the whole 
quotient ; which may be reduced if necessary > 

EXAMPLES.. 

1. Divide 4^50 by 2^57 Ans. 2jlO. 

a. Divide 6V100 by 3 V"5l Ans. 2^20^ 

5. Divide jr by V^". 

Let a=7. Then the example is, to divide the a by a^, or 

3 9 1 

qI by a^ ; quotient a^. As we always subtract the exponents 

I 
of like quantities to perform division (Art. 17) ; therefore 7^ must 

be the required quotient. 

4. Divide 6J^i by 3^2^ Ans. QjJ* 

5. Divide (o^ft^^)* by dK Ans. [db)\ 

6. Divide {\M—\2c^xf by 2a. Ans. (4a--3a:)*. 

(Art. 85.) In the course of algebraical investigations, we might 

fall on the square root of a minus quantity, as J — a, J~^h 

J — b, d^c, and it is important that the pupil should readily 
understand that such quantities have no real existence ; for bo 
(quantity, either plus or minus, multiplied by itself will give 
minus a, minus 6, or minus any quantity whatever ; hence there 



^s no value to J — a, &c., and such symbols are said to be irra- 
tional or imaginary.,. 



^ 



1"^ 
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(Art 86.) The square and cube root of any quantity, as a, 
being expressed by J a and ^Ja^ and as by inyoiving the root 
we obtain the power, hence the square of ^oT is a\ and the 

cube of Xja, is a. Hence, rem&^ng the Hgfi involves to the 
corresponding power, 

EXAMPLES. 



1* What is the square of J3ax 1 
a. What is the cube of V^ • 



S. What is the square of Ja^—x^l 
4. What is the square of a / i?__ ? 

^ e+x 



Ans, 


Sax. 


Ans 


. ^. 


Ans. . 


fl«— X*. 


Ans. 


3a 

6-fx 


Ans. 


l+«. 



5. What is the cube of *J\+a1 

(Art. 87.) When we have two or more quantities, and the 
radical sign not extending over the whole, involution will not 
redfove the radical, but will change it from one term to another. 
Thus, tjx+a the square will be x-\-2aJx-\<F ; the radical 
sign is still present, but .not in the first term. 



PURE EQUATIONS. 
CHAPTER IV. 

(Art. 88.) Pure equations in general are those wherein a com- 
plete power of the unknown quantity is concerned, and no special 
artifice is requisite to render the power complete. 

The unknown quantity may appear in one or in several terms ; 
when it appears in several, its exponents will be regular, descend* 
ing from a higher to a lower value, or the reverse. 

In such cases we must reduce the equation by evolution. 

Roots of equal quantities are equal. (Ax. 8.) 

EXAMPLES. 

!• Given 3a:* — 9=66 to find the value of x. 
Solution, Sx's'TS a:'s25. Hence, arar^5. 

-KM 
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We place the double sign before 5« as we cannot determine 
whether 25 was produced by the sqaare of +5 or of —5. 

In practical problems, the nature of the case will commonly 
determine, but in every abatract problem we must take the 
double sign. 

9* Given x* — ftt-f-Oso* to find the value of x. 
By evolution, x — 3=d=a. Hence, x=8±:a, Jins. 

S. Given a^ — a^+^x — j'ys^o'ft' to find x. 

Take, cube root and op— ^»sa6; and 2;=a64~f t ^^n9» 

4. Given a:*— 2a:*+l"*10 to find the value of x. 

Ans. a?=±^5, or dtzj — 3. 

5« Given s^ — i2r-{-4==64 to find the value of x. 

Ana, ar=iO, or —6. 

^ Given ay+2a?y+l=4j::*y* and ar=2y to find the values 
of X and y. Am. a^=d=^2, y^dzij^ 

1. Given a:*+y*=13 and a* — y^5 to find the valves of x 
andy. .^iw. x^±:S yasdb2. 

(Art. 89.) The unknown quantity of an equation is as likdy 
to appear under a radical sign as to be involved to a power. In 
such cases we free the unknown quantity from radicals by involQ- 
tiou (Art. 86.), having previously transposed all the terms not 
under the radical to one side of the equation, the radical being 
on the other. 



9. Given Jx+la^a — 1 to find the value of ar. 
By involution, a?+l=«^— 2a+l« Hence, 27»a^— 2a. 



10, Given Ji2+x^2+Jx to find the value of x. 
Square both sides, and we have 

l2+x=:9+6jx+x. 
Drop 9+x and B=ejx; or JsT—i' x=i. Am 



11* Given ^a>-»16ss8— ^a? to find x» An9, xa=26. 



t-jw? 
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%%• Given — =•«*- — tonnd «. 
vx a: 

Multiply by ^o;, observing that x divided by x gives 1 ; and 
we have a? — ax=l. 



Or (1— a)ar=l, 

Therefora x= ' 



IS. Given —.■= — =*— 7= ^ "^^ *»• ™oe of a?., 

'Jx+i V x4"'6 

By clearing of fractions^ we have 

x+d4Jx+ie8=x+42jx+l52. 
Reducing, * 16=8^a; 

By division, 2^ Jx^ or 4=a7« 

To call out attention tad cultivate tact, we give another solu* 
tion. Divide each numerator by its denominator, and we have 



Drop unity from both sides, and divide by 8 ; we then have 

3 4 

Clearing of fractions, 3 Jx^ 1 8=4^ar+ 1 6 
Dropping equals, 2= Jx. Hence, x^4. 



2a 



14. Given Jx+Ja+x^ j--— to find df. Jina. x=ia 

2a* 



15. Given x+ 7a'+g*= j-rnzz ^^^^' 

!#• Given x+a^'jcf+xjff+si^ to find ar. 

6«— 40* 
4a 
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It. Given Vg^^ ^ ^Vgj^ to find a?.» Jim. «*6. 
7te+2 476X+6 

4+a? 



18. Given VW+aJ*— 8ar= — -^ — to find x. Jim. af=3. 



15 



19. Given j5+x+Jx= — to find x. Ans. «=4. 

J^-\-x 

to. Given V^+7^V^-^7*=2VT^T 7 ^ ^^^ ** 

Am. 0;=^. 

jil. Given 4^:^=1 +i^?^Ho find x. 
Jbx+3 2 

Because tf'* — 6*=(a+6)(a — ft) 

We infer that 6a?— 9=(76«+3) (^5*— 3) 

Therefore, . 1 q =V^^ — ^* '^® given equation then 

becomes Jbx^-^ = 1 + ^^-s — • 
Now assume ^6a? — 3=y. (wf) 

Then y=l+jy. Consequently, ^^2. Returning to equa- 
tion (A), we have J5x — 3=2 

^5a?=5. Therefore, a;=5, wfn^. 

M. Given ^= — =-^^nr to find 'ar. Ana. «= — 

(Compare 22 with examples 1 3, and 17.) 
as. Given {l+xj^i2)^^l+x to find a?. Am. «=2. 



94. Given .^^^i±^==9, to find x. Jim. x^i 
J4x+i—j4x ^ 

* See 3d solution to Equation 13. 
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94. GiTen a'~3ii2H-«'— ^t to find x. Am. x=a^^b. 



1 1 -73 

aa. Given =^*^^ to find «. 



4 
97* Given g^ISiXT^' to find x. Ans. a?=5. 

»8- Given J^^l+ifcl to find «. Ans. ar=3. 

36 



!t9. Given Jx+Jx^9=: to find a?. Ans. «=25. 

SO. Given Y , » = ; t^tt to find «• •^'W. «=4. 



81. Given -3^ — ^ — „ — r to find the value of a?. 



Ans. x==a^ — r4'' 

Multiply the first member, numerator and denominator, by 
{ijx'^'tjx'-^, thenboth members by a, and extract square root. 

Sa. Givea f!±f±J^^±t=b, to find x. 

a+x 

Assume a-i-x^. Then the equation becomes 



y+Jf-^ ^h. Hence, y 



=ba 



y '^ J2b—U^ 



And x^±a 






(Art 00.) To resolve the following examples, requires a de- 

gree of tact not to be learned from rules. Quickness of percep' 

Han is requisite, as well as sound reasoning. Quickness to per- 

ewtve the form of binamud squares, and binomial cubes, and a 

k2 
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readiness to resolve quantities into simple or coimpoumd &el6n, 
as the case may require. 

1. Given a:»+2x=9-|-^ to find the vahie of x. 

Multiply by x, and a:«+2x»=9a:+18. 
Separate into factors, thus : (x+2)a:*=K(x+2)9, 
Divide by the common factor, x-\'2j and x'sO, or a?=±3. 

%• Given \ «4- =24 S ^ ^^^ *^*® Talues of x and y. 

Add the two equations together, and we have 

x*+2a?y4'y'=36. 
Extract square root, and or+^^^iiiS- C*^) 

From the first equation we have {X'\ry)x*=r^2. {B) 
Divide equation (B) by (.tf), and a?=d:2. 

This example required perception to recognise the bitromial 
square, and also to separate into factors. 

I O A 

S. Given a:*+V*= and a:v== to find the values 

^ or— y ^ a:— y 

of :i? and y. 

From the first equation subtract twice the second, and 

a^— 2ay+y'=(a>-y)"^— 

Therefore, {x — y)'=l» and x — y=l. 
Continuing the operation, we shall find a?=3, and y=2. 

4. Given a^+xy^^^iSO and ar'+y'sslSO, to findthe vataes 
of X and y. d^n«. a;=5 or 4 ; y=:4 or 5. 

To resolve ^is problem, requires the formation of a cube, or 
to resolve quantities into factors. 

5. Given a:'+y'=(a:+y)^» and a?+y=4, to find the 
values of x and y. Jins. x=^2 ; y^% 

6. Given x+y : a; :: 7 : 5, and ary+y^lSG, to find the 
values of x and y. Jim. x=:i=15, y»=h6. 
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Y* Giren «— -y : y :: 4 : S« and a^+4j^sBiS], to find the 
values 4^ x and y. wfnt. A^asdrO^ y»d:5. 

S. Given sjx-\'tjy : ^a? — ^y :: 4 : 1, and a? — y=16, to 
find &e yaluea of a? and y. d^n^. a;as25, ys=9. 

•• Given -h+5+7=®» to find a?* Ans. ar=s7i. 

9 3 4 

!•. Given *+y ' ^?-y - 3 : i ? to find * and y. 

•^n#. «=4, y=2. 

11. Given afy+ay*=30 ] 

- , 1,1 6 [ to find « and y. 

Observe that ayfa:+y)=«^+«y*« 

Clear the 2d equation of fractions, and j/'^ts or x+y^-^. 

Now assame x+yszs, and xy=^p. Then the original equa- 
tions become <pK=30 
And Oiss5j9 
Equations which readily five a and p, and from fkktm we de- 
termine 0? and y. 

N. B. When two unknown quantities, as x and y, produce 
equations in the form of 

a?+y=« (1) 

And xy=^p (2) 

such equation can be resolved in the following manner : 

Square (1), and «'+2ay+y*=*' 
Subtract 4 times (2) 4a?y =4/1 

Diff. is a:*— 2a!y+y«=»*— 4/> 

By evolution x — y=sjg^ — 4p (3 J 

Add equation (I) and (3), and we have, 

2x^8+ ^1^^ (4) 

8nb. (8) from (1), and 2y^8—jl^^^^ (5) 



J* 
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To yerify equations (4) and (6), add them and diTide bj t, 
and we have x+y=8. Multiply (4) hy (5), and divide by 4, 
'and we have 3cy=p. 

(Art 01.) No person can become very skilful in algebnk 
operations as long as he feels averse to substitution ; for jadi- 
cious substitution stands in the same relation to common algebn, 
as algebra stands to arithmetic. The last example is an illoftra- 
tion of this remark. To acquire the habit of substitntiiig, jpay 
require some extra attention at first, but the power and advantage 
gained will a thousand fold repay for all additional exertion. 

As a general principle, whenever x and y, or any odier two 
letters combine in the form of x-\'y and xy, or factors of these 
terms, put x+y^^s, the sum of the two letters, and xy^=p^ their 
product. In some of the following examples this substitution 
will be expedient. ^ 

19. Given a?+V^+y= 1» ? to find « and V 
And «'+ay+y« =133 5 ^ ^"""^ "" ^ V' 

Put a?+y=«» and Jxy^^p 
Then « +J9 = 19 (JJ) 

And ««— p«=133 {B) 

Divide {B) by {A)^ and we have «— ^s=7, ^. 

Ara, a?=:9 or 4, ^^4 or 9. 

IS. Given a?»+2xy+y==1296-^ay(a*+ay+y«) and 
a:— y=:4, to find x and y. 

Put g^'];'y^^8j and rry=/> 
Then the first equation becomes «'=129&— 4/)(«47') 
Multiply and transpose, and «^+ 4^ -{-4/^=1206 

Square root «+2p=dz36 

But «+2p=a:«+2ay+y2=zfc36 

Therefore a:+y=d=6, or ±^—30. 

Rejecting imaginary quantities, we find x=5 or -^1, and 
y=l or 



14. Given ^^-«=6, and a?+y+xt/==ll,tofind the valoei 

X"^ 

of X and y. Ans. x^6 or 1, y»l or ft. 



\ 
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1^ Given 3C^-\-y^^2xy{x+y)i and fy=16, to find the 
values of x and y. Jim. a?=2^6H-2, y=s2^6— 2. 

16. Given a:'-|-y'==«f and a^y-\-xy^=€^ to find the relative 
values of x and y. .^n^. x=y. 

1Y« Given op+y : a? :: 5 : 3, and xy=6, to find a? and y. 

j?iw. ar=:i=3, y=it2. 

i8« Given a:+y : ar :: 7 : 6, and a?y4-y«sscl26, to find x 
and y. Jin8, a:=dzl6, y=zb6. 

19. Given o^'-j-y^o, and xy==b, to find the values of 
X and y. Jlns. a:=d:J^a+26+i^a — 26. 

y=d=i Ja+2b — i 70—26. 

(Art. A)* Equations in the form of ar* — ^2aar^+a*=6, require 
for their complete solution, the square root of an expression in 

the form of a-^Jb ; for by extracting the square root of the 
equation, we have 

a:*— a=ab76 

Hence *™>v/ «±^/^ 

The right hand member of this equation is an expression well 
known among mathematicians as 

A BINOMIAL SURD. 

Expressions in this form may or may not be complete powers ; 
and it is very advantageous to extract the root of such as are 
complete, for the roots will be smaller, and more simple quantities, 

in the form of a'dbjb', or of sja'dzjb'. 

Let us now investigate a method of extracting these roots ; and, 

for the sake of simplicity, let us square S-f^^T. 

By the rule of squaring a binomial, we have 9+6^7+7, 

Or, 16+6^7"; 

Conversely, then, the square root of 16+6^7, is 3+jT. 

* That the nine Articles may number the same m both the School and Col- 
le|s Edition, we ahall designate all additional ArticleB, in this Tolume, by 
A, B, 4cc 



I 
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Bat when a root consists of two parts, iU Bquare cansiiii rf (k 
ntm of the squarti of the two partit and twite the product tf 
the two parts. 

Now we readily perceive that 16 is the sum of the squares of 

the two parts expressing the root, and 6^7 ; the part containiaf 

the radi(»] is twice the product of the two parts. 

To find what this root must be, let x represent one part of die 

root, and y the other : 

Then «*+y^l6, (1) 

And 2«y=677", (2) 

Add equations (1) and (2), and extract square root, and we 

h»v« x+y^^lQ+dJf (3) 

Subtract equation (2) from (1), and extract square root, and 

we have »—y=/Y/ 16—6^7. (4) 

Multiply (3) and (4), and vfe have 

a;i—y»=7256— 252=77=2 ; (5) 
Add (Ij and (5), and we have 

2a;«=18, or aF=3 ; 
Sub. (5) from (1), and 2y'=14, or y=jT 

Whence a?+y» or the square root of 16+-677 is 3+^7. 
We shall now be more general. 

Take two roots, one in the form of adtjby 

and one in the form of \JadzJb ; 

Square both, and we shall have c^dz2ajb+bf 

And a±:2jcA+b. 

In numerals, and, in short, in all cases, the sum of the squares 
of the two parts of the root, as (o^-f^)* in the first square, and 
{a+b), in the second, contain no radical sign; and the sum of 
these rational parts may be represented by c and c'yiuid the 
squares represented in the form of 



94 
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or of &±StJcS. 

Hence» generally, if we represent the parts of the roots by x 
and y, we shall have o^^^^ the sum of the rational parts, and 
2xj/=^ the term containing the radical. 

The signs to x and y must correspond to the sign between 
the terms in the power. If that sign is minus, one of the signs 
of the root will be minus ; it is indifferent which one. 

EXAMPLES. _ _ 

1» What is the square root of 11+672? Ans. 3+^2. 

«. What is the square root of T+^^F? Am. 2+^31 

3* What is the square root of 7 — 2^10? 

Ans. J^—J^ or JZ—jV. 

4. What is the square root of 94+42^6"? Ana. 7+3 Jbl 

5. What is the square root of 28+10^3? Am. O+^S 
6* What is the square root of 

np-\r2m*^^2mjnp+m^ ? 

In this example put a^np+m^j and x and y to represent 
the two parts of the root, 

Then ai^+y^m^+a, * 

and 2a!y = — %mJcL 

Am. d=(7n/)-Hw^^--w»). 

7. What is the square root of bc+2bjbc — 6«? 

Am. d=(6+7"6e^^). 

8. What is the sum of a/i6+307^+^16— 30^^! 

Am. 10. 

9. Whatis the sum of ^11+6^2 and ,^7— 2^10? 

Am. 3+^51 

M. What isthesum of ^31+127^and^— 1+4^115? 

Am. 8. 
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In a similar manner we may extract the cube root of a bioo- 
mial surd, when the expression is a cube ; *bat the general solu- 
tion involves the solution of a cnbic equation, and, of course, 
must be omitted at this place ; and, being of little practical utility, 
we may omit it altogether. 

(Art. 92.) Fractional exponents are at first very troublesome 
to young algebraists ; but such exponents can always be ban- 
ished from pure equations by substitution. For the exponents 
of all such equations must be multiples of each other; otherwise 
they would not be pure, but complex equations. 

To make the proper substitution, put the lowest function of 
any letter, as x^ equal to a simple letter, say P; and the lowest 
function of any other letter, as y, equal to another simple letter, 
say Q, And let this be a genera] rule. 

EXAMPLES. 

3 1 4 3 

1. Given x^+y^=6, and a:^ +y *=20, to find the values 
of X and y. 

2 1 

By the above direction, put x'—P, and y^^^Q. 
Squaring these auxiliaries, or assumed equations, 

4 2 

And x^=F^i and y^=^. 
Now the original equations become 

P + Q=^ (1) 

/»+ Q2=20 (2) 
By squaring equation (1), i»+2P$+$^=36. 
Subtracting equation (2), wehave2PQ=3l6. 
Subtracting this last from equation (2), and we have 

By extracting square root P — $=d=2 

But by equation (1), P+$= 6 

Therefore, P=4 or 2, and $=2 or 4, 

a 1 

Hence, x^ =4 or 2, and y^=2 or 4. 

Square root a?^ =2 or (2)^ 



3 \ y=32 or 1024. 
Cubmg gives a:=8 or (2)^ 
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a. Given a!y*+y=21, and ary4-y2=333, to find the values 
of X and y. 

By comparing exponents in the two equations, we perceive 
that if we put x}f=iP^ and y==Qt the equations become 

F+Q= 21 
iM+ $2^333 

Solved as the preceding, gives P=18, §=3. 
From which we obtain a?=2, or yj^j, y=3 or 18. 

4 3 > 

3. Given x^+x^y^= 208 

3 4 /-to find the values of x and y. 

And y*+a:3y3 = 1053 J 

3 2 

Assume x^=Ff and y^ = Q. 

By squaring and cubing these assumed auxiliary equations, 

we have 4 a 

ar^=P«, y» = $*, 

Seek the common measure (if there be one) between 208 and 
1053. 
From the above substitution, the given equations become 

/»+/»$= 208=13.16 (1) 
§3+^/>=1053=13.81 (2) 
Separate the left hand members into factors, and 

/»(/>+§) =13. 16 (3) 

«"(«+^)=13.81 (4) 

Divide equation (4) by (3), and we have 

«" 81 _, ^ . . « 

pg=Y^. liixtracting square root -p=«7 

9P 
Or 9=-7-« Substitute this value of Q in equation (1), 

And /»+ri-=i3.16 

4 

Or 4/»+ 9^11^=1 3.64 

That is, 13/^=13.64 

Hence, /»=64 or P=^4 

N 10 
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But a^=P*=^ei. Therefore, x=^ztB 

As $=-7- and P=4, Q=9 and y==fcdn, 
4 



4. Given ar«+a:^y^+y 2=1009 =a 



And x'+x^y'+y' =582193=6 ^ 

3 
4 

3 



' to find X and y. 



Put x^=P and y*=$ 

Then ar^=/» and y^=Q« 

And x^ =zP* and y'=$* 
Our equations then become 



D, , F,^ I Qts=a 1 E^^^^i®'^ having no fractional exponents, 
pi , nt^ , o4«.^ I *^^ ^® of the same form as in Problem 
i^-rr-v-tV J 12. (Art. 91.) 

^ns. a:=81 or 16, y=16 or 8L 



flJ. Given a:+a:*y =12 
And y4-a:'y*= 4 

6. Given a:+a:*y*=a 

1 1 
And y+-P^y =^ 



8 3 3 

7. Given a:'+a:*y^=a 

3 3 3 

And y*+x'^y^=6 , 



to find the values of x and y. 
^n». x^O, ysl. 

to find the values of x and y. 
' to find the values of x and y. 

8. Given tjx+^jy : ^a: — ^y :: 4 : 1, and x — y=16, to 
find the values of x and y. ^s. 2r=25, y=9. 

9. Given x'+y = 5 U^ ^^^ ^j^^ ^^1^^^ ^^ ^ ^^ ^ 

And » +y =13 J 

^n«. ar=9 or 4, y=s4 or 9. 
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I.O. Given X'\-y : x — y :: 3 : O to find the values of 
And 3^8—^3=56 S ^ ^^^ y- 

Ans. a?=s4, y=2. 
11* Given x +y =35 ' 

2 2 ^ ^^^ ^^ values of x and y. 

And a?^— y3=5 J 

CHAPTER V. 

Problems producing Pure Equations, 

(Art. 93.) We again caution the pupil, to be very careful not to 
involve factors, but keep them separate as long as possible, for 
greater simplicity and brevity. The solution of one or two of 
the following problems will illustrate. 

1* It is required to divide tlie number of 14 into two such parts, 
that the quotient of the greater divided by the less, may be to the 
quotient of the less divided by the greater, as 16 : 9. 

Ans, The parts are 8 and 6. 
Let a?= the greater part. Then 14— a?= the less. 



X 14— a? 
Per question, ^ ^ ; : : 16 : 9. 

Multiply extremes and means, and -r-, = — ^ - 

^ "^ 14— <p X 

Clearing of fractions, we have 9a:*=16(14 — xf 

By evolution, 3ar=4(14 — ^o:) =4. 14— 4a: 

By transposition, 7a:=4.14 

By division, a?=4.2=8, the greater part. 

14 X 

Had we actually multiplied by 16, in place of indi- 

X 

eating it, the exact value and form of the factors would have been 
lost to view, and the solution might have run into adfected qua- 
dratic equation. 

The same remark may be applied to many other problems, 
and many are put under the head of quadratics that may be re- 
duced by pure equations. 
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9* Find two numbers, whose difference, multiplied by the 
difference of their squares, is 32, and whose sum, multiplied by 
the sum of tlieir squares, gives 272. 

If we put x= the greater, and y== the less, we shall have 

{^y){^'-f)^ 32 (1) 

And {x+y){x'+f)=212 (2) 

Multiply these factors together, as indicated, and add the equa- 
tions together, and divide by 2, and we shall have 

a^+y3=152 (3) 

If we take (I) from (2), after the factors are multiplied, we 
shall have 2a:y2+2x^i/=240, or xy{x-\-y)=^V20 (4) 

Three times equation (4) added to equation (3) will give a 
cube, &c. A better solution is as follows : 

Let x-\-y= the greater number, and x — y=^ the less. 
Then 2a?= their sum, and 2y= their difference. 
Also, 4xy= equal the difference of their squares, and 
2j:*+2y'= the sum of their squares. 

By the conditions, 2yX4xy= 32 

And 2ar(2a;2+2/)=272 

By reduction, ^^*= 4 
And x^+xy^=QS 



By subtraction, x^ =64 or x=i 

Hence, y =1, and the numbers are 5 and 3. 
We give these two methods of solution to show how much 
depends on skill in taking first assumptions. 

3* From two towns, 396 miles asunder, two persons, ^ and B, 
set out at the same time, and met each other, after traveling as 
many days as are equal to the difference of miles they traveled 
per day, when it appeared that ^ had traveled 216 miles. How 
many miles did each travel per day? Let x=^^s rate, and y= 
-5's rate. 

Then x — y= the days they traveled before meeting. 

By question, {x — y)x=2l6, and {x — y)y=lBO, 

216 180 6 5 

Consequently, — = or -=-. 

•^ X y X y 
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Therefore, y==iXf which substitute in the first equation, and 
we have (a?— |a:)a?=216, or --=216=6X6X6. 

By evolution, a:=36; therefore y=30. 

4* Two travelers, ^ and B, set out to meet each other, A 
leaving the town C, at the same time that B left 2). They traveled 
the direct road between C and I) ; and on meeting, it appeared 
that A had traveled 18 miles more than B^ and that A could have 
gone ^'s distance in 1 5| days, but B would have been 28 days 
in going w^'s distance. Required the distance between C 
and D, 

Let x= the number of miles A. traveled. 

Then a:-*-18= the number B traveled. 

ic— 18 

=^'s daily progress. 



15| 



X 

=jB's daily progress. 



Therefore, x : x — 18 : : 



28 

X — 18 X 



ld| 28 



' And ^^4(x-18)_^ 

28 63 

Divide the denominators by 7, and extract square root, and we 
have 

-=-(a>-18). 

Therefore, a?=72 ; and the distance between the two towns 
is 126 miles. 

5* The difference of two numbers is 4, and their sum multi- 
plied by the difference of their second powers, gives 1600. 
What are the numbers ? Ann. 12 and 8. 

6. What two numbers are those whose difference is to the 
less as 4 to 3, and their product, multiplied by the less, is 
equal to 504? And. 14 and 6. 

n2 
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y« A man purchased a field, whose length was to its breadth 
as 8 to 5. The number of dollars paid per acre was equal 
to the number of rods in the length of the field; and the 
number of dollars given for the whole was equal to 13 timet 
the number of rods round the field. Required the length and 
breadth of the field. 

^ns. Length 104 rods, breadth 65 rods. 
Put 8a?=the length of the field. 

9t There is a stack of hay, whose length is to its breadth as 
5 to 4, and whose height is to its breadth as 7 to 8. It is worth 
as many cents per cubic foot as it is feet in breadth ; and the 
whole is worth at that rate 224 times as many cents as there are 
square feet on the bottom. Required the dimensions of the stack. 
Put 5a: = the length. 

Ans. Length 20 feet, breadth 16 feet; height 14 feet. 

9* There is a number, to whicli if you add 7, and extract the 
square root of the sum, and to which if you add 16 and extract 
the square root of the sum, the sum of the two roots will be 9. 
What is the number ? Ana. 9. 

Put a? — 7= the number. 

lO* A and B carried 100 eggs between them to market, and 
each received the same sum. If A had carried as many as 
B, he would have received 18 pence for them; and if ^ had 
taken as many as A^ he would have received 8 pence. How 
many had each ? Ans, A 40, and B 60. 

11* The sum of two numbers is 6, and the sum of their cubes 
is 72. What are the numbers ? Arts. 4 and 2. 

19* One number is c? times as much as another, and the pro- 
duct of the two is b^. What are the numbers ? 

h 
Arts. — and ab. 
a 

18* The sum of two numbers is 100, the dififereDC^ of 
their square roots is 2. What are the numbers ? 

Arts. 36 and 64. 
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Put :e=: the square root of the greater numhwr, 
And y= the square root of the less number ; or 
Put x-{'y= the square root of the greater, &c. 

14. It is required to divide the number 18 into two such parts, 
that the squares of those parts may be to each other as 25 to 16. 

Let x= the greater part. Then 18 — a?= the less. 
By the condition proposed, oe^: (18 — a:)*::25: 16. 

Therefore, 16a:*=25(l 8— a*)* 
By evolution, 4a:=± 5(18 — x) 

If we take the plus sign, as we must do by the strict enuncia- 
tion of the problem, we find a:=10. Then 18 — x=8. 

And(10)«: (8)«::25: 16 

If we take the minus sign, we shall find a:r=:90. 

Then 18— a: =18— 90=— 72. 

And (90)*: ( — 72)':: 25: 16; a true proportion, correspond- 
ing to the enunciation ; but 1 8 m this case is not the number 
divided, it is the difference between two numbers whose squares 
are in proportion of 25 to 16. 

15. It is required to divide the number a into two such 
parts that the squares of those parts may be in proportion of b 
to c. 

Let ar= one part, then a — ar= the other. 

By the condition, a^ : (a — x)* ::b:c 
Therefore, ca^=:b{a — x)* 

By evolution, Jcx=dzjb{a — x) 

Taking the plus sign, ^=^fj^ and a-x=-^i^^. 



Taking the minus sign, x= /^ and a — x= ^ 



Prob. 14, is a particular case of this general problem, in which 
a=18,6=25, and c=16; and substituting these values in the re- 
sult, we find 2r=10, and a:=90, as before. 

If we take 6=c, the two divisions will be equal, each equal 
to iot when the plus sign is used ; but when the minus sign is 
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used, Xz=-^ .^ , =-—-» a symbol of infinity, as the denomi- 
nator is contained in the numerator an infinite number of times. 



ajc ^-Hijc 

(Art. 58.) The other part, a — ^"^-jir—j'^ — i^ > ^^ * 

symbol of infinity ; and the two parts, 



Jb—Jc Jb—Je Ub—Jc) 



a. 



It may appear absurd, that the two parts, both infinite and 
having a ratio of equality, (which they must have, if b=^) can 
still have a difierence of a. But this apparent absurdity will 
vanish, when we consider that the two parts being infinite in 
comparison to our standards of measure, can have a difierence 
of any finite quantity which may be great, compared with 
small standards of measure, becomes nothing in comparison of 
infinite quantities. See (Art 60.) 

application of the foregoing Problem, 

(Art. 94.) It is a well established principle in physics that 
light and gravity emanating from any body, diminish in inten- 
sify as the square of the distance increases. 

Two bodies at a distance from each other, and attracting at a 
given point, their intensities of attraction will be to each other 
as the masses of the bodies directly and the squares of their 
distances inversely. Two lights, at a distance from each other, 
illuminating at a given point, will illuminate in proportion to the 
magnitudes of the lights directly, and their distances inversely. 

These principles being admitted — 

16t Whereabouts on the line between the earth and the moon 
will these two bodies attract equally, admitting the mass of the 
earth to be 75 times that of the moon, and their distance asunder 
30 diameters of the earth ? 

Represent the mass of the moon by c 
And the mass of the earth by b 
Their distance asunder by a 
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The distance of the required point from the earth's centre, 
represent by x. Then the remaining distance will be (a — x) 

Now by the principle above cited, a^ : (a — xf ::b:c. 

This proportion is the same as appears in the preceding gei> 
eral problem ; except that we have here actually made the ap- 
plication, and must give the definite values to a, b and c. 

As before, x=—t~ — j- and a — x — — ^ — 



a=±30, Z>=75, c=l. 

g= . ; ; . =26.9, nearly. Hence, a — ^a?=3.1, nearly. 
^75+1 

If we take the second values for the two distances, from the 
ffeneral result, namely, ar=-7r , ■ and a — a:= ,, , , and 
rive the numeral values, we shall have 

— r-^ — -=33.9, a — x=^ — 3.9, nearly. 
V75 — 1 

These values show that in a line beyond the moon, at a 
distance of 3.9 the diameters of the earth, a body would be 
attracted as much by the earth as by the moon, and the value 
of (a — x) being minus, shows that the distance is now counted 
the other way from the moon, not as in the first case towards 
the earth; and the real distance, 30, corresponding to a in the 
general problem, is now a difference. 

We may make very many inquiries concerning the intensity 
of attraction on this line, on the same general principle. 

For example, we may inquire^ whereabouts, on the line be- 
tween the earth and moon will the attraction of the earth be 16 
times the attraction of the moon? 

Let a;= the distance from the earth. 

Then a — x= the distance from the moon. 

b 
The attraction of the earth will be represented by —^ 

Xr 
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The' attraction of the moon at tlie same pomt will be 



_ , 6 16c 

By the question, ^■=^^^, 

By evolution, ^==zfc-— 

Clearing of fractions, a^Jb — Jbx=4tjcx, 

Using the plus sign, x=z-j ^^ =20.5, nearly. 
Using the minus sign, x=- ,, / -j- = 55.7, nearly, or 



25.7 diameters of the earth beyond the moon. 

Observe that the 4 which stands as a factor to ^c is the 
square root' of 16, the number of times the intensity of the 
earth's attraction was to exceed that of the moon. 

If we propose any other number in the place of 16, its 
square root will appear as a factor to Jc; we may therefore 
inquire at what distance the intensity of the earth's attraction 
wDl be n times that of the moon, and the answer will be from 
the earth in a line through the moon, 



and 



Jb+Jnc Jb — Jnc 

The same application that we have made of this general prob- 
lem to the two bodies, the earth and the moon, may be made 
to any two bodies in the solar system ; and the same application 
we have made to attraction may be made to light, whenever 
we can decide the relative intensity of any two lights at any 
assumed unity of distance. 

(Art. 95.) This problem may be varied in its application to 
meet cases where the distances are given, and the coinpara* 
live intensities of light or attraction are required. 

For example, the planet Mars and the moon both transmit 
the sun's light to the earth by reflection, and we now inquire 
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the relative intensities of their lights at given disianceSf and 
in given positions. 

If the surface of Mars and that of the moon were equal, 
they would receive the same light from the sun at equal distance 
from that luminary ; but at different distances equal surfaces 
would receive light reciprocally proportional to the squares of 
their distances. 

The surfaces of globular bodies are in proportion to tlie squares 
of their diameters. Now let M represent the diameter of Mars 
and m the diameter of the moon. Also, let li represent the dis- 
tance of Mars from the sun, and r the distance of the moon from 
the sun. 

Then the quantity of light received by Mars may be expressed 

AP 

by -^ ; and the relative quantity received by the moon 



m' 



by -J. But these lights, when reflected to the earth, must be 

diminished by the squares of the distances of these two bodies 

from the earth. Now if we put D to represent the distance of 

Mars from the earth, and d the distance of the moon, we shall 

HP 
have f^j^ for the relative illumination by Mars when the whole 

in' 
enlightened face of that planet is towards the earth, and -^-^ for 

the light of the full moon. 

When the whole illuminated side of Mars is turned towards 
the earth, which is the case under consideration, (if we take the 
whole diameter of the body,) it is then in opposition to the sun, 
and gives us light, we know not how much, as we have no 
standard of measure for it ; but we can make a comparative mea- 
sure of one by the other, and therefore the light of Mars in this 
ppsition may be taken as unity, and in comparison with this let 
us call the light of the full moon x, 

Then -=^j^ • :^3i •• ^ • ^ 



T,»..„ .=(£)(?)(?). 
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As the value of a fraction depends only on the relation of tbe 
numerator to the denominator, to find the numeral value of x, it 
will be sufficient to seek the relation of m to iH/, of i? to r, and 
of D to d, 

j)[f=4000 miles nearly, and m=2150 ; hence, •T>=«ji 

J? 144 
i?=144000000, and r=95000000; or — =-77r 

r 95 

/>=144000000— 95000000=49000000 or ^=^^ 

d 24 

df=240000 

^y. r /43\V144\V4900V « ^., 

Therefore. x=(-) (— ) (— ) =27611 

That is, in round numbers, the light of the full moon is twenty- 
seven thousand six hundred times the light of Mars, when that 
planet is brightest, in its opposition to the sun. 

We will add one more example by the way of farther illustnb- 
tion. 

What comparative amount of solar light is reflected to the 
earth by Jupiter and Saturn, when those planets are in opposi- 
tion to the sun ; — the relative diameter of Jupiter being to that 
of Saturn as 111 to 83, and the relative distances of the Earth, 
Jupiter and Saturn, from the sun, being as 10, 52 and 95, re- 
spectively ? 

^ns. Taking the light reflected by Saturn for unity, that by 
Jupiter will be expressed by 24.y*/p nearly. 

The philosophical student will readily perceive a more ex- 
tended application of these principles to computing the relaHv^ 
light reflected to us by the different planets ; but we have gone to 
the utmost limit of propriety, in an elementary work like this. 

From Art. 94th to the end of this chapter can hardly be said 
to be algebra ; it is natural philosophy, in which the science of 
algebra is used ; however, we would offer no apology for thus 
giving a glimpse of the utility, the cui bono^ and the application 
of algebraic science. 
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SECTION IV. 

QUADRATIC EQUATIONS. 

CHAPTER I. 

(Art. 96.) Quadratic equations are either simple or compound. 
A simple quadratic is that which involves the square of the un- 
known quantity only, as aa^=b ; which is one form of pure equa- 
tions, such as have been exhibited in the preceding chapter. 

Compound quadratics, or, as most authors designate them, ad- 
fected quadratics, contain both the square and the first power 
of the unknown quantity, and of course cannot be resolved as 
simple equations. 

All compound quadratic equations, when properly reduced, 
may fall under one of the four following forms : 

(1) a:*+2ax=6 

(2) a^—'Zax^b 

(3) a:*_2aa:=— 6 

(4) ai^-\-2ax=—b 

If we take x-)ra and square the sum, we shall have 

a^+2aa:+a* 
If we take x — a and square, we shall have 

a?* — 2aX'{'(^ 
If we reject the 3rd terms of these squares, we have 

a:^+2aa:, and a^ — 2ax 

The same expressions that we find in the first members of the 
four preceding theoretical equations. 

It is therefore obvious that by adding o^ to both sides of the 
preceding equations, the first members become complete squares. 
But in numeral quantities how shall we find the quantity corres- 
ponding to o^ ? We may obtain c^ by the formal process of 
taking half the coefficient of the first power of x, or the half of 
2a or — 2a, which is a or — a, the square of either being a'. 

Hence, when any' equation appears in the form of a^dz2ax=^ 
:Adb ywe may render the first member a complete square, and effect 
a solution by the following 
O 
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RuL£. Md the square of half the coefficient of the Unotit 
power of the unknown quantity to the first member to eompUit 
its square ; add the same to the second member to preserve the 
equality, 

Tlien extract the square root of both members^ and we shd 
have equations in the form of 

xzta=^d=Jb+^ 

Transposing the known quantity a and the solution is accom- 
plished. 

In this manner we find the values of x in the four preceding 
equations, as follows : 



(1) 


x= — az^Jb+c? 


(2) 


a:= aztJb+(^ 


(3) 


x=' adz^a^^— 6 



(4) a:=— ait7a«— 6 

When b is greater than c^ equations (3) and (4) require the 
square root of a negative quantity, and there being no rooti to 
negative quantities, the values of x in such cases are said to be 
imaginary. 

The double sign is given to the root, as both plus and miims 
will give the same power, and this gives rise to two values 
of the unknown quantity ; either of which substituted in ^ 
original equation will verify it. 

After we reduce an equation to one of the preceding forms, 
the solution is only substituting particular values for a and b ; 
but in many cases it is more easy to resolve the equation as an 
original one, than to refer and substitute from the formula. 

(Art. 07.) We may meet with many quadratic equations that 
would be very inconvenient to reduce to the form of a^'\-2ax=^h; 
for when reduced to that form 2a and b may both be 
troublesome fractions. 

Such equations better be left in the form of 

ax^-\-bx=c 

An equation in which the known quantitieis, a, 6, and e, are iH 
whole numbers^ and at least a and b prime to each other. 
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We now desire to find some method of making the first mem- 
ber of this equation a square, without making fractions. We 
therefore cannot divide by a, because b will not be divided by a, 
the two letters being prime to each other by hypothesis. But 
the first term of a binomial square is always a square. There- 
fore, if we desire the first member of our equation to be convert- 
ed into a binomial square, we must render the first term a 
square, and we can accomplish that by multiplying every term 
bv a. 

The equation then becomes 

Put y=^ax. Then y*+6y=ca 
Complete the square by the preceding rule, and we have 

6* b^ 

We are sure the first member is a square ; but one of the terms 
is firactional, a condition we wished to avoid i but the denomina- 
tor of the fraction is 4, a square^ and a square multiplied by a 
square produces a square. 

Therefore, multiply by 4, and we have the equation 

4y+4&y+6^=4ca+62 

An equation in which the first member is a binomial square and 
nof fractional. 

If we return the values of y and y^ this last equation becomes 

4c^3i^-\-4abx+b^=4ac+b^ 

Compare this with the primitive equation 

aoc^-^-bx^c. 

We multiplied this equation first by a, then by 4, and in ad- 
dition to Ihis we find b^ on both sides of the rectified equation, b 
being &e coefficient of the first power of the unknown quantity. 
From this it is obvious thatt to convert the expression dsi^-^-bx 
into a binomial square, we may use the following 

Rule 2. Multiply by four times the coefficient of x^ and 
add the Bquare of the coefficient of x. 

To preserve equality, both sides of an equation must be mul- 
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tiplied by the same factors, and the same additions to both sides. 
We operate on the first member of an adfected equation to 
make it a square^ vfe operate on the second member to preserve 
equality, 

(Art. 98.) For the following method of avoiding fractions in 
completing the square, the author is indebted to Professor T. J. 
Matthews, of Ohio. 

Resume the general equation as^-^-bx^c 

Assume x=- Then ax^=—' and 6a?= — 

a a a 

The general equation becomes — + — ==c 

a a 

Or u^+bu=ac 

Now when b is even, we Ian complete the square by the first 
rule without making a fraction. In such cases this transforma- 
tion is very advantageous. 

When b is not even, multiply the general equation by 2, and 
the coefiicient of x becomes even, and we have * 

2aa:2+26a:=2c (1) 

Assume 0?=—- Then 2aa^=^T- and 26aj=-Tr— 
2a 2a 2a 

With these terms, equation (1) becomes 

«* , 2bu ^ 

h =2c 

2a 2a 

Or t/+2bu=4ac 
Complete the square by the first rule, and we have 

i^+2bu+b^=4ac+b* 

An equation essentially the same as that obtained by completing 
the square by the rule under (Art 97.) ; for we perceive the see- 
ond member is the same as would result from that rule ; hence 
this method has no superior advantage except when b is even, in 
the first instance. 

(Art. 99.) The foregoing rules are all that are usually given 
for the resolution of quadratic equations ; but there are same 
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intricate cases in practice that we may meet with, where 
neither of the preceding rules appear practical or convenient. 
To master these with skill and dexterity, we must return to a 
more general and comprehensive knowledge of binomial squares. 

x^^^lax-\'C? is a simple and complete binomial square. Let 
us strictly examine it, and we shall perceive, 

1st. That it consists of three terms; 

2d. Two of its terms, ihe first and the third , are squares^ 

dd. The middle term is twice the product of the square 
roots of the first and last term. 

Now let us suppose the third term, a', to be lost, and we have 
only a^+2aar. We know-these two terms cannot make a square, 
as a binomial square must consist of three terms.* 

We know also that the last term must be a square, 
Let it be represented by /*. 

Then, by hypothesis, a:'+2ax+/* is a complete binomial 
square. 

It being so, 2a;/=2aa:, by the third observation above. 
Therefore, t=a and /*=fl* 
Thus a' is brought back. 

1* Again, ia^-^-^ab are the first and second terms of a bi- 
nomial square ; what is the 3rd term ? 
Let 1^ represent the tliird term. 
Then 4a*+4a6+^' is a binomial square. 
Hence, 4a/=4a6 or t=b and /*=6* 
That is, f represented the 3d term, and ¥ is the identical 3d 
term, and i€^'\-^ab-\-b^ is the actual binomial square whose root 
is 2a-\-b, 

3« 36^-|-36^ are the first and 2d terms of a binomial square, 
what is the 3d term ? Ans. 9. 

8. -4 1-9 are the 2d and 3d terms of a square, what is the 

<c J 

first? Ans. —- 

* In binomial rards two tenm may make a square, and this may condemn 
the technicality here assumed ; but it is nothing against the spirit of this ar- 
ticle. 

02 11 
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4* — 49 are the 1st and 2d terms of a binomial square, 

4 

49 
what is the 3d? Ans. -3. 

5. 9^^ — 6y are the 1st and 2d terms of a binomial square, 
what is the 3d ? Ans, 1. 

6. a3i^-\-bx are the 1st and 2d terms of a binomial square, 

u 

what is the 3d ? Am. r-. 

4a 

7. 81a?> --^ are the 1st and dd terms of a binomial square, 
what is the 2d or middle term ? Ans, d:18. 



8. %^ — %x^y are the 1st and 2d terms of a binomial square, 
what is the 3d ? Ann. 16x. 

12x 

9. — TK"\'^^ ^^^ ^h^ ^^ ^^^ ^^ terms of a binomial square, 

what is the 1st ? Ans. --r. 

361 

10. ^^-j-36 are the 1st and 3d terms of a binomial square, 
361 



what is the middle term ? An9. zk. 



12y 



19 

11* If ^~l"|-^ sure the 2d and 3d terms of a binomial square, 
what is the 1st term ? Ans. 4a^. 

19« The 1st term of a binomial square is— r- the 2d term is 
zbl2, what is the 3d term ? Ans. -K- 

I 

(Art. 100.) Adfected quadratic equations, af^r being reduced 
to the form of a;*+2aar=6, can be resolved without any formality 
of completing the square, by the following substitution : 
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Assume x=y 



Then a^=y^ — 2ay+€^ 

And 2ax= +2ay — 2a* 

By addition, x^+2ax=y^ — a*=b 



Hence, y*=±:Jb+d^ 

And x= — a-t-Jh-^-a^, the same result ss 
may be found in equation (1), (Art. 96.) 

RuL£ FOR SuBSTrruTioN. Assume the value of the unknown 
quantity equal to another unknown^ annexed to half the coeffi- 
cient of the inferior power with a contrary sign. 

(Art. 101.) For further illustration of the nature of quadratic 
equations, we shall work and discuss the following equation : 
Given a?*+4a?=60, to find x. 

Completing the square, (Rule Ist.) x*+4a?+4=64. 

Extracting square root, X'{-2=dtzS, 

Hence, a:=6 or x= — 10. 

That is, either plus 6, or minus 10, substituted for x in the 
given equation, will verify it. 

For 62+4 X 6=60. Also, (—10)*— 4 X 10=60 

If ar=6 then a:— 6=0 

If ar=— 10 then a:+10=0 

Multiply these equations together, and we have 

X — 6 
X +10 

a?*— 6a? 
10a;— 60 



Product, r^+4a:— 60=0 

Transpose, and a?*+4a?=60, the original equation. 

Thus we perceive, that a quadratic equation may be considered 
as the product of two simple equations, and these values of x in 
the simple equations are said to be roots of the quadratic, and this 
view of the subject gives the rationale of the unknown quantity 
having two values. 
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In equations where but one value can be found, we infer that 
the other value is the same, and the two roots equal, or one of 
them a cipher. 

EXAMPLES FOR PRACTICE. 

!• Given a^ — 60? — ^7=33, to find x. Arts. ^=10 or —4. 

2. Given x^ — 20a?= — 96, to find x. Arts. 12 or 8. 

3. Given a;«+6a:+l=92, to find x. Am. 7 or —13. 

4. Given ^-f-12y=589, to find y. Am. 19 or —31. 

5. Given y'—6y+I0=65, to find y. Am. 11 or —5. 

6. Given a%f 12a:-f2=110, to find x. Am. 6 or — 18. 
•y. Given x* — 14a: =61, to find x. Ana. 17 or — 3. 
§. Given a:2+6a:+6=9, to find x. Am. — 3it273. 
9. Given a:*+8a:=12,to find a:. Ans^ — 4it2^7. 

10. Given a:*4-12a?=10, to find x. Am. — 6±:J^. 

The reader will observe that the preceding examples are in, 
or can be immediately reduced to the form of a:'db2aa7=6, and of 
course their solution is comparatively easy. The following are 
mostly in the form of aoc^-]rbx=c. 

!!• Given 5a5*-)-4a?=204, to find x. 
According to (Art. 98,) put a:=-. Then 6a:«=— - and 

4a:=-— , and the equation becomes -— +---=204. 
5 5 5 

Clearing of fractions, m*+4m=1020. 

Completing the square and extracting the root, we have, 
w+2=it32, or t*=30 or — 34 

But ar=-. Therefore, ar= 6 or 
5 

12. Given 5a:'+4x=273, to find x. 
1». Given 7ap*— 20x=32, to find x. 

14. Given 25x*— 20a:= — 3, to find x. 

15. Given 21a:*— 292x=— 500, to find x. 



5' 


tans. 




Arts. 


7or- 


-n. 


Am. 


4 or 


,T 


Am. 


ior 


-i- 


Am. 


IIH^ 


irS. 
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16. Given 2a;*— 5x=117, to find x. 

Here, as 5 or h of the general equation is not even, we must 
multiply the whole equation by 2, to apply the above principle ; 
or we may take Rule 2. (Art 97.) 

Multiply by 8, and add 5* or 25 to both members. 

Then Ida:'^— 40a?+26=961 

Square root, 4a: — 5=di31. Hence, ar=9 or — 65. 

(Art* 102.) It should be observed that all quadratic equations 
can be reduced to the form of a^ztZax^s^b, or, as most authors 
give it, a^:±:px=q; but when the terms would become fractional 
by such reduction, we prefer the form 6^^=60: =il=c, for the sake 
of practical convenience, as mentioned in (Art. 97.) 

(Art. 103.) It is not essential that the unknown quantity 
should be involved literally to its first and second powers ; it is 
only essential that one power should be double that of the other. 
In such cases the equations can be resolved as quadratics. For 
example, a:*— 4a::^=621 is an impure equation of the sixth 
degree, yet with a view to its solution, it may be called a quad- 
ratic. For we can assume y=x^; then ^=a?S and the equa- 
tion becomes ^— 4y=621, a quadratic in relation to y, giving 
y=s27, or —23. 

Therefore, «»=27 or —23 



And x=3 or V— 23. 

There are other values of x^ but it would be improper to seek 
for them now; such inquiries belong to the higher order of 

equations. 

I 
For another example, take a^ — x^ =56, to find the values 

of X, 

Here we perceive one power of x is double that of the other ; 
it is therefore essentially a quadratic. 

Such cases can be made clear by assuming the lowest power 
of the unknown quantity equal to any simple letter. In the 

a 

present case assume y=x^ ; then y'^xS and the equation is 
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y2— ^=56 

By Rule 2, 4y« — 4y + 1 =225 
Bj evolution, 2y — l=itl5 
Hence, y=8 or — ^7 

3 3 

And by returning to the assumption y=x^ we find x^=S, 

or x^=2. Hence, x=4; or, by taking the minus value of y, 
r=y49". 

(Art. 104.) When a compound quantity appears under differ- 
ent powers or fractional exponents, one exponent being double 
ihat of the other, we may put the quantity equal to a single letter, 
tnd make its quadratic form apparent and simple. For example, 
suppose the values of x were required in the equation 



2x^+Sx+9^f)j2x^+'Sx+9=Q 

Assume ^2x^-\-'Sx-{-9=y 

Then by involution, 2x^+3x+9=y^ {A) 

And the equation becomes y* — 5y=6 (-5) 

Which equation gives y=6 or — 1. These values of y, sub- 
stituted fory in the equation (^), give 23^'\-3x-]r9=-3^ 

Or 2r*+3x+9=l 

From the first of these we find a:=3 or — 4^ 

From the last, we find a?=|( — 3zt:^ — 55,) imaginary quan- 
tities. 

EXAMPLES. 

1. Given (a:+12)^+(a:+12)^=6 to find the values of x. 

Ans, 0?= 4 or 69. 

«. Given (a;+tf)^-|-26(a;4-a)*=362, to find the values of x. 

Ans. x=b'^ — a or 816* — a.* 



* It is proper to remark, that in many instances it would be difficult to verify 
the equation by taking the second values of x, as by squaring, the minus quan- 
tity becomes plus, and in returning the values, there is no method but trial to 
decide whether we shall take a plus or a minus root Hence, these seeond 
answers are sometimes called roots of solution. In many instances hereafieTi 
we shall give the rational and positive root only. 
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3. Given 9a?+4+2<y9a:+4=15, to find the values of x. 

Ans, a:=f or |. 

N. 4. Given (10+a?)*— (10+a:)^=2, to find a?. 

Ana. a:=0. 

\ 5. Given (a>— S)**— 3(x— 5/2 =40, to find x. 

Arts. x=9, 

^ «. Given 2(l+a:— a:*)— (l+ar— ar')^+i=0, to find x. 



Ans. a?=i+J^41. 
^ 7. Given a?+16— 3(a:+16)^=10, to find x. Ans. a:=9. 

\ 8. Given 3«*"— 22:»=8, to find x. Ans. x^'^JZ. 

9 3 

9» Given a?*+J?^=766, to find x. Ans. a?=243. 

10. Given 7^zziI\i^^'^79~lIII\i ^ ^^^ ^' Ans.x=SoTl. 

11. Given 4a?^+a?^=39, te find x. Ans. a7=729. 

V Id. Given a^—2x+6{a^—2x+bY =11, to find x. 

Ans. a?=l. 

ic^ 12ic 
IS. Given ;r— • — 777-= — 32, to find the value of x. 
361 19 

Kmuch difficulty is found in resolving this 13th example, the 
pupil can observe the 9th example, (Art. 99). 

14. Given 81ir*+17+3=99, to find the values of x, 

Ans. x=lf or — 1, or — |. 

Observe that the 1st and 3d terms of the first number are 
squares, see (Art 99.) 

1 R4-1 2^2 

15. Given 81a^+17+-^=^+— +15, to find x. 

XT XT X 

Ans. x=2 or — If, 

4 955 

16. Given 25a:*+6+Q-5=-^, tP find the values of x, 

Ans, a?=2, or — ^2, or 1 — — . 

15 
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17. Given — +— .=6|, to find the valaes of x. 

^ns. x=7 or — 11 J. 

(Art 105.) Equations of the third, fourth, and higher degrees, 
can he resolved as quadratics, provided we can find a compound 
term in the given equation involved to its ^r«/ and second power, 
with known coefficients. 

To determine in any particular case, whether such a com- 
pound quantity is involved in the equation, we must transpose 
all the terms to the first member, and if the highest power of 
the unknown quantity is not even, multiply every term of the 
equation by the unknown letter to make it even^ and then extract 
the square root, to two or three terms, as the case may require ; 
and if we find a remainder to be any multiple or any aliquot 
part of the terms of the root, a reduction to the quadratic form 
is effected ; otherwise it is impossible, and the equation cannot 
be resolved as a quadratic. 

For example, reduce the following equation to the quadratic 
form, if it be possible. 

1. Given ar*— 8(ia:^+8a'ar'+32a«a?— 9«*=0, to fiind the values 
of X by quadratics. 

OPERATION. 

a:*— 8(ia:3+8aV+32a»x— 9a^=0 {3^—iax) 



2x^ — iax — 8aar*-f.8«*a:' 



— 8(i*a?*+32a«a>— 9«* 
This remainder can be put into this form : 

— 8«*(a:^^ — 4ar)— 9a* 
Now we observe the original equation can be written thus : 
(a:«— 4aa?)*— 8a*(a:^— 4ar)— 9«*=0 
By putting a^ — 4ar=y we have 

y* — 8a*y=9o* a quadratic. 
Completing the square y' — 8a'y +lda*=25tf* 
By evolution y— 4a*=di5a* 
Hence y=9(i' 
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Or ai* — i(ix=:9(^ or — a* 

Completing the square a:'— 4aa?+4a'== 13a' or do^ 

By evolution a:— 2a=^zha^T3 or a^S 

Hence x may have the four following values (2a+a<yi3), 

(2a^-a7"i3), (2a+a^3), (20—0^3). Either of which being 
substituted in the original equation will verify it. 

9. Reduce a:'+2ax*+5a'a:+4a'=0 to a quadratic. 

As the highest power of or is not even, we must multiply by x 
to make it even. Then 

a^+2aa^ +5a*a:'+4a«a:=0 
By extracting two terms of the square root, and observing the 
remainder f the part that unit not come into the root, we find that 

Divide by (a^+ax) and a^+ax+4c^=0 a quadratic. 

8. Given ar*+2a:' — la^ — 8a:+12=0, to find the values of x. 

This equation may be put in the following form : 

(a:«+a:)«— 8(a:»+a:)+ 12=0 

Jlns, x=l or 2, or — 2 or 



4. Given a^ — 8a:*+I9 x — 12=0, to find the values of a?. 

^ns, x=l or 3 or 4. 

5. Given ar*— IOa5'+35a:*— 50ar+24=0, to find the values 
of X. Ana. a?=l, 2, 3 or 4. 

6. Given ar* — ^2a?*+a?=132, to find the values of x. 

Ans. x=s:4 or — 3. 

T. Given y*— 2cy«+(c*— 2)y'+2cy=c*, to find the values 

ofy- c /c« \4 

Ans. y=|^^+i±^l+c«y. 

(Art. 106.) The object of this article is to point out a few lit- 
tle artifices in resolving quadratics, which apply in particular 
casef only, but which at times may save much labor. It is there- 
fore proper that they should be presented, though some minds 
prefer uniformlt|r to facility. 
P 
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For example, take equation {B) (Art 104.) 
1, y«_5y=:6 Put 2a=5 

Then y»— 2ay=2a+l. 
Add 0* to both sides to complete the square, (Role 1.) 
And y«— 2ay+a*=a«+2a+l ^ 

By evolution, y — a=ilz(a-t-l.) 

Hence, y =2a+ 1 =6 or — 1 

9. Given y* — ^7y=8, to find y, Ans, y=8 or — L 

3. Given a:'+lla:=26, to find the values of x. 

Assume 2a=ll ; then 4a-{-4=26. 
Now put these values in place of the numerals, and complete 
the square, and ic*+2aa;+a'*=a'-{-4a-}-4. 
By evolution, a:+a=it(a+2) Hence, a:=2 or — 13. 

4. Given s^ — 17x=60, to find the values of x. 

Assume 2a=17; then 6a+9=60 
And a^— 2ar+a*=a*+6a+9. 
By evolution, x— a=db(a+3.) Hence, a?=20 or — 3. 

5. Given x*']r'^^x=92, to find the values of x. 

Assume 2a=19 ; then 8a+16=92 
Putting these values and completing the square we have 
a;«+2flw? +a*=a«+8a+ 1 6 
a:+a=d=(a4'4) or a?=4 or — 23. 

Observe that in the preceding equations we invariably put the 
coefficient of the first power of the unknown quantity equal 2a. 
Then if we find the absolute term in the second member of the 
equation equal to 2a4- 1 

or 4(1+ 4 

or 6a-i- 9 

or 8a+16 

Or, in general, ni2a-1-m^. That is, any multiplier of 2a pbs 
the square of the same multiplier equal to the second member, 
then the equation can be resolved in this manner ; for in fieu^t one 
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of the roots of the equation is this maltiplier of 2a, and the other 
root is :t:{2a'^m), tn being the multiplier, and it may represent 
any number, integral or fractional ; but there is no utility in ope- 
rating by this method unless m is an integer, and not very large. 
To present a case where m is fractional, we give the following 
equation : a^ — 9x=^^, to find the value of x. 

Put 2a=9; then 5X2a+j=Y> ^iJ^d ^he equation becomes 
x'^'— 2aa^=a+i. 

Therefore, x — a=zt(a+5). Hence, oc= — 5 or 2a+5=95. 

(Art. 107.) When the roots of the equation are irrational or 
surd, of course this method of operation will not apply ; but we 
can readily determine whether the roots will be surd or not. For 
example, take the equation a?*+13a?=40. 

Put 2a=13; then 4a+4=30 And 6a+9=48 

From this, we observe that one of the roots of the equation 
lies between 2 and 3. 

(Art. 108.) When the roots of an equation are irrational or 
surd, no artifice will avail us, and we must conform to set rules ; 
but when the roots are small integers, we can frequently find 
some method to avoid high numeral quantities ; but special artifi- 
ces can only be taught by examples, not by precept. The follow- 
ing are given as examples : 

1. Given a;*+9984a:=l 60000, to find the values of x. 

Observe that 9984=10000 — 16 
Put 2a=10000; then 32a=l 60000 
These substitutions transform the equation to 

aj2+(2a— I6;x=32a 
Completing the square by (Rule 1) and* 

ar^+ (2a— 1 6)x+ (a-^)^a2+ 1 6a+ 64 
By evolution, a:+(a — 8)=zb(a+8) 
Hence, x=16 or — 2a= — 10000. 

2. Given a;^+45r=9000, to find the values of x. 

If we put 2a=:45, the multiplier and its square, requisite to 
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prodace 9000, is so large that it is not obvious* and of course 
there will be no advantage in adopting this method ; at the same 
time, we wish to avoid the high numerals we must encounter bj 
any set rule of solution; 

We observe that 45 X 200=9000. Put a=45 

Then a^+ax^ZOOa 
Complete the square by (Rule 2,) and 
4al^+ 4fla:+a2=a* +800a 



By evolution, 2x+a==Ja{a-\-S00)=j46XQ4b 

Multiply one of the factors, under the radical, by 5, and divide 
the other by 5, and the equivalent factors will be 225 X 169, both 
squares. Taking their root, resuming the value of a, and the 
equation becomes 

2a:+3.15=13.15 

Drop 3.15 from both sides 

And 2a:=10.15 or x=75, wfn^. 

d« Given IOa:*— -225a?=:225, to find the values of x. 

This equation is found in many of the popular works on 
algebra, and in several of them the common method of resolTiDg 
it may be seen. 

Observe that 225=15X15. 

Put a=15; then a-|-l=16, and the equation becomes 

(a+l)x*— a*a:=a« 
Completing the square by (Rule 2J, and 

4(a+ 1 ) V— 4(a+ 1 )a2x*+fl^=a*+4a'+4a« 
By evolution, 2(a+l)x^ — a*=a*+2a 
Transpose c^ and divide by 2, and we have 

(a+l)a:=a*+a=a(a+l) 
Divide by (a+1) and a:=a=15, ^m. 

We give one more example of the utility of representing nume- 
rals, or numeral factors, by letters, in reducing the following 
equation : 
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18 Ql J* g^.mmJ^ 

4Lm Given — ;H — j; — = — -- — to find x. 

By examining the numerals, we find 9, and several multiples 
of 9. Therefore, let a^Q, and using a in the place of 9 the 
equation becomes 

"?"*" ax Sa 

Clearing of fractions, we have 

Transposing all to one side, and arranging the terms according 
to- the powers of .r, we have 

a?*+8a:»— 65a:»— 8a*jr— 16a«=0 {a^+4x) 

^ 

2x«+4a? i^65? 



— 81x«— 8a*a?— 16a« 
Or —d^{a^+Sx+ie) 

Therefore, by (Art. 105,) the equation becomes 

(a:«+4a?)«— «*(ar«+8x+ 16)=0 
Or (a:+4)V=a»(a:+4)« 
By division, a^=ti^ 

And x==ba=it:9, ^n*. 

The preceding examples may be of service in reducing som« 
of the following 

EXAMPLES. 

1* Given 0^^+11^=80, to find x, Ans. a?=5, or — 16. 

•• Given 5a>— --=2a?H — -— , to find ar. 

a?— 3 2 

Ans, «s=4, or — 1. 

X x-^-l 13 

S. Given — t-=H =-s-, to find x. Ans. af=2. 

a?-t-l a? D 

f2 
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4. Given Tx+ttt — ^r- =60, to find j:. ^ns, x=2^ or ---. 

10— 3a? 4 

5. Given ( — \-y ) +( — \-y )=30, to find the values of y. 

•^na, y=3 or 2, or — 3db^8. 

6. Given x^ +7x^=44, to find the values of x. 

^na. a?==b8 or =fc(— ll)f 



7. Given y^+ll+^y^+l 1+2=44, to find the values of y. 

w^n«. y=db5 or =b^S^ 

8. Given 14-|-2x ==^+ — o — » to find the values of ar. 

t^ns. a:=28 or 9. 

9. Given 3a;* — 9x — 4=80, to find the values of x. 

Ana, x=7 or —4. 

10. Given /. T = — ^^, to find x. Ana. ap5s4. 

4+Jx Jx 

11. Given ^ ^~ ^ +a?— 2=24— 3a?, to find the values 

X — 3 

of X, Ana, --ap=6 or i. 

19. Given 3 — =-;r-» to find the values of x, 

X a^ 9 

Ana. x=3 or yy. 



a^_l 0x^+1 
18. Given — r — - — j-jr- =x — 3, to find the values of x. 
x^— 6x+9 

Ana. x=l or ^-28. 

14. Given ma^ — 2mxjn=na^ — mn, to find x. 

Ana. x=-r^ 7-. 

Jmdojn 

Itx^ 

15. Given a?*H — -— =34a:+16, to find the values of a?. 



(See Exms. Art. 99.) Ana. a?=2, or — 2, or — 8, or —J 



16. 
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(Th)"^- 



N.B. Put ( —7— Wt/*. ^ns. x=B or —9. 



17. Given y* — *y*=y*+8y+12, to find the values of y. 
(See Art 99.) Ana. y=3 or — 2. 



(2x— 4)« ^(2aN— 4)^ 

•^ns, x=3 or 1. 



18. Given j^z^^l^i^^'^ToZ^A^* ^ ^'^^ ^^® values of x. 



19. Given (—-^~=j =x — 2, to find the values of x. 



Ana. x=5 or 3. 



CHAPTER n. 



QuadrcKtic Equations^ containing two or more unknoton 

quantities, 

(Art 109.) We have thus far, in quadratics, considered equa- 
tions involving only one unknown quantity; but we are now 
fully prepared to carry our investigations farther. 

Two equations, essentially quadratic, involving two unknown 
quantities, depend for their solution on a resulting equation of the 
fourth degree. 

This principle may be shown in the following manner : 
Two equations, essentially quadratic, and in the most general 

form, involving two unknown quantities, may be represented 

thus : 

rc^+a'ay +6'y2+ c'a?+rf'y +c'=0. 

We do not represent the first terms with a coefficient, as any 
coefficient may be reduced to unity by division ; and a, 5, c, &c., 
and a', b\ &c. may represent the result of such division; and, 
of course, may be of any value, whole or fractional, positive or 
negative. 
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Arranging the terms, in the above equations, in reference to Xt 

wG have 

a?+{ay+c)x+by'+dif+e =0, (1) 

«'+(«'y+c')«+*y+rf'y+«'=o. (8) 

By subtracting (2) from (1), we have 
I{a—a')y+e—e'ye+{b—b-y+{d—d')y+e—f=0 ; 



Therefore ,J±dilf±i^-^y+(^-'\ 

[a — a')y-{-c — c 

This expression for x, substituted in either equation (1) or (2), 
will give a JiniU equation, involving only one unknown quan* 

tity, y. 

But to effect this substitution would lead to a very complicated 
result ; and as our object is only to show the degree to which 
the resulting equation will rise, we may observe that the ex- 
pression for the value of x is in the form of —^ — 7- — -, This 

ry+8 

put in either of the equations (1) or (2), its square, or the ex- 
pression for 0^, will be of the fourth degree ; and no term can 
contain y of a higher degree than the fourth. 

Therefore, in general, the resolution of ttoo equations of thi 
second degree, involving two unknown quantities, depends ^pon 
that of an equation of the fourth degree involving one unknoum 
quantity. 

(Art. 109.) Two or more equations, involving two or more 
unknown quantities, can be resolved by quadratics, when they 
fall under one of the following cases : 

1st. One of the equations only may be quadratic ; the othei 
must be simple, or capable of being reduced to a simple form. 

2d. The equations must be similar in form, or the unknowr 
terms similarly involved or combined in a similar manner, as 
they combine in regular powers ; or, 

dd. The equations must be homogeneous ; that is, the expo- 
nents of the unknown quantities must make the same sum in 
every term. 

In the first and second cases, we eliminate one of the terms in 
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one equation and substitute its value in the other, or perforin an 
equivalent operation, by rules already explained. 

In the third case, we throw in a factor to one unknown quan- 
tity, to make it equal to the other, or assume it to be so ; but 
these principles can only be explained by 

EXAMPLES. 

aa^+bxy + cy* =e, 

These are homogeneous equations, for the exponents of the 
unknown quantities make the same sum 2, in every term. In 
such cases, assume x=ivy; then the equations become 

aoy+*»y'+cj,«=e; or y'=^^^-^ 
a'vy+b'vy'+c'y'^f or f^^^^^^^ 
Hence, — *^ 



at^+bv+c a'v^+b'v+c' 

An equation involving the 1st and 2d powers of v, and, of 
course, a quadratic. 

The solution of this equation will give v. Having v, we 
have y^ and y, and from vy we obtain x. 

For a particular example, we give the following : 

1. Given 5 ^^""^^ -^2 ') ^ ^^^ ^^^ values of x and y. 

Put xs=vy ; then the equations become 

12 
4ry— 2tjy«=12, or y«= 



(2t;«— w)2 

And 2y»+3t;y«==8, or y"^^^^ 

A ft 

Whence, -^ = . . Dividing by 2, then clearing ol 

fractions, we have 

64-9t)==8c* — iv or 81;^— 13tF=6. 
12 
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This last equation gives i;sb2 or -— 1« 

8 8 
Omitting the negative value 3^= ^^ =~ssl. 

Therefore, y=dcl, and a?=vy=d=2. 

a. Given 2a:— 3y=l, and 2a:'+a?y— 5y»=20, to find the 
values of x and y. 

These equations correspond to the first observation, one of 
them only being quadratic, the other simple ; and the solution 
is effected by finding the value of x in the first equation. Sub- 
stituting that value - - — in the 2d, and reducing, we have 
2y*+7y=39, which gives y=3. Hence, :r=5. 

3. Given a"*+y — x — y=78, and a?y+a:+y=39, to find 
the values of x and y. 

In these equations x and y are similarly involved, not equally 
involved ; nor are tlie equations homogeneous. In cases of this 
kind, as we have before remarked, a solution by a quadratic can 
be efiected, but no general or definite rule of operation can be 
laid down ; the hitherto acquired skill of the learner, and bis 
power of comparison to discern the similarity, will do more than 
any formal rules. 

To resolve this example, we multiply the 2d equation by % 
and add the product to the first ; we then have 

x^+2xy+y*+x+y=l56, <5t (x+y)»+(a?+y)s=I56. 

Put ar+y=«; then «*+*=] 56, a quadratic, which gives *. 
or a?+y=i2. This value of ar+y, taken in the second equa- 
tion, gives a?y=27. From this sum and product of x and ^i 
we find x=9 or 3, and y=3 or 9. 

Again, after we multiply the second equation by 2, if we sub- 
tract it from the first, we shall have 

a^ — 2a:y+y* — 3a? — 3y=:0 
or {x — yY — 3(a:4'y)=0 
or (x—y)*=3X 12=36 
or X — y=zb6 
But x+y=12 

Hence, 2ap=:18 or 6, and xs9 or 8, as before. 
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(Art 110.) There are some equations to which the foregoing 
observations do not immediately apply, or not until after reduc- 
tions and changes take place. The following is one of them. 

y r to find the values of x and y. 

Here neither of the equations is simple, nor are hotli letters 
similarly involved, nor are the equations homogeneous ; yet we 
can find a solution by a quadratic, because the two equations 
have a common compound factor, which taken away, will bring 
the equations far within the limits or condition laid down ; and 
this remark will apply to all problems that can be resolved by 
quadratics not seemingly within the limits of the three con- 
ditions. 

From the second, y 



a^+l 



12 18 

Hence, -^-t-— = ^ . . Divide the denominators by (a:+l) 

and the numerators by 6, and we have 



a quadratic equation. 



X a^ — x+l 

Clearing of fractions, and 2a:^— 2a?+2=3x 

or 2a::* — 5a:= — 2. 
(Rule 2.) l^ar«— w3+25=25— 1 6=9. 

We write ^ to represent the second term. It is immaterial 
what its numeral value may be, as it always disappears by taking 
the root. 

By evolution, 4x — 5= ±3 
Hence, x=2 or 2. 

12 12 12 12X4 
^"' y=^+i=4+2=2 "' J+i 3 ^®' •^'" 

The following is of a similar character : 
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m r^' 5 ^'^^-^^^^^'l'^ ) ^ 8 ^ to find the values of x 
c (a:— y)*(a?+y)=32 J and y. 

g 

Divide the first equation by (ar+y) and x — y — 1 = (A). 

a:+y 

32 
Divide the second by (x+y) and {x — y)'= (^), 

Put a?+y='9 and transpose Tntnu^ 1, in equation (w^), and 

3>- y— -+l. By squaring, (a>-y)*«:-^+y+l- 

32 

Equation (B) gives (a? — ^.y)*= — 

8 

_, . 64, 16, , 32 
Therefore, — \- hl= — • 

Clearing of fractions, and transposing 329, we have 

64— 16«+«*=0 

By evolution, 8 — «=0 or «=8. That is, af+ys=8, which 
value, put in equation (w9;, gives x — y^2. 

Whence, a:=5 and y=3. 

MISCELLANEOUS EXAMPLES. 

!• Given ar=2y* and i{x — y)=5, to find the values of x 
and y. ^ns. a?=18 or 12i. 

y= 8 or — 2j. 

a. Given 2a:4-y=22, and ay4-2y*=120, to find the valuea 
of X and y. ^ns, ap=8, ys=6. 

3* Given x+y : x — y : : 13 : 5, and a:-|-y's25, to fiod 
the values of x and y. ^ns, a?=9, and y=si 

- p. Ca:'+y'=18icy ^ to find the values of x and y. 
C^+y =12 S ^ns, x=S or 4, ys4or8. 

5. Given a:*+2a?y+y"=120 — ^2a>— 2y, and ay— y*«=8, to 
find the values of x and y. 

C ar=6 or 9, or — dzh^J^ 
•^^- I y=4 or 1, or — ads^fc 
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C 3? +W =66 7 

6. Given S /pyj-ot/^ssfiO S ^ ^^ *^® values of x and y. 

ly=dzSj2 or zfclO. 

i 6x*+2y*=6ay+12> to find the values of x 

7. Gii^n ^ 2ay+3a:*=3y« — 3 J and y. 

w^n*. ar==b2, ys=di3. 

C3aj*+aw = 68? 
§• Given j 4i;aj-3^— i aa C ^ ^^^ ^^ values of x and y. 

^n*. a:==b4, y=:zfc6. 

In the first four examples, one of the equations is simple ; in 
the 5th and 6th, x and y are similarly involved ; and the 6th, 
7th and 8th are homogeneous. 

(Art. 111.) When we have fractional exponents, we can re- 
move them, as explained in (Art. 92.) ; but in some cases it may 
not be important to do so. 

EXAMPLES. 

3 3 11 

!• Given x^+y»'=3a: and a: +y'=iPf to find the values 
of X ilnd v- 

Put x^^P; then a:=/» and af'=i» 



2 



Andy^=$; then y=Q* and y^=sQ* 

Now the primitive equations become 

i^+«^3/», and P+$=/» 
From the 1st, Q«=(3— P)i^ 

From the 2d, Q =(P—l)P 
, By squaring, Qf^P—iyP^ 

Pat the two values of Q^ equal to each other, rejeeting or 
dividing by the common factor jP, and we have 
Q 
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(/>— 1)«=3— /» 

or /»— 2P+1=3— P ' 

or I^—P=2 

Hence, P =2 or 1, and x=4 or 1, and y=8. 

2 a 1 i as 

a. Given a:^+y3+2a:^+2y'=23, and a:^y^=86, to find 

the values of x and y. ^ns. x=27 or 8, y=8 or 27. 



2 3 3 3 



8. Given a?^+y^=8, and a?»+y^+iP^y^=259, to find the 
values of x and y. 

c ar= 125 or 27, 
•^'**- ^ y= 27 or 126. 



a 1 



4. Given x^+y'^+x^+y^=^2e, and a:3y^=8, to find the 
values of x and y. .^n^. 07=89 y=82. 



4^5 33 



X 4cX 33 

5. Given — | — r=-7- and x — V=5, to find the values of x 

y yk ^ ^ 

and y, Ans. a;s=9, y=4. 



6. Given 



!^ j^j - to find the values of x and y. 

y— 2ar^y^= 4 J w^n«. d?=2i, y=16. 



7. Given x(y*+l)+y(a:*+l)+2a?*y*=65, and a:y*+ 
, to find the values of x and V* ^ ( ^=^ 



yj?^=30, to find the values of x and y, a ^ S ^^^^ ^^ ^» 

^ ^ =9 or 4. 

3 3 4 ^ 

8. Given a:3y^=2y* and 8a?^ — y^=l4, to find the values 

of X and y. jj s S ^^^"^^ ^' ^» 

9604 or 4. 






(Art. 112.) No additional principles, to those already given, 
are requisite for the solution of problems containing three or 
more unknown quantities in quadratics. As in simple equations, 
we must have as many independent equations as unknown 
quantities. 

As auxiliary to the solution of certain problems, particnlariyiii 
geometrical progression, we give the following problem : 
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Given x+y=8, and xy=p, to find the values ef x*+y*, 
x'+y^, x*+y*» o^ x'+y"* expressed in terms of s and p. 

Squaring the first, af«+2a!y-f y»=»" 
Subtract twice the secend, 2a?y =2p 

1st result, X^+y^ =«*— 2p {A) 

Again, 

Subtract ^(a?+y) = />« 

2d result, a:»+y»=«»— 3p« (-») 

Square (.^), and a?*+2a!y+y*=»* — i^^+^p* 
Subtract 23^* = 2jt>* 

3d result, a:^+y=**— 4«^+2p» (C) 

Multiply (^) by {B) and 

Subtract ^"^{^"^y) = *P* 

4th result, a*+y» =«*— 68'j»+5«p* (D) 

CHAPTER UI. 
Questions producing Quadratic Equations, 

(Art. 113.) The method of proceeding to reduce the question 
into equations, is the same as in simple equations ; and, in fact, 
many problems which result in a quadratic may be brought out 
by simple equations, by foresight and skill in notation. Others 
again are so essentially quadratic, that no expedient can change 
their form. 

EXAMPLES. 

!• A person bought a number of sheep for $240. If there 
had been 8 more, they would have cost him 81 a-piece less. 
Wbat was the cost of a sheep, and how many did he purchase ? 

Iiet a;= the number of sheep *, then — =cost of one. 
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240 

If he had x+S sheep, -_-=coBt of one. 

-, ^ . 240 240 , , 

By the question, -—-=—[-5+^ 

X X~\~o 

« Clearing of fractions, 2402:-f 1920=:2402:+a:*+B^ 

Or a;*+8jr=1920 

Resolving gives :r-s40 or -—48 ; but a minus number will not 

apply to sheep ; the other value only will apply to the problem 

as enunciated. 

This question can be brought into a simple equation thus : Let 

X— 4= the number of sheep, then 8 more would be expressed 

by x+4, and the equation would be 

240 240 , , ^ , ^^^^ 

■1-1. Put 0=240. 



x+4 
a 



Then --^=-^+1 
X— 4 a?+4 

Clearing of fractions, aa?+4«=ar^-4a+a:*— 16. 

Transposing, a:«=8a+ 16=8(a+2)=16 X 121 
Extracting square root, a:=34X 11=44. Hence, a>— 4=b40, the 
number of sheep. Divide 240 by 40, and we have $6 for the 
price of one sheep. 

(Art. 114.) In resolving problems, if the second member is 
negative after completing the square, it indicates some impossi- 
bility in the conditions from which the equation is derived, or an 
error in forming the equation, and in such cases the values of the 
unknown quantity are both imaginary, 

9* For example, let it be required to divide 20 into two sucb 
parts that their product shall be 140. 

Let a^= one part, then 20— a!r= the other 

By conditions, 20a: — a:!*=140 

Or, aj«— 20a:=>-140 

Completing the square, ag*— 20a?-4-100 = 3 iO 

By evolution, x — 10==b2^ — 10 

Or, x=10 ±StJ—ib 
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This result shows sn impossibility ; there are no such parts 
of 80 as here expressed. It is impossible to divide 20 into two 
such parts that their product shall be over 100, the product of 
10 by 10, and so on with any other number. The product of 
two parts is the greatest possible, when the parts are equal. 

S* Find two numbers, such that the sum of their squares being 
subtracted from three times their product, 1 1 will remain ; and 
the difference of their squaies being subtracted from twice their 
product, the remainder will be 14. 

Let X'^ the greater number, and y=the less. 

By the conditions, Sxy — ar*— y*=ll 

And 2xy^^-\-^y^s=l4 

These are homogeneous equations ; therefore, put x=zvy ; 

Then dvy*—vY—y^=U {^) 

And 2f;y*— vy +y«= 1 4 (B) 

Conceive {^) divided by {B) and the fraction reduced, we have 

8y-H;«— 1 _11 
2w— t;*+l"~T4 
Clearing of fractions and reducing, we find 

3t?*— 20t;= — ^26, 

5 
A'Solution gives one value of v, - 

Put this value in equation (•^), and we have 

26v« 

Multiply by 9, and 45y*— 25y"— 9^=11 X9, 

Or, lly*=llX9, 

y^=z 9 or y=3. Hence, a: =5. 

4, A company dining at a house of entertainment, had to pay 
$S.50 ; but before the bill was presented two of them went away ; 
in consequence of which, those who remained had to pay each 
20 cents mors than if all had been present. How many persons 
dined? ' w9n«. 7. 

q2 
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5. There is a certain number, which being subtracted firom 
22, and the remainder multiplied by the number, the product will 
be 117. What is the number? w^nt. 13 or 0. 

6« In a certain number of hours a man traveled 36 miles, bot 
if he had traveled one mile more per hour, he would have taken 
3 hours less than he did to perform his journey. How many 
miles did he travel per hour? An». 3 miles. 

Y* A person dies, leaving children and a fortune of $46,800, 
which, by the will, is to be divided equally among them ; but it 
happens that immediately after the death of the father, two of the 
children also die ; and if, in consequence of this, each remaining 
child receive $1950 more than he or she was entitled to by the 
will, how many children were there ? Ana. 8 children. 

8« A gentleman bought a number of pieces of cloth for 675 
dollars, which he sold again at 48 dollars by the piece, and gain- 
ed by the bargain as much as one piece cost him. What was 
the number of pieces ? Ana. 15. 

This problem produces one of the equations in (Art. 107.) 

9« A merchant sends for a piece of goods and pays a certain 
sum for it, besides 4 per cent, for carriage ; he sells it for $d90i 
and thus gains as much per cent, on the cost and carriage as the 
12th part of the purchase money amounted to. For how much 
did he buy it? Ana. $300. 

10. Divide the number 60 into two such parts that their pro- 
duce shall be 704. Ana. 44 and 16. 

II* A merchant sold a piece of cloth for $39, and gained 
as much per cent, as it cost him. What did he pay for it? 

Ana. $30. 

12* A and B distributed 1200 dollars each, among a certun 
number of persons. A relieved 40 persons more than J9, and 
B gave to each individual 5 dollars more than A. How many 
were relieved by A and B 9 Ana. 120 by A^ and 80 by JB. 

This problem can be brought into a pure equation, in like maa- 
ner as (Problem 1.) 
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18« A vintner sold 7 dozen of sherry and 12 dozen of claret 
for jS60, and finds that he has sold 3 dozen more of sherry for 
j610 than he has of claret for £6. Required the price of eachf 

^ns. Sherry, £2 per dozen; claret, £Z, 

14. Ji set out from C towards 2), and traveled 7 miles a / ' 
day. A(\er he had gone 32 miles, B set out from JD towards 
Cj and went every day y*^ of the whole journey ; and after 
he had traveled as many days as he went miles in a day, he met 
•^. Required the distance from CtoD. 

An». 76 or 152 miles ; both numbers will answer the con- 
dition. 

1ft* A farmer received $24 for a certain quantity of wheat, 
and an equal sum at a price 25 cents less by the bushel for a 
quantity of barley, which exceeded the quantity of wheat by ] 6 
bushels. How many bushels were there of each ? 

Ana, 32 bushels of wheat, and 48 of barley. 

16. A and B hired a pasture, into which A put 4 horses, and ^ 
B as many as cost him 18 shillings a week ; aAerwards B put ' ' 
in two additional horses, and found that he must pay 20 shillings . ,. 
a week. At what rate was the pasture hired? 

Ans, B had six horses in the pasture at first, and the price 
of the whole pasture was 30 shillings per week. 

lY* A mercer bought a piece of silk for JS16 45., and the num- 
ber of shillings he paid per yard, was to the number of yards as 
4 to 0. How many yards did he buy, and what was the price 
per yard. Ana. 27 yards, at 12 shDlings per yard. 

18* If a certain number be divided by the product of its 
two digits, the quotient will be 2, and if 27 be added to the num« 
ber* the digits will be inverted. What is the number? 

Ana. 36. 

19* It is required to find three numbers, whose sum is 33, 
saeh that the difiTerence of the first and second shall exceed the 
lifference of the second and third by 6, and the sum of whose 
iquares is 441. Ana. 4, 18, and 16. 
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90. Find those two numeral quantities whose sum, product, 
and sum of their squares, are all equal to each other. 

Ans. No such numeral quantities exist. In a strict algebraie 
sense, the quantities are 

|db} V— 3, and \±\J^. 

91* What two numbers are those whose product is 24, and 
whose sum added to the sum of their squares is 62? 

Ana. 4aiid0. 

99* It is required to find two numbers, such that if their pro- 
duct be added to their sum it shall make 47, and if their sum be 
taken from the sum of their squares, the remainder shall be 02? 

AfiM. 7 and 5. 

9S. The sum of two numbers is 27, and the snm of thdr 
cubes 6103. What are their numbers? Ana. 12 and 15. 

94. The sum of two numbers is 9, and the sum of their fourth 
powers 2417. What are the numbers? Ana. 7 and 8. 

95. The product of two numbers multiplied by the sum of 
their squares, is 1248, and the difference of their squares is 2^. 
What are the numbers? Ana. 6 and 4. 

Let a:4-y=the greater, and a>— ys=the less. 

96. Two men are employed to do a piece of work, which 
they can finish in 12 days. In how many days could each do 
the work alone, provided it would take one 10 days longer than 
the other? Ana. 20 and 80 days. 

9Y. The joint stock of two partners, A and B^ was $1000. 
•^s money was in trade months, and ^'s 8 months ; when 
tfiey shared stock and gain, A received $1,140 and B $040. 
What was each man's stock? 

Ana. A*B stock was $600; B*% $400. 

9§* A speculator from market, going out to buy cattle, met 
with four droves. In the second were 4 more than 4 times the 
square root of one half the number in the first. The third eon- 
tained three times as many as the &xaX and second. The fourth 
was one half the number in the third and 10 more, and the whole 
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namber in the four droves was 1121. How many were in each 
droTe? ^ns. Ist, 162 ; 2d, 40 ; 3d, 606 ; 4th, 313. 



K Divide the number 20 into two such parts, that the pro- 
duct of their squares shall be 9216. Jtns, 12 and 8. 

S^* Divide the number a into two such parts that the product 
of their squares shall be 6. 

^ns. Greater part |+-^a*— 4^^^ 

Less part - — o(^'~^V^V 

SI* Find two numbers, such that their product shall be equal 
to the difference of their squares, and the sum of their squares 
shall be equal to the difference of their cubes. 

^ns. =hiV5"and i(hztj^. 



SECTION V. 

ARITHMETICAL PROGRESSION. 

CHAPTER I. 

A series of .numbers or quantities, increasing or decreasing by 
the same difference, from term to term, is called arithmetical pro- 
gression. 

Thus, 2, 4, 6, 8, 10, 12, &c., is an increasing or ascending 
arithmetical series, having a common difference of 2 ; and 20, 
17» 14, 11, 8, &c., is a decreasing series, having a common dif- 
ference of 8. 

(Art. 115.) We can more readily investigate the properties of 
an sri&metical series from literal than from numeral terms. Thus 
]tk ajepreneni the first term of a series, and d the common dif- 
Arraee. Then 
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a,(a+(/),(a+2d),(a+3rf),(a+4(i), &c., represent an ascend- 
ing series ; and 

a, (a — i),(a — 2(f), (a — 3d)j{a — id), &«., represent a descend- 
ing series* 

Observe that the coefficient of d, in any term is equal to the 
preceding number of terms. 

The first term exists without the common difierence. All 
other terms consist of the first term and the common difference 
multiplied by one less than the number of terms from the fint 

Wherever the series is supposed to terminate, is the last term, 
and if such term be designated by Z, and the number of terms 
by n, the last term must be a+(n — l)df or a — (n — l)rf, accord- 
ing as the series may be ascending or descending, which we draw 
from inspection. 

Hence, L=a±{n^l)d {Jt) 

(Art. 116.) It is manifest that the sum of the terms will be the 
same, in whatever order they are written. 

Take, for instance, the series 3, 5, 7, 0, 11, 

And the same inverted, 11, 9, 7, 5, 3. 

The sums of the terms will be 14, 14, 14, 14, 14. 

Take the series a, a-^- d, a+2rf, a+3(f, ii+4(f, 

Inverted, a-^id, a+3(f, a+2cf, a+ rf, a 

Sums will be 2a+4df, 2a+4d, 2a+4</, 2a+4d, 2a+4d. 

Here we discover the important property, that, in an arithmeti- 
cal progression, the sum of the extremes is equal to the 9um af 
any other two terms equally distant from the extremes. Aho^ 
that twice the sum of any series is equal to the extremes, or 
first and last term repeated as many times as the series eantaku 
terms. 

Hence, if 4$^ represents the sum of a series, and n the num- 
ber of terms, a the first term, and L the last term, we shall 
have 2S=:n{a+L) 

Or S=.p+L) {B) 

The two equations (A) and {£) contain five quantities, a, d. 
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Xf fly and Sf any three of them being given, the other two can 
be determined* 

Two independent equations are sufficient to determine two un- 
known quantitiei, (Art. 45,) and it is immaterial which two are 
unknown if the other three are given. 

By examining the two equations 

L=a+{n—l)d (^) 

We perceive that the value of any letter, Z for example, can be 
drawn from equation (B) as well as from (A). 

It can also be drawn from either of the equations afler n or a 
is eliminated from them. Hence, the value of L may take four 
different forms. The same may be said of the other letters, 
and there being five quantities or letters and four different 
forms to each, the subject of arithmetical progression may in- 
dude twenty different equations. But we prefer to make no 
display with these equations, believing they would add dark- 
ness rather than light, as they are all essentially included in the 
two equations, (A) and (6), and these can be remembered literal- 
ly and philosophically, and the entire subject more surely under- 
stood. 

These two equations are sufficient for problems relating to 
arithmetical series, and we may use them without modification 
by putting in the given values just as they stand, and afterwards 
Tedacing them as numeral equations. 

EXAMPLES. 

!• The sum of an arithmetical series is 1455, the first term 
5, and the number of terms 30. What is the common difference? 

^ns. 3. 

Here S=zl4559 a=:5, 91=30. L and d are sought. 
Equation (^) 1455=(5+Z)15. Reduced Z=92 
Equation (^) 92=6+29d. Reduced d=B, Am. 
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9* The sum of an arithmetical series is 5679 the first term ?» 
and the common (UfTerence 2. What is the number of terms! 

Jhu. fti. 

Here «s=667, a=7, d=2. L and n are sougfat 

Equation [A) Z=7+2n — ^2=6+2n 

Equation (B) 667==(7+6+2yi)^==6n+n* 

Or n*+6n+9=676 

n+3=24, or i\p=^\^AnM. 

%• Find 9tntn arithmetical means between 1 and 40. 
Observe that the series must consist of terms. 
Hence, a=l, Z=49, n=9. 

Ann. 7, 13, 19, 25, 81, 87, 43. 

4. The first term of an arithmetical series is 1, the sum of the 
terms 280, the number of terms 32. What is the eommoo dit 
ference, and the last term? AnM* d^l, Z=Ki6i. 

5. Insert three arithmetical means between \ and |* 

Ann. The means are ^ -/y, ^. 

6. Find nine arithmetical means between 9 and 109. 

Am. ifeslO. 

Y« What debt can be discharged in a year by paying 1 eent 
he first day, 3 cents the second, 5 cents the third, and so ODf in* 
ceasing the payment each day by 2 cents? 

Ann. 1382 dollars 36 cents. 

8* A footman travels the first day 20 miles, 23 the seoondf i6 
he third, and so on, increasing the distance each day 8 milei* 
dow many days must he travel at this rate to go 488 miles? 

Aim. is. 

9. What is the sum of n terms of tfie progression of !» 2* 8i 

10* The sum of the terms of an arithmetical series is 950, 
the common difiierenee is 3, and the number of terms S5. Whst 
is the first term ? AnM. S. 
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11* A maA bought a certain number of acres of land, paying 
for the first, ti ; for the second, $f ; and so on. When he came 
to settle he had to pay $3775. How many acres did he pur- 
chase, and what did it average per acre ? 
' ^ns, 150 acres at $25 J^ per acre. 

Problems in ArithmeHcdl Progression to which the preceding 
formulctSj (A) and (B), do not immediately apply, 

(Art. 117.) When three quantities are in arithmetical progres- 
sion, it is evident that the middle one must be the exact mean 
of the three, otherwise it would not be arithmetical progression ; 
therefore the sum of the extremes must be double of the mean. 

Take, for example, any three consecutive terms of a series, as 

a+2d, a+3rf, a+4d; 

and we perceive by inspection that the sum of the extremes is 
doable the mean. 

When there are four terms, the sum of the extremes is equal 
to the sum of the means, by (Art. 116.) 

To facilitate the solution of problems, when three terms are 
in question, let them be represented by (a? — y), a:, (a?+y)> y being 
the common difference. 

When four numbers are in question, let them be represented 
by {x — 3y), {x — y), (a?+y), (a?+3y); 2y being the common dif- 
ference. 

So in general for any other number, assume such terms that 
the common difference will disappear by addition. 

!• There are five numbers in arithmetical progression, the 
sam of these numbers is 65, and the sum of their squares is 
1005. What are the numbers ? 

Let 2*= the middle term, and y the common difference. Then 
X — ^2y, X — y, a?, a:+y> ar+2y, will represent the numbers, 
and their sum will be 5a;=65, or x=lB. Also, the sum of 
their squares will be 

5a:*+10y*=1005 or a:*+2y*=201. 
But a:»=169; therefore, 2y«=32, y*=16 or y=4. 

Hence, the numbers are 13 — 8=5, 9, 13, 17 and 21. 
R 13 
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%• There are three numbers in arithmetical progression, their 
sum is 18, and the sum of their squares 158. What are those 
numbers? ^ns. 1, 6 and 11. 

3* It is required to find four numbers in arithmetical progresi 
siou, the common difference of which shall be 4, and their con- 
tinued product 176985. ^ns. 15, 19, 23 and 27. 

4. There are four numbers in arithmetical progression, the 
sum of the extremes is 8, and the product of the means 15. 
What are the numbers? w^mr. 1, 3, 5, 7. 

5* A person travels from a certain place, goes 1 mile the fint 
day, 2 the second, 3 the third, and so on ; and in six days after, 
another sets out from the same place to overtake him, and trayeb 
uniformly 15 miles a day. How many days must elapse after 
the second starts before they come together? 

Jtm. 3 days and 14 dayi. 
Reconcile these two answers. 

6* A man borrowed $60 ; what sum shall he pay daily to aj^- 
eel the debt, principal and interest, in 60 ^ys ; interest at 10 per 
cent, for 12 months, of 30 days each? 

^ns» $1 and f of a cent. 

V. There are four numbers in arithtnetical progression, the 
sum of the squares of the extremes is 50, the sum of the squares 
of means is 34 ; what are the numbers? ^ns. 1, 3, 5,7. 

8. The sum of four numbers in surithmetisial progression u) 
24, their continued product is 945. What are the numbers? 

Jtns. 3, 5, 7, 9. 

9* A certain number consists of three digits, which are in 
arithmetical progression, and the number divided by the sum of 
its digits is equal to 26 ; but if 198 be added to the number ite 
digits will be inverted. What is the number ? Am, 234. 
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CHAPTER XL 

GEOMETRICAL PROGRESSION. 

(Art. 118.) When numbers or quantities differ from each 
other hj a constant multiplier in regular succession, they consti- 
tute a geometrical series, and if the multiplier be greater than 
anity, the series is ascending ; if it be less than unity, the series 
is descending. 

Thus, 2 : 6 : 18 : 64 ! 162 : 486, is an ascending series, the 
multiplier, called the ratio, being three ; and 81 : 27 : 9 : 3 : 1 : 
^ : if &c., is a descending series, the multiplier or ratio being |. 

Hence, a: ar : ar^ : ar^ : at^ : ar^ i ar^ : &c., may represent 
any geometrical series, and if r be greater than 1, the series is 
ascending, if less than 1, it is descending. 

(Art. 119.) Observe that the Jirst power off stands in the 
2d term, the 2d power in the 3d term, the third power in the 
4th term, and thus universally the poyjer of the ratio in any 
term is one less than the number of the term. 

TTie first term is a factor in every terrn. Hence the 10th 
term of this general series is ai^. The 17th term would be ar^^. 
The nth term would be ar"""'. 

Therefore, if n represent the number of terms in any series, 
and L the last term, then L=af*^^ (1) 

(Art. 120.) If we represent the sum of any geometrical series 
by 9, we have 

Multiply this equation by r, and we have 

rs=:ar'\-a'i^-\'ai^-^ &c. af^^+ar"*. 
Subtract the upper from the lower, and observe that 
Lr=^ar^\ then (r — l)«=Zr — a. 

Therefore, «= -• (2) 

r — 1 ^ ' 

Ail these two equations are fundamental, and cover the whole 
subject of geometrical progression, let them be brought together 
for critical inspection. 
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Z=«r-' (1), S=^ (2). 

These two equations furnish the rules given for the operations 
in common arithmetic. 

Here we perceive five quantities, a, r, n, Z and Sf and any 
three of them being given in any problem, the other two can be 
determined from the equations. 

To these equations we may apply the same remarks as wen 
made to the two equations in arithmetical progression (Art 116.) 

Equation (2), put in words, gives the following rule for the 
sum of a geometrical series ; 

Rule. Multiply the last term by the ration and from thi 
product subtract the first termj and divide the remainder by the 
ratio less one, 

EXAMPLES FOR THE APPLICATION OF EQUATIONS 

(1) AND (2). 

!• Required the sum of 9 terms of the series, 1, 2, 4, 8, 16, 
&c. ^ns. 511. 

2. Required the 8th term of tlie progression, 2» 6, 18, H 
&c. ^ns. 4374. 

8* What is the sum of ten terms of the series 1, |, I, Act 

An,. VttW. 

4* Required two geometrical means between 24 and 192. 

N. B. When the two means are found, the series will consist 
of four terms ; the first term 24 and the last term 192« 

By equation (1) L=af"-^. 

Here a =24, Z=192, n=4, and the equation becomes 

192=24^^ or r=2. 

Hence, 48 and 96 are the means required. 

(I* Required 7 geometrical means between 3 and 768. 

Arts. 6, 12, 24, 48, 96, 193. 

6. The first term of a geometrical series is 5, the last term 
1215, and the number of terms 5. What is tlie ratio t An$, 8. 
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7. A man purchased a house, giving $1 for the first door, $2 
for the second, $4 for the third, and so on, there being 10 doors. 
What did the house cost him 1 ^ns. $1023. 

(Art. 121.) By Equation (2), and the Rule subsequently given, 
■ we perceive that the sum of a series depends on the first and last 
terms and the ratio, and not on the number of terms ; and 
whether the terms be many or few, there is no variation in the 
rule. Hence, we may require the sum of any descending series, 
as 1, i» 7» i» &c., to infinity, provided we determine the last 
term. Now we perceive the magnitude of the terms decrease 
as the series advances ; the hundredth term would be extremely 
small, the thousandth term very much less, and the infinite term 
^othing^ not too small to be noted, as some tell us, but absolutely 
nothing. 

Hence, in any decreasing series, when the number of terms 
is conceived to be infinite, the last term, Z, becomes 

0, and Equation (2) becomes *= -• 

By change of signs 8=- . 

This gives tlie following rule for the sum of a decreasing infi- 
nite series : 

Rule. Divide the first term by the difference between unity 
and the ratio. 

EXAMPLES. 

1* Find the value of 1, |, y'^. Sic, to infinity. 

a=l, r=:|. Jtns. 4. 

9. Find the exact value of the decimal .3333, ^., to infinity. 

t^ns. 7. 

This may be expressed thus : Tff+T?tr» ^^* Hence, 

S. Find the value of .323232, &c., to infinity. 

«=tVo» «^=t7Voo ; therefore r=yi,. Jins. JJ. 

4. Find the value of .777, &c., to infinity. ^ns. ^. 



N. 
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ft* Find the ralue of f : 1 : | : ^3, &c. to infinity. 

6. Find the value of 6 : | : J, Ac. to infinity. Jirw. 7J. 
Y. Find the value of the series ^, ^^j, &c., to infinity ? Jlns, i, 

8. What is the value of the decimal .71333, Slc^ to infinity! 

9. What is the value of the decimal .212121, A:c, to infinity! 

(Art. 122.) If we observe the gei^^ral series, (Art. 118.) a: or: 
07^ : ar* : ar^, &c., we shall find,' by taking three consecutive 
terms anywhere along in the series, that the product of the ex- 
tremes unll equal the square of the mean. Hence, to find a 
geometrical mean between two numbers, we must multiply them 
together, and take the square root. If we take four consecutive 
terms, the product of the extremes will be equal to the product 
of the means, 

(Art. 123.) This last property belongs equally to geometrical 
proportion, as well as to a geometrical series, and the learner must 
be careful not to confound proportion with a series, 

a: ar : : b : br,i9 a geometrical proportion, not a continued 
series. The ratio is the same in the two couplets, but the maf* 
nitudes a and by to which the ratio is applied, may be very dif- 
ferent. 

We may suppose a : ar two consecutive terms of one series, 
and b : br any two consecutive terms of another series having 
the same ratio as the first series, and being brought together they 
form a geometrical proportion. Hence, the equality of the ror 
tio constitutes proportion. 

To facilitate the solution of some difficult problems in geomet- 
rical progression, it is desirable, if possible, to express several 
terms by two letters only, and have them stand symmetricaUy* 

Three terms may be expressed by x : tjxy : y, or by a?* : ay : 
y\ as the product of the extremes are here evidently equal to the 
square of the mean. 

To express four terms with x and y symmetrically, we at first 
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write P : X I :y: Q* The firatthree being in geometrical progres- 
sion, gives Py=a^oxP^= — . In the same manner, we find Q=-^ 

And taking these values of P and Q we have— : a;:: y:^ to rep- 

y ^ 

resent four numbers symmetrically with two letters. 

Taking three numbers as above, and placing them between P 
and Q, thus, P : a^ :xy: f^i Q, we have five numbers ; and 

by reducing P and Q into functions of x and y, we have—: x^ : 
xy : j^ : ^—9 for ^ve terms symmetrically expressed. 

Six numbers thus, -^ : — : a? : : y : — : '-^ 

y y X ar 

Sometimes we may more advantageously express unknown 
numbers in geometrical proportion by x, xy, x%^^ &c. ; x being 
the first term, and y the ratio. 

HARMONICAL PROPORTION. 

(Art. 124.) When three magnitudes, a, 6, c, have the relation 
of a : c : : o-^ : b — c ; that is, the first is to the third as the dif- 
ference between the first and second is to the difference between 
the second and third, the quantities a, h, c, are said to be in har* 
monical proportion, 

(Art. 125.) Four magnitudes are in harmonical proportion 
when the first is to the fourth as the difierence between the first 
and second is to the difierence between the third and fourth. 
Thus, a, 6, c, dy are in harmonical proportion when a i d : z 
a— ^ : c — (f, or when a : c? : : b — a : d — c. 

An harmonical mean between two numbers is equal to twice 
their product divided by their sum. For a : x : b representing 
three nunibers in harmonical proportion, we have by the definition, 
(Art. 124.) a : 6 : : a — x : x — 6. 

Therefore, ax-ab^ab-^x or x=^,. 

f a+b 
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!• Find the harmonical mean between 6 and 12. ^n». 8. 

2* Find the third harmonical number to 234 and 144. 

^m. 104. 

3* Find the fourth harmonical proportion to the numbers 24 : 
16 : 4. ^ns. 3. 

4« There are four numbers in harmonical proportion, the first 
is 16, the third 3, the fourth 2. The second is lost ; find it. 

dris. 8. 

PROBLEMS IN GEOMETRICAL PROGRESSION, AND 
HARMONICAL PROPORTION. 

1* The sum of three numbers in geometrical progression is 
26, and the sum of their squares 364. What are tlie numbers ? 

Let the numbers be represented by x : Jxy : y. 

Then x+Jxy+y= 26=a (1) 

. And x^+ ay +y =364 =6 (2) 

Transpose, Joey in Equation (I) and square, we have 

a^+2xy+f=c?—^ajxy+xy (3) 

Or a?*+ ay+y*=o2 — 2ajxy (4) 

The left hand members of Equations (2) and (4) are equal; 

hence, 

a* — 2ajxy=0. 

Therefore, 'J^V^'o — "^^ (^) 

This gives the second term of the progression, and now from 
equations (1) and (5) we find x=2, ^=18, and the numbers 
are 2, 6, 18. 

d* The sum of four numbers in geometrical progression is 16, 
(a), and the sum of their squares 85 (6). What are the 
numbers? 

Let the numbers be represented as in (Art. 123.) 



Then ^x.+y +^=a (1) 
y * 

And |+a^+y»+g=6 (2) 
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Assume a:+y=s« 

Then by (Art. 112.) 

And a^'\'y^=8^ — Ssp 
Transposing (ar+y) in Equation (1), and (ac^+y*) in Equation 
(2), we have 

^=0— (3) and ^^+t=.b-^+2p (4) 

Square (3) and transpose 2a!y or 2p and 

^+^=iasy-2p (5) 

The left hand members of equations (4) and (5) are equal, there- 
fore, (a-.,)2— 2p--=6— 52+2p 

Or d^— 208+2^— ip^b (6) 

Clear equation (3) of fractions, and a^'+y'—cp — p8, 

gi 
That is, 8'—Bsp=ap-^p8 or P^"-^:^^ (7) 

Put this value of p in equation (6) and reduce, we have, 

4]^^2as^^ab+2b8 

^ a8^+b8=:^{d^-b) 

Taking the given values of a and b we have, 

15«*+85«=70X15 
Or 3«*+17a=210, an equation which gives »=6. 
Put the values of a and s in equation (7), and jd=8. 

That is, a:+y=6, and a?y=8, from which we find x=2, and 
y:=4 ; therefore, the required numbers are 

1, 2, 4 and 8, ^n8, 

S. The arithmetical mean of two numbers exceeds the geo- 
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metrical mean by 13, and the geometrical mean exceeds the har- 
monical mean by 12. What are the numbers? 

Let X and y represent the numbers. 
Then i(:r4~y)= t^^ arithmetical mean* tjxy=s the geome- 
trical mean, (Art. 112.) and — i^= the harmonical mean. 
^ ' x+y 

Let a=12; 
Then, by the question, i(a:+y)=^jy+a-f 1 (1) 

And Jxy=^^+a (2) 

By our customary substitution, these equations become 

i8=^Jp+a+l (3) 

And V/>=y+« W 

Take the value of s from equation (3) and put it into equation 
f4), dividin^the numerator and the denominator by 2, and we 
have . P I /e\ 

Clearing of fractious, we shall have 

Drop equals, and tjp={a+l)a (6) 

Put this value of tjp in equation (3) and we have 

^»=(a+l)a+(a+l)=(a+l)(a+l) 
Or s=2{a+lY (7) 

For the sake of brevity, put (a-|~l)=6; squaring equation 
(6) and restoring the values of 8 and p in equations (6) and (7), 
and we have 3cy=M* (JI) 

x+y==2b* (B) 

Square (B) and 

a^+2xy+y^=^4b^ 

Subtract 4? ^ ^ ^,^ 

tin.es {^)i '^ ^^'^^ 

And «^2ay+y*=46*(6«— a«)=46«(6+a)(^-a) {€) 
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As asBi2 and 6=sl3, 6-)-a=25, and b — a^l. 
Therefore, {C) becomes (a?— y)'si 46^X25 X 1. 
By eyolation, z — y =26 X 6 
Elquation {B) x+y=W 
By addition 2a?=26*+106 

Or a?= b^+ 56=(6+5)6=sl8X 13=234 

By subtraction, 2y=26'— 106 

y= 6«_ 56=s(6— 5)6= 8X 13=104. 
A more brief solution is the following : 
Let X — y and x+y represent the numbers. 
Then x= the arithmetical mean, ^Ja^ — y*=s the geometri- 
cal mean, (Art 112), and ^ = the harmonical mean. By 
the question, 



»— 13=Va?— y» (1), and " +12=7z*-^ (2) 

The right hand members of equations (1) and (2) being the 

same, therefore, ^ + 12=a: — 13. 

a? 

By reduction, y*=25a:. 
Put this value of y^ in equation (1), and by squaring 

a:»— 26ar+(13)*=a:»— 25ar, or a:=(13)«=169. 
Hence, iy=65, and the numbers are 104 and 234. 

4* Divide the number 210 into three parts, so that the last 
shall exceed the first by 90, and the parts be in geometrical pro- 
gression, ^ns. 30, 60, and 120. 

5* The sum of four numbers in geometrical progression is 
30 ; and the last term divided by the sum of the mean terms is 
U. What are the numbers ? ^ns. 2, 4, 8, and 16. 

6» The sum of the first and third of four numbers in geo- 
metrical progression is 148, and the sum of the second and 
(burth is 888. What are the numbers ? 

Jins. 4, S4, 144, and 864. 
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7* It is required to find three numbers in geometrical progres- 
sion, such that their sum shall be 14, and the sum of their squares 
84. I ^ns. 2, 4, and 8. 

8. There are four numbers in geometrical progression^ the 
second of which is less than the fourth by 24 ; and the sum of 
the extremes is to the sum of the means, as 7 to 3. What are 
the numbers ? ^ns. 1, 3, 9 and 27. 



9. The sum of four numbers in geometrical progression is 
equal to the common ratio 4~I» and the first term is j\. What 

1 3 9 17 

To» To» TT> n* 



are the numbers ? ^ns. At A* tt *- 



10. The sum of three numbers in harmonical proportion is 
26, and the product of the first and third is 72. What are the 
numbers ? ^ns. 12, 8, and 6. 

11* The continued product of three numbers in geometrical 
progression is 216, and the sum of the squares of the extremes 
is 328. What are the numbers ? ^ns. 2, 6, 18. 

19. The sum of three numbers in geometrical progression is 
13, and the sum of the extremes being multiplied by the mean, 
the product is 30. What are the numbers ? 

^m. 1,3, and 9. 

13* There are three numbers in harmonical proportion, the 
sum of the first and third is 18, and the product of the three is 
576. What are the numbers ? ^ti8. 6, 8, 12. 

14* There are three numbers in geometrical progression, the 
difference of whose difference is 6, and their sum 42, What 
are the numbers ? ^ns, 6, 12, 24. 

15. There are three numbers in harmonical proportion, the 
difference of whose difference is 2, and three times the product 
of the first and third is 216. What are the numbers ? 

^ns. 6, 8, and 12. 

10. Divide 120 doUars between four persons, in such a 
way, that their shares may be in arithmetical progression ; and 
if the second and third each receive 12 dollars less, and the 
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fourth 24 dollars more, the shares would then be in geometri- 
cal progression. Required each share. 

Ans, Their shares were 3, 21, 39, and 57, respectively. 

1Y» There are three numbers in geometrical progression, 
whose sum is 31, and the sum of the first and last is 26. What 
are the numbers? Arts, 1, 5, and 25. 

IS. The sum of six numbers in geometrical progression is 
189, and the sum of the second and fifth is 54. What are the 
numbers ? Ans. 3, 6, 12, 24, 48 and 96. 

19* The sum of six numbers in geometrical progression is 
189, and the sum of the two means is 36. What are the num- 
bers ? Ans. 3, 6, 12, 24, 48 and 96. 



CHAPTER IIL 

PROPORTION. 

(Art. 126.) We have given the definition of geometrical pro- 
portion in (Art. 41.) and demonstrated the most essential prop- 
erty, the equality of the products between extremes and means. 
We now propose to extend our investigations a little farther. 

(Theorem 1.) Four magnitudes are said to be in geometrical 
proportion, when the same relation exists between the first and 
second, as exists between the third and fourth. 

H D AC 
Thus, i{A: B ::C: I); then -3=-^ or -5=7^ 

•a C Jo U 

For dividing one by the other is the only way to find the geo- 
metrical relation between two quantities, and the relations must 
be equal by the definition or by the assumption, 

(Theorem 2.) Magnitudes which are proportional, to the 
same proportionals are proportional to each other. 

Suppose a : b i : P : Q ^ Then we are to prove that 

and ci d : : F I Q > a: b : : c : d 

and x: y : : P : Q ) snda; 6 : : x :jf &e. 
S 



4. 



i 

'i 
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b Q 

From the first proportion, -=-5 

d Q 
From the second, — = -^ 

Hence, (Ajc. 7)— = — or a :b :: c : d 

^ ' a c 

In the same manner we prove a : b : : x : y 

And c :d : : X : y 

(Theorem 3.) If four magnitudes constitute a propartUm, 
the first unU be to the sum of the first and second^ as the 
third is to the sum of the third and fourth. 

67 hypothesis, a : b : : c : d ; then we are to prove that 
a : a+b : : c : c+(f. 

By the given proportion,— =~. Add unity to both mrmbers, 

and reducinfir them to the form of a fraction we have = . 

^ a e 

Throwing this equation into its equivalent proportional form, ve 

have, I , , J 

' a : a+b : : c : €-\-d. 

N. 6. In place of adding unity, subtract it, and we shall find 

a : a — b : : c : c — d. 
or a : b — a : : c : d — c. 

(Theorem 4.) If four magnitudes be proportionalf the svm 
of the first and second is to their difference, as the sum of 
the third and fourth is to their difference. 

Admitting that a : 6 : : c : cf, we are to prove that 

a+b : a — b : : c+d : c — d 

From the same hypothesis, (Theorem 3.) gives 

a : a-\-b : : c : c+rf 

And a : a — b : : c : c — d 

Changing the means, (which will not affect the product of the 
extremes and means, and of course will not destroy proportion 
ality,) and we have, 
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a : c : : a+b : c-^rd 

a : c : : a—b : c — d 
Now by (Theorem 2.) «+6 : c+rf : : a — b : c — d 
Changing the means, a+6 : a — b : : c-^d : c— <? 

(Theorem 5.) Jf four magnitudes be proportiondlf an^f 
power or root of the aame^ will be proportional. 

Admitting a : 6 : : c : (f, we are to show that 

11 11 

nn nn 

ri* : 6* : : c" : <r, and a \ b : : c id 

a c 
By the hypothesis, -r-^*^* ^^^^^^S ^^^^ members of this 

equation to the nth power, and 

b^^HF 
Changing this to the proportion a?^ : b^ i: c* : d* 

a c 
Resuming again the equation -t=-^« and taking the nth root 

J. -L 

n n 

a c 
of each member, we have — ^ =— r* Converting this equation 

b~ r 

into its equivalent proportion, we have ' 

_1_ _1_ _!__!_ 

n I n n ,n 

a : b :: c : a . 
Now by the first part of this theorem, we have 



n ' m tn tn 



a* :&** irc^id**, m representing any 
power whatever, and n representing any root. 

(Theorem 6.) Jf four magnitudes be proportional, also 
four others t their compound, or product of term by term, xvill 
form a proportion. 
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Admitting that a : b : : c • d 

And XI y : I m in 

We are to show that, ax : by : : mcind 

a c 
From the first proportion, t= v 

From the second, -= — 

y n 

Multiply these equations, member by member, and 

ax mc 



by nd 
Or ax I by II mc I nd. 

The same would be true in any number of proportions. 

(Theorem 7.) Taking the same hypothesis as in (Theorem 
6.) we propose to show, that a proportion may be formed by di- 
viding one proportion by the other, term by term. 

By hypothesis, a : b : : c id 

And X : y I : m I n 

Multiply extremes and means, ad=^bc (1) 

And nx=my {2) 

Divide (1) by (2), and -X -=- X - 
^ ' "^ ^ ' X n m y 

Convert these four terms, which make two equal products, into 
a proportion, and we shall have 

a b c d 

— • — • • -^ • i__ 

X ' y " m ' n 

By comparing this with the given proportions, we find it com- 
posed of the quotients of the several terms of the first propor- 
tion divided by the corresponding term of the second. 

(Theorem 8.) If four magnitudes be proportional, we may 
multiply the first couplet or the second couplet, the antecedents 
or the consequents, or divide them by the same factor, and thf 
results will be proportional in every case. 
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Suppose a :b :: e : d 

Multiply ex. and means, and • • • • ad^^bc (I) 

Multiply this eq. by m, and • • • • mad-=mbc 

Now, in this last equation, ma may be considered as a single 
term or factor, or md may be so considered. So« in the second 
member, we may take mb as one factor, or mc. Hence we may 
convert this equation into a proportion in four different ways. 

Thus, as ma : mb :: c : d 

or as a : b :: mc : md 

or as ma : b : : mc : d 

or as a : mb :: c : md 

K we resume the original equation (1), and divide it by any 
nmnber, m, in place of multiplying it, we can have, by the same 
course of reasoning, 

a b 



c : d 
m m 



m m 



- c d 

a : :: — : — 

m m 



— : b : : — : d 

m m 



b d 

a : — :: c : -— 

m m 



The following examples are intended to illustrate the practi" 
cal utility of the foregoing theorems : 



EXAMPLES. 



1* Find two numbers, the greater of which shall be to the 
less, as their sum to 42 ; and as their difference is to 6. 

Let a?=the greater, y=the less. 
s2 14 
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_, { X :y : : x-^-y : 42 

Then, per question, < _ a 

a?+y : 42 : : x — y 



(Theorem 2.) 

Changing the means x-^-y 

(Theorem 4.) 20? 

(Art. 42.) X 

(Theorem 2.) 4 

And 4 



X — y : : 42 

2y ::48 

y : : 4 

3 : : X — y 

3 : : x-^-y 



(1) 
(2) 
6 

6 
36 

3 

6 
42 



From these last proportions, x — y= 8 

And a?+y=56. Hence, x=32, ys24. 

9* Divide the number 14 into two such parts, that the 
quotient of the greater divided by the less shall be to the quo- 
tient of the less divided by the greater, as 16 to 9. 

Let x= the greater part, and 14— a7=the less. 

X 14 — X 



By the conditions. 



14 — X ' X 



: : 16 : 9 



Multiplying terms. 
Extracting root. 
Adding terms. 
Dividing terms, 



a^ : (14— ar)* : : 16 : 9 

X : (14— ar) : : 4:3 (Theor. 6.) 

X : 14 : : 4 : 7 

X : 2 : : 4 : 1 

Therefore, a? =8. 

3« There are three numbers in geometrical progression whose 

sum is 52, and the sum of the extremes is to the mean as 10 to 

3. What are the numbers ? ^ns. 4, 12, and 

Let x, xy, xy^ represent the numbers. 

Then, by the conditions, ar+ary-|-a?y*=52 

And Qcy^-\-x : xy : : 10 : 3 

y^+l : y : : 10 : 3 

y^+i : 2y : : 10 : 6 

y'+2y+i:y^2y+l::l6:4 

y+1 : y — 1 : : 4 : 2 

y : 1 : : 3 : 1 Hence, y=3. 

52 52 52 ^ 



(1) 



(Art. 42.) 
Double 2d and 4th, 
Adding and sub. terms. 
Extracting square root, 
Adding and sub. terms, 



Prom equation (1), x= j:j:^^= j^^-j-- =- 
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4. The product of two numbers is 35, the difference of their 
cubes, is to the cube of tlieir difference as 109 to 4. What are 
the numbers ? ^na, 7 and 5. 

Let X and y represent the numbers. 
Then, by the conditions, xy=35, and x^ — y^ : {x — yf : : 109:4 
Divide by (a?— y) (Art. 42.) and a?*+ay+y« : (a?— ^)* : : 109:4 
Expanding, and ^+ay+^ : s^ — 2icy+y* > > 109:4 

(Theorem 3.) Sxy : (ar— y)* : : 105:4 

But Bxy, we know from the first equation, is equal to 105. 
Therefore, (a? — yy=4, or x — y=2. 

We can obtain a very good solution of this problem by putting 
x-i-y^s the greater, and x — y= the less of the two numbers. 

5« What two numbers are those, whose difference is to their 
sum as 2 to 9, and whose sum is to their product as 18 to 77? 

^ns^ 1 1 and 7. 

6« Two numbers have such a r-elation to each other, that if 4 
be added to each, they will be in proportion as 3 to 4 ; and if 4 
be subtracted from each, they will be to each other as 1 to 4. 
What are the numbers ? ^ns. 5 and 8. 

7. Divide the number 16 into two such parts that their pro- 
duct shall be to the sum of their squares as 15 to 34. 

Jlns. 10, and 6. 

S« In a mixture of rum and brandy, the difference between 
the quantities of each, is to the quantity of brandy, as 100 is to 
the number of gallons of rum ; and the same difference is to the 
quantity of rum, as 4 to the number of gallons of brandy. 
How many gallons are there of each ? 

Ans, 25 of rum, and 5 of brandy 

0« There are two numbers whose product is 320 ; and the 
difference of their cubes, is to the cube of their difference, as 61 
to 1. What are the numbers? ^ns. 20 and 16. 

lO. Divide 60 into two such parts, that their product shall be 
to the sum of their squares as 2 to 5. •^na. 40 and 20. 
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11* There are two numbers which are to each other as 3 to 
2. If 6 be added to the gfreater and subtracted from the lesSf 
the sum and the remainder will be to each other, as 3 to 1. 
What are the numbers ? ^ns. 24 and 16. 

13« There are two numbers, which are to each other, as 16 
to 9, and 24 is a mean proportional between them. What are 
the numbers ? ^ns. 32 and 18. 

13. The sum of two numbers is to their difference as 4 to It 
and the sum of their squares is to the greater as 102 to 5. 
What are the numbers ? ^ns. 15 and 9. 

14. If the number 20 be divided into two parts, which are to 
each other in the duplicate ratio of 3 to 1, what number is a 
mean proportional between those parts ? 

•^ns. 18 and 2 are the parts, and 6 is the mean proportion 
between them. 

1^. There are two numbers in proportion of 3 to 2 ; and if 
6 be added to the greater, and subtracted from the less, the results 
will be as 3 to 1. What are the numbers ? Jins. 24 and 16. 

10. There are three numbers in geometrical progression, tbe 
product of the first and second, is to the product of the second 
and third, as the first is to twice the second ; and the sum of 
the first and third is 300. What are the numbers ? 

JJns. 60, 1 20, and 240. 

IT. The sum of the cubes of two numbers, is to the diffc^ 
ence of their cubes, as 559 to 127 ; and the square of the first, 
multiplied by the second, is equal to 294. What are the nnffl- 
bers ? Ans. 7 and 6. 

19. There are two numbers, the cube of the first is to the 
square of the second, as 3 to 1 ; and the cube of the second is 
to the square of the first as 96 to 1. What are the numbers? 

^ns. 12 and 24. 
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SECTION VI. 

CHAPTER I. 

INVESTIGATION AND GENERAL APPLICATION OF 

THE BINOMIAL THEOREM. 

(Art. 127.) It may seem natural to continue right on to the 
higher order of equations, but in the resolution of some cases in 
cubics, we require the aid of the binomial theorem ; it is there- 
fore requisite to investigate that subject now. 

The just celebrity of this theorem, and its great utility in the 

higher branches of analysis, induce the author to give a general 

demonstr^on : and the pupil cannot be urged too strongly to 

^ve it special attention. 

••I 
la (Art. 67.) we have expanded a binomial to several powers 

by actual multiplication, and in that case, derived a law for form- 
ing exponents and coefficients when the power was a whole 
positive number ; but the great value and importance of the 
theorem arises from the fact that the general law drawn from that 
case is equally true, when the exponent is fractional or negative, 
and therefore it enables us to extract rootSt as well as to ex- 
pand powers, 

(Art. 128.) Preparatory to our investigation, we must prove 
tlie truth of the following theorem : 

Jf there be two series arising from different modes of ex- 
panding the samct or equal quantities, with a varying quan- 
tity having regular powers in each series; then the coefficients 
of the same powers of the varying quantity in the two series 
are equal. 

For example, suppose 

A+Bx-\-Ca^-\-D3?, &c. =a+Z>x+ca?2+rfar», &c. 
This equation is true by hypothesis, through all values of ar. 
It is true then, when a:=0. Make this supposition, and A=a, 
Now let these equal values be taken away, and the remainder 
divided by x. Then again, suppose a?=0, and we shall find 
'B=b. In the same manner we find C=^c, D=sd, JJ=c, &c. 
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(Art 129.) A binomial in the fonn of a-^-x may be put in 

the form of axf 1-| — ); for we have only to perform 

the multiplication here indicated to obtain a+x. Hence, 

(a+ar)'«=a«^l+^y. 

Now if we can expand (l-\ — j , it will be sufficient to mul- 
tiply every term of the expanded series by a^ for the expansion 
of (a+a?)"*, but as every power or root of 1 is 1, the first tenn 

(X X"* 
1 +— j is 1, and this multiplied by ii* 

must give a"* for the first term of the expansion of (a+fl?)** what- 
ever m may be, positive or negative^ whole or fractional. 

X 

As we may put x in place of -, we perceive that any bino- 
mial may be reduced to the form of (l-H^)! which, for greater 
facility, we shall operate upon. 

(Art. 130.) Let it be required to expand (l+af)"*f when mis 
a positive whole number. By actual multiplication, it can be 
shown, as in (Art. 67.) that the first term will be 1, and the 
second term mx. For if m=2, then 

{i+xy={l+xY=i+2xj <fec. 
If m=3, {i+x)"^ =l+Bx, &c. 
And in general, (l+a:)'"=l+wa?+«^ar*,+-Ba:', &c. 

The exponent of x increasing by unity every term, and A 
Bt Ct <&;c., unknown coefficients, which have some law of de- 
pendence on the exponent m, which is the object of this investi- 
gation to discover. 

(Art. 131.) Now if m is supposed to be a fraction, or if m=-» 

the expansion of (l+J?)*" will be a root in place of a power, and 

I 

we must expand {l-^-xY . i 

For example, let us suppose r=2, then (l+x)*'=(l+a?) p 
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and to examine the form the series would take, let us actually 
undertake to extract the square root of (l+o?) by the common 
rule. 

OPERATION. 

\ \ ^ 

24-ia: X 

2+a? —\7^ 

Thus we perceive that in case of square root, the first term of 
the series must be unity, and the coejfficient of the second term 
is the indtx of the binomial, and the powers of x increase by 
unity from term to term. 

We should find the same laws to govern the /orm of the series, 

if we attempted to extract cube, or any other root ; but, to be 

genercd and scientific, we must return to the literal expression 
1 

Now as any root of 1 is 1, the first term of this root must be 

1, and the second term will have some coefiicient to x. Let 

that coefficient be represented by p ; and as the powers of x will 

increase by unity every term, we shall have 

1 

[\-\-xY=^\+px+^x', &c. 

Take the r power of both members, and we shall have 

l+ar=(l+jox+^a?*, Ac.)*- 

As r is a whole number, we can expand this second mem- 
ber by multiplication ; that is, by (Art. 130.), the second mem- 
ber must take the following form 

l+a:=l+rpa;+w^'aj*, &c. 

Drop 1, and divide by a:, and we have 

By (Art. 128.) \—rp or /)=- ; 



216 ELEMENTS OF ALGEBRA. 

That is, the coefficient represented by p must be equal to tlie 

index of tlie binomiaL 

I 

Therefore {i+xy=^l+\.x+Aa^+Bx^+, <fec. ; the same 
general form as when the exponent was considered a whole 
number. 

(Art. 132.) If we take m=- we have to expand the root of 
a power. The first term must be 1, and the second term wiU 
contain x, with some coefficient, and the coefficients of x will 
rise higher and higher every term. 

n 

That is, (l+ar)^ = l+joa?+y7a:*, Sec. Take the r power of 
both members, and (l+x)"=(l+/}a:, Sce.y. 

Expanding both members, as in (Art. 130), 

l+nar+or*, <fec.=l+rpa:+^a!', <fcc. 
Now, by (Art. 128), n=rp or />=-. 



n 

n 



Therefore, (1 +x) •*= 1 + -x+Ax^+Bj^, &c. ; the first two 

r 

terms following the same law, relative to the exponents, a£ in the 

former cases. Now let us suppose m negative. Then 

(l+a:)« will become (l+a?)-^= . , . (Art. 18.) 

Or by (Art. 130.) jj- , ^ . . 

•^ ^ ^ l+mx+^ar, <fec. 

. By actual division, l+mz+.^a:^, &c.) 1 (1 — ma?+w^'a;', &c. 

— iiia>— i^a^ 
— rnx — mV 

That is, (l+a?)~**=l — mx-^-^'a^, which shows that the same 
general law governs the coefficient of the second temif as in the 
former cases. 

Hence it appears that whether the exponent m of a binomial 
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«17 



be poiiHve or negative^ whole or fractionalj the same general 
form of expression must be preserved. 

That 18, in all cases (I+a:)'*=l+ma:+w^ic'+-^^> &c. 

(Art. 133.) For clearness of conception, let the pupil hear in 
mind that the coefficients of an expanded binomial quantity 
depend not at all on the magnitudes of the quantities themselves, 
but on the exponent. Thus, (a+6) to the 5th, or to any other 
power^ the coefficients will be the same, whether a and h are 
great or small quantities, or whatever be their relation to each 
other. 

(Art. 134.) The equation (l+x)'"=l+wix+^a:*+5aj', <fec., 
is supposed to be true, therefore it must be true, if we square 
both members. But we have only a portion of one member. 
We have, however, as much as we please to assume, and suffi- 
cient to determine the leading terms of its square, which is all 
that we desire. Square both members, and (l+2ar+a:*)'*= 

By expanding the second member, and arranging the terms 
according to the powers of x, we shall have 



mr 



(1 +2a:+a^)"'=l +2ma?+^^ 









x"* 



<&;c. 



(1) 



Now if we assume y^=2x-\-aP, the first member of this equa- 
tion becomes (1+y)"*^ If we expand this binomial into a series* 
it must have the same coefficients as the expansion of (l+a:)"*, 
because the coefficients depend entirely on the exponent m* 
(Art. 133.) 

Therefore, {l+y)'*=l+my+£y^+By^+Ci/\ &c. 

Put the values of y, ^, y\ <fec., in this equation, and arrange 
the terms according to the powers of a?, and w6 have 



in 



(l+2x+ic^'«=l+2mr+^^ 



j;2+ 



4^ 
SB 



^+12^ x\ A^c. (2) 
16C 



The left hand members of equations (1) and (2), are identical, 
T 
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and the coefficients of like powers in the second member must 
be equaL (Art. 128.) 

Therefore, 4Jl+m==m^+2Jf, or ^= — 5 — =sm— 5— 

And 8 B+4A=2mJi+2B 

Therefore B=-^ — l=zm.—- ^-. (3) 

By putting the coefficients of the fourth powers of x equal, 

we have 

UC+l2B+A=^2mB+JS' 

To obtain the value of C from this equation, in the requisite 
form, is somewhat difficult. 

We must make free use of the preceding values of *^ and B^ 
which are alone sufficient ; but, to facilitate the operation, we 
shall make use of the following auxiliary. 

Assume P=m — 2, then F+ls^m — 1, 

and — =m.— — — =.a (a) 

Also, by inspecting equation (3), we perceive that 

ZB=AP, and 2m^=?^^ (6) 

By putting the values of \2B and 2mB in the primitive equa- 
tion, and dividing every term by A, and in the second member 
taking the value of A from equation (a), and we shall have 

Multiply by 6, and substitute the value of 
24-P+ 6=24m — 42, because F==m — 2, and we have 

— 5-+24m— 42 =4mP+3mP+3m, 

Collecting terms, and dividing by 7, gives 
12 c 



A 



-t-3m — 6=mP 
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But 3ni^^=3P, which substitute and transpose, apd 
12C 



A 



.=^P^--3P=P(m^3) 



^ ir, APim — 3) m— 1 m— 2 m— 3 

Or C= ^ -=^m • • 

'12 2 3 4 

These results, showing the values of A, B, and C, in terms 
of the exponent of a binomial, clearly point oiit one invariable 
law of connection and dependence of coefficients and exponents 
one upon another ; thus arriving at the following general expan- 
sion of a binomial quantity through a rigid demonstration, includ- 
mg every case. 

(l+x)'''=l+mx+m—- — a^+m—jr — od^, &c. (1) 

In this equation we may write any quantity, whole or frac- 
tional, in place of x, and the expansion will be the same. Now 

in place of x write -, and we have 

'^ a 

14-.^ =l+^+«.__._+^.__.___,&c. (2) 

Multiply both members of this equation by a*, and we have 
(a4-a?)*=a™+wa"»~'a?+m.— ^— a^^'V, &c. (3) 

Either formula, (1), (2), or (3), may be used ; one may be 
more convenient than another, in particular cases of application. 

When m is a whole positive number the series will terminate ; 
all other cases will result in an infinite series. 

APPLICATION. 

!• Required the square root of (l+x). 

Apply formula (1), making m=s ; then the development 
will be 



2.4 ' 2.4.6 2.4.6.8 



The law of the series, in almost every case, will become appa- 
rent, after expanding three or four terms, provided we keep the 
factors separate. 



S20 ELEMSN'fS OF ALGEBRA. 

The above will be the coefficients for any binomial square 
root (Art. 133.) ; hence the square root of 2 is actually expressed 
in the preceding series, if we make x=^\» 

Then (l+l)^=l+i — ^i' ^^' The square root of 3 is 
expressed by the same series, when we make x=2, &>c. 

2. Required the cube root of {a^h) or its equal, a( \-\ — j. 
Formula (2) gives 

"* V «/ """^ V 3a 3.6a«"^3:6:9S~3.6.9.12a^* ^7 

This expresses the cube root of any binomial quantity, or any 
quantity that we can put into a binomial form, by giving the 
proper values to a and h. For example, required the cube root 

of 10, or its equal, 8+2. Here a=8, 6=2. Then a's=2, 

and -=i. 
a 

Therefore, 2(1+ J^gJ^.+g^, &c.) is the cube root 
of 10, and so for any other number. 

8. Expand —-t into a series, or its equal, {a — h)"^. 

1 ^ Mv 1 

4. Expand (d'+ft*) into a series, or its equal, «( 1+-3) • 

b^ b* b^ 

Ans. a+- r-3+T7r-5» ^• 

2a 8a* \^ 

5. Expand (/(c^+a::*) into a series. 
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0« Expand (lu^-^a^)* into a series. 

^* Expand («+y) 



8« Find the cube root of 



a'+b^' 






CHAPTER II. 

OP INFINITE SERIES. 

(Art 136.) An infinite series is a continued rank, or progres- 
sion of quantities in regular order, in respect both to magnitudes 
and signs, and they usually arise from the division of one quantity 
by another. 

The roots of imperfect powers, as shown by the examples in 
the last article, produce one class of infinite series. Some of 
the examples under (Art. 121.) show the geometrical infinite 
series. 

Examples in common division may produce infinite series foi 
quotients ; or, in other words, we may say the division is con- 
tinuous. Thus, 10 divided by 3, and carried out in decimals, 
gives 3.3333, &c., without end, and the sum of such a series is 
Si. (Art. 121.) 

(Art 137.) Two series may appear very difierent, which arise 
from the same source ; thus 1, divided by 1-1-^9 gives, as we may 
see, by actual division, as follows: 

l+a)l (1 — a+o* — a'+a*, &c. without end. 
1+a 



t2 
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Also, a+l)l ( -+-._ &c. without end. 

\a cr a' or 



■■^ 



_1^ 

a 

These two quotients appear very different, and in respect to 
single terms are so ; but in these divisions there is always a re- 
mainder, and either quotient is incomplete without the remain- 
der for a numerator and the divisor for a denominator, and when 
these are taken into consideration the two quotients will be 
equal. 

We may clearly illustrate this by the following example : — 
Divide 3 by l-}-^) ^^^ quotient is manifestly 1 ; but suppose them 
literal quantities, and the division would appear thus : 

1+2)3 (3— 6+12, &c. 
3+6 

—6 
—6—12 



12 
12+24 

—24 

Again, divide the same, having the 2 stand first. 

2+1)3 (I— |+i,&c. 
3+1 

_3 
2 

2 4 



3 

T 

3J_3 



.3 
8 



Now let us take either quotient, with the real value of its re- 
mainder, and we shall have the same result. 

Thus, 3+12=15; and — 6, and the remainder — ^24 divided 
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by 3, gives -^, which makes — 14 ; hence, the whole quotient 
is !• 

Again, i+|=V. and— J— i=}. 
Hence, y — }=|=1, the proper quotient. 

If we more closely examine the terms of these quotients, we 
shall discover that one is diverging, the other converging, and 
hy the same ratio 2, and in general this is all a series can show, 
the degree of convergency, 

(Art. 138.) We convert quantities into series by extracting 
the roots of imperfect powers, as by the binomial, and by actual 
division, thus : 

!• Convert — ; — into an infinite series. 

a+x 

Thus, a+x)a (l-5+~--5+, &c. 

a (r cr 

a-^rx 



a 



a 

%• Convert into an infinite series. 

a — X 

Ano- l+-+^+^,&c. 

Observe that these two examples are the same, except the 
signs to X : when that sign is plus the signs in the series will be 
alternately plus and minus ; when minus, all will be plus* 

8. What series will arise from ? 

1 — X 

An9. l+2x+2a;*+2a:^, &c. 

Observe that in this case the series commences with 2a7. The 

• 2a? 

unit is a proper quotient, and the series arises alone from 

the remainder afler the quotient 1 is obtained. 
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4. What series will arise from -5-7--^ T 



(I a^ X* s/^ 



ft 

a'\ — 
a 

a^ 

+a? 

a 



A 



X^ X' 



Observe, in this example, the term Xf in the numerator doei 
not find a place in the operation ; it will be always in the re- 
mainder ; therefore, -^TT — r will ffive the same series. 

^« What series will arise from dividing 1 by 1— fl4"fl^»o' 
from - — -p^? Jins. 1+0-^— a*+a«+a'— a'--fl"»A*- 

In this example, observe that the signs are not alternately plus 
and minus, but two terms in succession plus, then two minus ; 
this arises from there being two terms in place of one after the 
minus sign in the divisor. 

6. What series will arise from ? 

1 — r 

Observe that this is the regular geometrical series, as appean 
in (Art. 118.) 

7. What series will arise from ? 

^ns. 1+1+1+1, Ac. 
That is > is 1 repeated an infinite number of times, or infinity, 
a result corresponding to observations under (Art. 60.) 
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h 
S. What series will arise from the fraction r ? 



• Jlns. -+;t+-:x+:x'» «c. 
a a* cr a* 

If a=6, tiiis series will be -, repeated an infinite number of 

a 

times. 

This series can also be expanded by the binomial theorem, 

h -1 

for ^ =A(fl— 6). . This observation is applicable to seve- 
ral other examples. 

(Art. 139.) A fraction of a complex nature, or having com- 

1— a? 
ponnd terms, such as - — — -, , may give rise to an infinite 

series, but there will be no obvious ratio between the terms. 
Some general relation, however, will exist between any one term 
and severed preceding terms, which is called the scale of rela- 
tion, and such a series is called a recurring series. Thus 
the preceding fraction, by actual division, gives l+a?+5ic*+ 
13a^-4'^^^4~^^^^» ^*» ^ recurring series, which, when carried 
to infinity, will be equal to the fraction from which it is derived. 

Expand -jj mto a series 

Jlns. l+Sx+ix'+la^+Ux^+lSa^, &c. 

CHAPTER in. 

SUMMATION OF SERIES. 

(Art. 140.) We have partially treated of this subject in geo- 
metrical progression, in (Art. 121) ; the investigation is now 
more general and comprehensive, and the object in some respects 
different. There we required the actual sum of a given number 
of terms, or the sum of a converging infinite series. Here the 
series may not be in the strictest sense geometrical, and we may 
not require the sum of the series, but what terms or fractional 

quantities will produce a series of a given convergency. ' ' t 

15 
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The object then, is the converse of the last chapter ; and for 
every geometrical series, our rule will be drawn from the sixth 

example in that chapter ; that is, , a being the first term 

of any series, and r'the ratio. We find the ratio by dividing 
any term by its preceding term. 

Hence, to find what fraction may have produced any geomet- 
rical series, we have the following rule: 

Rule. Divide the first term of the series by the algt- 
braic difference between tmity and the ratio. 

EXAMPLES. 

1. What fraction will produce the series 2, 4, 8, 16, &c? 

2 
Here a=s2, and r=2 ; therefore, - — - Am* 

%• What fraction will produce the series 3 — 9-|-27— -81, ^^ 
Here a=3, and r= — 3 ; then — -r=8, 

Hence, — =---—-. Jim. 

1 — r 1+8 

S« What fraction will produce the series j'^^, j\-^^ &g. ? 
Here a=Sj^j and r=TV' therefore, 



l_^i^' 10 10—1 9 3 

4. What fraction will produce the series, 

1 h^j — ^f &c. ? [See example 1, (ArU 134.)] 

X \ a 

Here a=l, and r=— ; then = — ; — , w^n*. 

a ^x a-TX 

5. What fraction will produce the series l+2a:+2a;'+2a:*, 
ke. ? [See example 3, (Art. 138.) and the obBervation in con- 
nection.] 
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Here a=2Xf r^x; then , will give all aAer the first 

1— a? 

term; therefore, l+- =; , ^ns. 

1— cp 1— ap 

•• What iraction will produce the series r+-T r» 

C (T (r c 

d 



dec. ? Ans» 



c+h' 



_ /^ odx ttdsT 

7» What fraction will produce the series t+t; — I — ri— > &c. 

or O* 

Arts. 



'h — ax 
%• What fraction will produce the series 

^^ 26" 26» 26* . . ^ 2a6 

Sr What fraction will produce the series 

1+0— a»— cit*+a«+a''— a®— a^, Ac. ? 

See example 5, (Art. 138.) 

Put l+a=s6; then a'+a*=a'6, and cf-^-d^^^^a^h^ and the 
series becomes 6— <^6+a?6— , &c. 

Heuce, the fraction required is ^^^Jl^^-^-I^. 

10« What fraction will produce the series «+«*+«•, dec. ? 



•^n«. 



1— X 

If a?=l, this expression becomes - — 7~ft» * sjrmbol of in- 
finity. 

11* What fraction will produce the series 1+ j+/^> dtc. ? 



«^n5. 



1—1 6—3 
Hence, the 8um of this series, carried U> infinity, is 2i. 
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In the same manner, we may resolve every question in (Art. 
121.) 

19. What is the sum of the series, or what fraction will pro- 
duce the series 1 — a-\-(i^ — fl*+a? — a'''-{-f;^^^f &c. ? 

13* What is the value of the infinite series 

Io'^(iof "'■(To/' ^^' '^^' '^' 

RECURRING SERIES. 

(Art. 141.) We have explained recurring series in (Art. 139.) 
and it is evident that we cannot find their equivalent fractions 
by the operation which belongs to the geometrical order* as no 
common relation exists between the single terms. The fraction 

-T -^, by actual division, gives the series l+3a?+4a:*+7a;* 

+ lla:*+18«*, &c., without termination ; or, in other words, the 
division would continue to infinity. 

Now, having a few of these terms, it is desirable to find a 
method of deducing the fraction. 

There is no such thing as deducmg the fraction, or in fact no 
fraction could exist corresponding to the given series, unless 
order or a law of dependence exists among the terms ; therefore 
some order must exist, but that order is not apparent. 

Let the given series be represented by 

Jl+B+C+n+E+F, &c. 

Two or three of these terms must be given, and then each suc- 
ceeding term may depend on two or three or more of its pre- 
ceding terms. 

In cases where the terms depend on two preceding terms we 
may have 

C=fnBx-\-ru^oc^ ' 
D=mCx-{-nBx^ /j\ 

E=mDx-\-n Co^ 



(2) 



RECURRING SERQSa 2S9 

In eases where the terms, or law of progression depend on 
three preceding terms we may have 

JS=mI)x+n Cx^+rBx^ 

The reason of the regular powers of x coming in as factors, 
will he perfecdj ohvious, by inspecting any series. 

The values of m, n and r express the unknown relation, or law 
that governs the progression, and are called the scale of relation. 
We shall show how to obtain the values of these quantities in a 
subsequent article, 

(Art 142.) Let us suppose the series of equations (1), to be 
extended indefinitely, or, as we may express it, to infinity, and 
add ihem together, representing the entire sum of ^^B^ 
C+2), &c., to infinity, by S ; then the first member of the 
resulting equation must be (S^^^^^B), and the other member 
is equally obvious, giving 

S^£—B—mx(S^Ji)+nx^S 

Hence, iy=- -r- (a) 

1 — mx — nsr ^ ' 

In the same manner, from equations (2), we may find 
\, A-\'B^C^Ui'\'B)mx—An7^ ,., 

(Art. 143.) The /orm of a series does not depend on the 
value of 0?, and any series is true for all values of x. Equations 
(1) then, will be true, if we make a:=l. 

Making this supposition, and taking the first two equations of 
the series (1), we have 

C=mB+nA ) (c) 

And I)=mC+nB \ 

In these equations, «/?, B, C, D, are known, and m and n un- 
known ; but two unknown quantities can be determined from two 
e<|uations ; hence m and n can be determined. 
U 
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When the scale of relation depends upon three terms, we 
take three of the equations (2), making x=zlt and We detemuBe 
m, n, and r, as in simple equations. 

EXAMPLES. 

1* What fraction will produce the series 

l+Sx+ix'+la^+Usx/^j <fec.? 

To determine the scale of relation, we have .^^l, j6s3, 
C=4, and 2)=7. Then from equations (c), we have 

n+3m=4 
3n+4m=7 

These equations give m=l, and n=l. 
Now to apply the general equation (a), we have .^=1, Bs=Zx, 

Jl+B~-m.^x _ l+Sx'^ x_ l+2a? 
1 — mx — na^ I — x — o^ 1 — x — a^ 

ft* What fractional quantity will produce the series 
l+6a;+12a;*+48ar'-|-120a:*, <fec., to infinity ? 
Here w^=l, B=6x, m=l, n=6. 

Hence, by applying equation (a), we find ^tt ^®' ^* 

1— a?— oar, 

expression required. 

3. What quantity will produce the series 

l^dx+5a^+73i^+9x\ to infinity ? ^ 1+a? 

4* What quantity will produce the infinite series 

l+4x+6a^+nx'+2Sx*+6S3!^, Siclin which m=2, n=— 1. 
r=3. 

[Apply equation (6).] ^ns. \^_%_^ ' 

5* What fraction will produce the series 

l+ar+6a:*+13x3+41a?*+121a^, &c.? 
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^ What fraction will prodace the series 
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Ans. 



l+2a ? 

1 — X'\-X^' 



REYISION OF A SERIES. 

(Art. B.) To revert a series is to express the value of the un- 
known quantity in it, (which appears in the several terms under 
regular powers,) hy. means of another series involving the powers 
of some othelr quantity. 

Thus, let X and y represent two indeterminate quantities, and 
the value of y be expressed by a series involving the regular 
powers of x. That is 

y=r<ix+bx^'{-ca^'\'dxl^ &c. 

* To revert this, is to obtain the simple value of a?, by means 
of another series containing only the known quantities, a, b, c, 
df &c. and the powers of y. 
To accomplish ihiB^assume 

x=Ay+Bf+Cy^, &c.* 

Substitute the assumed value of x for x, a^, a?^ &c., in the pro- 
posed series, and transposing y, we shall have 





[aA 


y^aB 


f- 


haC 


f^aB 


y+, &c. 




—1 


+M* 




-%hAB 


+2bAC 




0= ' 


1 




-c^ 


+6^ 




- 




+3 cA^B 




I +rf^ 





* By examining previous authors, we have found none that explain the 
rationale of such assumptions : hut these are points on which the learner 
requires the greatest profusion of light. We explain thus : the term x must 
have some vdXxiej positive, negative, or zero, and the series Ay-\-Bx/^-\-Cy*, 
&C., can he positive and of any magnitude. It can he negative, and of any 
magnitude, by giving the coefiicients A, B and C, negative values. It can he 
zero hy making ^=0. Therefore it can express the value of x, whatever that 
may be ; and because the powers of y are regular, the substitution of this 
value of X for the several powers of ar, in the primitive series, will convert 
that series into regular powers of y, which was the object to be accomplished. 



2n 
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As every term contains y, we can redace the equation by 
dividing by y ; and afterwards, in consideration that the equation 
must be true for all values of y : making 2^=0, we shall have 



a^—l=^0 



or 



a 



Continuing the same operation and mode of reasoning as in (Art 
128.), and we shall find, in succession, that 



(^) \ 



a 



B=' 



C= 



D=' 



56' — 5aAc+a*rf 



a' 
&c. = &>c. 

Substituthig these values of A, B, C, ^., in the assumed 
equation and we have the value of x in terms of a, 6, c, &c., 
and the powers of y as required, or a complete revision of the 
series. 

EXAMPLES. 

!• Revert the series y=a?+a::'+a:', &c. 

Here a=l 6=1 c=l, &c. 

Assume a:=^y+JBi/'+Cy+&c, 

Result, x=y — y^+y* — y^+y*— A«. 



t/* t/' V* 

d. Revert the series x=:y — %- 4-^ — %■ 



&^. 



Here a=l 6==— s c=i rf= — i &c. 

Assume y=^j?-f--5a^+Car'4"-0a?*+ &c., and find 
the values of .tf, -B, C, &c., from the formulas (F), 

OCT 31? 3^ 

Result, y=ar+-----+ , ^ ^ + , ^ o ^ Ac. 
^ 1.2 1.2.3 1.2.3.4 
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!• Refert the series y^x+ds^+Sx^-^-lsi^'i-dafj iic. 

Result x=y — 3y"+13y^— 6^. 

In case the given series is of the form of a?=ay+6y'+cy'» 
dtc, the powers of y varying hy 2, the equations {F) will not 
apply, and we must assume y=.5a?+J9aj*+Cr*, &c., and sub- 
stitute as before, and we shall find 

1 

a 



{(^) 



Jf: 



J9=:- 



a^ 



C= 



Slj^—ac 



a' 



j._ (12&»+q^rf— 8a6c) 



In common cases, after the coefficients, as far as 2>, are deter- 
mined, the law of continuation will become apparent, especially 
if the factors are kept separate. 

CHAPTER IV. 

EXPONENTIAL EQUATIONS AND LOGARITHMS, 

(Art. 144.) We have thus far used exponents only as known 
quantities ; but an exponent, as well as any other quantity, may 
be variable and unknown, and we may have an equation in the 
form of ff=b. 

This is called an exponential equation, and the value of x can 
only be determined by successive approximations, or by making 
use of a table of logarithms already determined. 

(Art. 145.) Logarithms are exponents, A given constant 
number may be conceived to be raised to all possible powers, and 
thus produce all possible numbers ; such powers are logarithms, 
eteh corresponding to the number produced. 

Thus, in the equation a'=&, x is the logarithm of the number 
h ; and to every variation of op, there will be a corresponding 
u2 
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variadon to bj a being constant, and is called the base of the sys- 
tem, and differs only in different systems. 

The constant a cannot be 1, for every power of 1 is 1, and the 
variation of x in that case would give no variation to b ; hence, 
the base of a system cannot be unity ; in the common system it 
is 10. 

In the equation 10' =2, x is, in value, a decimal fraction, and 
is the logarithm of the abstract number 2. 

In the equation c^=b, if we suppose x=l, the equation becomes 
a^=a; that is, the logarithm of the base of any system is unity. 

If we suppose ar=0, the equation becomes aP==l ; hence, the 
logarithm of 1 is 0, in every system of logarithms. 

(Art. 146.) The logarithms of two or more numbers added 
together give the logarithm of the product of those numbers, 
and conversely the difference of two logarithms give the la* 
garithm of the quotient of one number divided by the other. 

For we may have the equations a*=ft, a^=^b\ and if=b*\ 

Multiply these equations together, and as we multiply powers 
by adding the exponents the product will be 

a^-^y-^^=bb'b" 

Hence, by the definition of logarithms, ar+y+z is the loga- 
rithm for the number represented by the product bb'b". Again, 

divide the first equation by the second, and we have a*"*?=^^; 

and from these results we find that by means of a table of loga- 
rithms multiplication may be practically performed by addition^ 
and division by subtraction, and in this consists the great utility 
of logarithms. 

(Art. 147.) In the equation 0^=6, take 0=1 0, and x succes- 
sively equal to 0, 1, 2, 3, 4, &c. 

Then 10°=1, 10^=10, 10^=100, 10^=1000, &c. 

Therefore, for the numbers 

1, 10, 100, 1000, 10000, 100000, &c., we have for corres- 
ponding logarithms 

0, 1, 2, 3, 4, 5, &f;. 
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Here it may be observed that the numbers increase in geometri- 
cal progression, and their logarithms in arithmetical progression. 

Hence the'^number whidi is the geometrical mean between two 
given numbers must have the arithmetical mean of their lo- 
garithms, for its logarithm. 

On this principle we may approximate to the logarithm of any 
proposed number* For example^ we propose to find the lo- 
garithm of 2. 

This number is between 1 and 10, and the geometrical mean 
between these two numbers, (Art. 122.), is 3.16227766. The 
arithmetical mean between and 1 is 0.5; therefore, the number 
3.16227766 has 0.5 for its logarithm. 

Now the proposed number 2 is between 1 and 3.162, ^.,and 
the geometrical mean between these two numbers is 1.778279, 
and the arithmetical mean between 0. and 0.5 is 0.25 ; therefore, 
the logarithm of 1.778279 is 0.25. 

Now the proposed number 2 lies between 1.778279, and 
8.16227766, and the geometrical mean between them will fall 
near 2, a little over, and its logarithm will be 0.375. Continuing 
the approximations, we may at length find the logarithm of 2 to 
be 0.301030, and in the same manner we may approximate to 
the logarithm of any other number, but the operation would be 
very tedious. 

(Art. 148.) We may take a reverse operation, and propose a 
logarithm to find its corresponding number; thus, in the general 
equation c^=ni x may be assumed, and the corresponding vahie 
of n computed. 

_3 

Thus suppose x=yV ; then (10)>^=n, or 10^^==n*®. 



Hence, n=^y 1000= 1.9952623 15. 

That is, the number 1.9952, &c., (nearly 2) has 0.3 for its 
logarithm. In the same way we may compute the numbers cor 
responding to the logarithms 0.4, 0.5, 0.6, 0.7, &c, 

(Art. 149.) We may take another method of operation to find 
the logarithm of a number. 
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Let the logarithm of 3 be required. 

The equation is lO'sd, the object is to find x. 

It is obvious that x must be a fractiont ibr 10^^10 ; there- 
fore, 

1 i - 

Let a:=-;. Then 10 =3, or 10=3^. Here, we perceive, 

X 

that X' must be a little more than 2. Make ar'=2H Then 

X"' 

_i_ I 

a" «^ 10 

3*X3 =10; or 3 =-^. 



Or 



GT"- 



Here we find by trial that x" is between 10 and 11 ; take it 10, 
andap'=2+TT5 hence, a:=|^=0.476, for a rough approxima- 
tion for the logarithm of 3. A more exact computation gives 
0.4771213; but all these operations are exceedingly tedious, and 
to avoid them, mathematicians have devised a more expeditious 
method by means of a converging series ; which we shall inves- 
tigate in a subsequent article. 

(Art. 150.) It is only necessary to calculate directly the lo- 
garithms of prime numbers, as the logarithms of all others may 
be derived from these. Thus, if we would find the logarithm 
of 4, we have only to double that of 2 ; for, taking the equation 
(10)*=2, and squaring both members we have, (10)**=4 ; or 
taking the same equation, and cubing both members, we have 
(10)'*=8 ; which shows that twice the logarithm of 2 is the 
logarithm of 4, and three times the logarithm of 2 is the loga- 
rithm of 8 ; and, in short, the sum of two or more logarithms 
corresponds to the logarithm of the product of their numbers, 
(Art. 142.), and the difference of two logarithms corresponds to 
the logarithm of the quotient, which is produced from dividing" 
one number by the other. 

d 

Thus, the logarithm of j- = log. a — log. b. The abbrevia — 

tion, (log. a), is the symbol for the logarithm of a. 
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(Art 151.) As the logarithm of 1 is 0, 10 is 1, 100 is 2, ^., 
we may observe that the whole number in the logarithm is one 
less than the number of places in the number. 

The whole number in a logarithm is called its characteristic^ 
and is not given in the tables, as it is easily supplied. For ex- 
ample, the integral part of the logarithm of the number 67430 
must be 4, as the number has 5 places. The same figures will 
have the same decimal part for the logarithm when a portion of 
them become decimal. 

Thus, 67430 logarithm 4.82885 



6743.0 


3.82885 


674.30 


2.82885 


67.430 


1.82885 


6.7430 


0.82885 


.67430 


—1.82885 



For every division by 10 of the number, we must diminish 
the characteristic of the logarithm by unity. 

The decimal part of a logarithm is always positive ; the index 
or characteristic becomes negativCf when the number becomes 
less than unity. 

By reference to (Art. 18.), we find that — =10~S TTm^TTia^ 

10~', &c. That is: fractions may be considered as numbers 
with negative exponents, and logarithms are exponents ; there- 
fore the logarithm of — , or .1, is — 1 ; of -— , or .01, is —2, 

&c. If any addition is made to .01 the logarithm must be more 
than — 2 ; but, for convenience, we still let the index remain 
— 2j and make the decimal part plus. Hence the index alone 
must be considered as minus. 

Negative numbers have no logarithms ; for,, in fact y as we 
have before observed^ there are no such numbers. 

(Art. C.) We now design to show a practical method of com- 
puting logarithms. The methods hitherto touched upon were 
only designed to be explanatory of the nature of logarithms ; but, 
to calculate a table, by either of those methods, would exhaust the 
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patience of the most indefatigable. To arrive at easy practical 
results requires the clearest theoretical knowledge, and we moat 
therefore frequently call the attention of students to Jirst prin- 
ciples. 

The fundamental equation is a*=b, in which a is the con- 
stant base and x is the logarithm of the number b ; and b may 
be of any magnitude or in any form, if it be essentially poniive. 

Now we may take a=l+c and b=:l-] — 

P 

Then the fundamental equation becomes (l+c)*=(lH — j (1) 
Here x=log. (l+^)=log.(^)=log.(;»+l)— log.;»(2) 

■ 

Raise both members of equation (1) to the nth power, then 
we shall have 

' (l+c)'«={l+i)" 

Expand hoih members intt> a series by the Binomiai Theorem^ 
Then l+rwrc+no?. — - — i^-jrnx . — - — . — - — c*+ 



nx — 1 nx — 2 nx — 3 . , ^ , , 1 • n — 1 1 , 

no:.-— .-3-.-— c*+, &c. = i+n.-.+n.-^.-,4 



n. 



n — 1 n — ^2 1 . n — 1 n — ^2 n — 3 1 



•?+^-2"--3'-ir-55+' ^^• 



2 3 />3 ■ 2 3 4 />^ 

Drop unity, from both members, and divide by n, then we have 



xyc-^ 



nx — 1 , , nx — 1 nx — 2 ^ , nx — 1 nx — 2 nx — 3 ^ 

— '^ — c*+~;; — • — ;; — c + — ;: — • — = — . — 7 — (^ 



+, &c. 

> 

This equation is true for all values of n. It is, therefore, true 
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when n=0. Making this supposition and the abore equation 
reduces to 

V 2 3 4*6 J ^ "If Zf Af f^^ ^ ' 

As e remains a constant quantity for all variations of x and />, 
the series in the vinculum may be represented by the symbol M. 

Then xM^ tt^ ^^ ^ \ 4 +^5— > <fcc. (3) 

/> 2p* 8p« 4/>* ' 5/ ^ ' 

Take the value of x from equation (2), and substitute it in 
equation (3), 

Then [log.{/,+l)-log./,]M=l-±+l5-li+, &c. (4) 

Again, we may have the fundamental equation (l+c)'= 
( 1— Y in which y is the logarithm of ( 1 j, the same as x 

Or y=log.^^^^=log.(p— 1)— log, ;>. (5) 

Operating on the equation (l-t-c)»=l , the same as we 

did on equation (1), we shall find 

[l0g.(p_l)_l0g. ;,]i|/=_L-±_L_L_, &c (6) 

Subtract equation (6) from equation (4), and we obtain 
[log.(p+l)-log.(/,-l)]M=2(i+±+±+l5. &c.) (7) 

Dividing by ifeT, and considering that log.f '^ — - )=log.(p+l)- 
]og.{p — 1), the equation can take this form 



was 
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As p may be any positive number, greater than 1, make 
- — r=lH — . Then /)=22:+l, and equation (8) becomes 

log/^^J=log.(2:+l)— log.3r= 



-^(;TrV-,+^r-n-.+^7:TZ^.— , &c.) . . .(9) 



V ^ 

M\2z+l "^3(2^+1)* ' 5(2^+1)5' 

By this last equation we perceive that the logarithm of (z+l) 
will become known when the log. of z is known, and somt 
value assigned for the constant M. Baron Napier, the first dis- 
coverer of logarithms, gave M the arbitrary value of unity, for 
the sake of convenience. 

Then, as in every system of logarithms, the logarithm of 1 is 
0, make 2r=l, in equation (9), and we shall have 

log.2=2(i+3-^+^+, &c.)=.0.693147J8. 

This is called the Napierian logarithm of 2, because its magni- 
tude depends on Napier's base, or on the particular value of i/ 
being unity. 

Having now the Napierian logarithm of 2, equation (9) will 
give us that of 3. Double the log. of 2 will give the logarithm 
of 4. Then, with the log. of 4, equation (9) will give the loga- 
rithm of 5, and the log. of 5 added to the log. of 2, will give the 
logarithm of 10. 

Thus the Napierian logarithm of 10 has been found to great 
exactness, and is 2.302585093. 

The Napierian logarithms are not convenient for arithmetical 
computation, and Mr. Briggs converted them into the common 
logarithms, of which the base is made equal to 10. 

To convert logarithms from one system into another, vit 
m ay p roceed as follows : 

Let e represent the Napierian base, and a the base of ^^ 
common system, and N any number. 
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Alsoy let X represent the logarithm of N, correspondmg to 
the base a, and y the logarithm of iV, corresponding to the 
base f • 

Then (f=N, 

and ei =^N. 

Now, by inspecting these equations, it is apparent tliat if the 
base a is greater than the base e, the log. x will be less than the 
log.y. 

These equations give a^=eK 

Taking the logarithms of both members, observing that x and 
y are logarithms already, we have 

a:log.a=ylog.c. 

Tliis equation is true, whether we consider the logaritlims 
taken on the one base or on the other. Conceive them taken oji 
the common base, then 

log. a=l, and x=ylog.c (10) 

X 

or log.f=-. 

^ y 

In this equation x and y must be logarithms of the same num- 
ber, and therefore if we take a:=l, which is the logarithm of 
10, in the common system, y must be 2.302585093, as pre- 
viously determined. 

Hence log.e=2_L_=o.434294482 ... . (11) 

This last decimal is called the modulus of the common sys- 
tem ; for by equation (10) we perceive that it is the constant 
multiplier to convert Napierian or hyperbo lic logarithms into 
common logarithms. 

But equation (9) gives Napierian logarithms when 31=1; 
therefore the same equation will give the common logarithms by 
causing M to disappear, and putting in this decimal as a factor. 

Equation (9) becomes the following formula for computing 
eommon logarithms : 
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log.(5r+l)— log.z= 



0.86858896(^+^ip^,+^jj,+. &c.)(/^ 

To apply this formula, assume 2r=10. Then 
log. ar=l, and 2ar+l=r21. 

21 0.86858896 

21*=441 0.041361379-r-l = 0.041361379 

441 93792-r-3 = 31264 

212-f-5 = 42 

.041392685=sum of series. 
Iog.l0= 1.0 

log.(;2r+l)= 1. 041 392685 =log.ll. 

If we make z=99, then (2:+l)=100, and log.(«r|-l)=2, 
and 2z+ 1=199. 



199 
39601 



0.86858896 

436477-T-l =0.00436477 
11-1-3= 4 



0.0043648 l=sum of series. 

Hence 2.00000— log.09=:0.0043648 1 
By transposition log.99=l. 99503519 

Subtract log. 1 1=1 .041 39269 =log. 1 1 

log. 9=0.95424234 
iiog.9=log. 3=0.477121 17=log.3. 

Thus we may compute logarithms with great accuracy and 
rapidity, using the formula for the prime numbers only. 

By equation (11) we perceive that the logarithm of the Na- 
pierian base is 0.434294482 ; and this logarithm corresponds to 
the number 2.7182818, which must be the base itself. 

We may also determine this base directly : 

In the fundamental equation (1), the base is represented by 
(l+c). In equation (A), c must be taken of Buch a value as 
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^ ^ ^ 
shall make the series c — ^+^ — j+9 &c., equal to 1. But to 

detennine what that value shall be, in the first place, put 

Now by reverting the series (Art. B.), we find that 

^^^1.2^1.2.3^1.2.3.4' 

But, by hypothesis, the series involvii^ c equals unity, that is, 
y=l. Therefore 

^='+172+1:21+1:21:4' ^'' 

By taking 12 terms of this series, we find (l+c)=2.7182818, 
the same as before. 

If we take equation (3), making M=l, we find the Napierian 
logarithm, or x=^_I,+i_l+, &c. 

This series will not converge rapidly unless /> is a large num- 
ber. But by equation (2) a?=log.(jo4-l) — ^^g'P' 

Hence log.(p+l)— log.;?=-— ^+^^^4+, &c. 

If in this equation we make j9=l, we shall find the Napierian 
log. of 2 equal to the series 

1— 2+g — j+g» &;c., to infinity. 

But we have already found the same logarithms equal to the 
series ^f n+a7o\5+o7K^+» ^^* ) » therefore these two series 

are equal to each other, and because the former did not rapidly 
converge, it became necessary to obtain the latter 
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USE AND APPLICATION OF LOGARITHMS. 

(Art 162.) The science of trigonometry, mensuration, and 
astronomy, can only develop the entire practical utility of lo- 
garithms. The science of algebra can only point out theii 
nature, and the first principles on which they are founded. To 
explain their utility, we must suppose a table of logarithms formed, 
corresponding to all possible numbers, and by them we may re- 
solve such equations as the following : 

1« Given 2'= 10 to find tlie value of x. 

If the two members of the equation are equal, the logarithms 
of the two members will be equal, therefore take the logarithm 
of each member ; but as x is a logarithm already, we shall have 
X log. 2=log. 10. 

Or «=!2il-'-J=-i- =3.3219+ 
log. 2 .30103 ^ 

9. Given (729)' =3, to find the value of x. 
Raise both members to the x power, and 3'=729=:9^ 

Or 3*=3«. Hence, a:=6. 

8. Given a'+^==c, and a'^-ft'ssrf, to find the values of x 
and y. 

By addition, 2a*=c+(/. Put c+d=^2m ; 

Then a*=^m. Take the logarithm of each mem- 
ber, and X log. if=log. m, or x=^^ — . 

By subtracting the second equation from the first and 
making c — cf=2n, we shall find y= -^1— . 

4. Given (2 16) '=12, to find the value of at. 



5. Given — j — =c, to find the value of x. 



Ans. a:= ^' . -^^ m being equal to {de+c). 
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6. Given 4^ =16, to find the value of a?. ^ns, Ar=6. 

7» Given 0*= — ^—— to find the value of x. 

71 

_ 18 Iog.24+log.l7— 3 log.71 



^n$, 0?== 



3 log. 6 



8. Required the result of 23.46 multiplied by 7.218, and the 
product divided by 11.17. 

OPERATION. 

23.46 log. 1.37033 



7.218 •••••. 

Sum* 
11.17 Subtr. 

Result, • • • • 15.16 



log. 0.85842 

2.22875 
log. 1.04805 

log. 1.18070. 



N. B. Roots can be extracted by logarithms in the following 
manner : 

Let the cube root of 12 be required, and the root represented 
by X. 

Then we shall have the equation 

ar=12^ 
Take the log. of both members, and we then have 

log. x=- log. 12. * 

log. 12=1.07918 
log. ar=0.35972 

Taking the number corresponding to this logarithm from a 
table of logarithms, and we find x, or the cube root of 12, to be 
2.2887. In the same manner, by the aid of a table of logarithms, 
we may obtain the exact or approximate value of any proposed 
root of any number whatever. 
v2 
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CHAPTER V. 

COMPOUND INTEREST. 

(Art 153.) Logarithms are of great utility in resolving some 
questions in relation to compound interest and annuities ; but for 
a full understanding of the subject, the pupil must pass through 
the following investigation : 

Let p represent any principal, and r the interest of a unit of 
this principal for one year. Then 1 -|-^ would be the amount 
of $1, or jei. Put.^=l+r. 

Now as two dollars will amount to twice as much as one dol- 
lar, three dollars to three times as much as one dollar, &c. 

Therefore, I : A :: ^^ : w^=the amount in 2 years. 

And I : A i: ^ : .^^^the amount in 3 years. 

Sic. &c. 

Therefore, w^ is the amount of one dollar or one unit of the 
principal in n years, and p times this sum will be the amount for 
p dollars. Let a represent this amount ; then we have this gen- 
eral equation, 

pA^=a. 

In questions where n, the number of years, is an unknown 
term, or very large, the aid of logaritlims is very essential to a 
quick and easy solution. 

For example, what time is required for any sum of money 
to double itself, at three per cent, compound interest? 

Here a=2p,and •/^=:( 1.03), and the general equation becomes 

p(1.03)"=2/? 

Or (1.03)»=2. Taking the logarithms 

/./.ox 1 « log- 2 .30103 ^^ ^, 

« log. (1.03)=log. a. orn=^j3^L.=___=23.46 

years nearly. 

2. A bottle of wine that originally cost 20 cents was put awa) 
for two hundred years : what would it be worth at the end of 
that time, allowing 5 per cent, compound interest? 
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This question makes the general equation stand thus : 
(20 cts. being i of a doUar) i(1.06)«»== a 
Therefore, (1.05)«o=5a 

Taking the logarithms 200 log. (1.05)=log.5+log. a 
Hence log. a=200 log. (1.05)— log. 5. ^ns. $3458.10. 

S. A capital of $5000 stands at 4 per cent, compound interest; 
what will it amount to in 40 years ? ^ns. $24005.10. 

4. In what time will $5 amount to $9, at 5 per cent, com- 
pound interest ? Ana. 12.04 years. 

5* A capital of $1000 in 6 years, at compound interest, 
amounted to $1800; what was the rate per cent? 

Ans. log. (l-}-r)= or 10y\ nearly. 

6« A certain sum of money at compound interest, at 4 per 
cent, for four years, amounted to $350.95 1 ; what was the sum? 

Ana. $300. 

7« How long must $3000 remain, at 5 per cent, compound in- 
terest to amount to as much as $5000, at 4 per cent, for 12 years ? 

Ana, 16 years, nearly. 

ANNUITIES. 

(Art. 154.) An annuity is a sum of money payable peri- 
odically, for some specified time, or during the life of the re- 
ceiver. If the payments are not made, the annuity is said to be 
in arrears and the receiver is entided to interest on the several 
payments in arrear. 

The worth of an annuity in arrear, is the sum of the several 
payments, together with compound interest on every payment 
after it became due. 

On this definition we proceed to investigate a formula to be 
applied to calculations respecting annuities. 

Let p represent the annual principal or annuity to be 
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paid, and l-|-r=./9, the amount of annuity of principal for one 
year, at the given rate r. 

Let n represent the number of years, and put Ji* to represent 
the entire amount of the annuity in arrear. 

It is evident, that on the last payment due, no interest could 
accrue, and therefore the sum vill be p. The preceding pay* 
ment will have one year's interest ; it will therefore be pA ; the 
payment preceding that will have two years' compound interest ; 
and, of course, will be represented hy pJP. (Art. 153.) Hence 
the whole amount of A' will be 

A'=^p-\'pA-\-pJP-\'p^, Ac, to /)^-». 

This is a geometrical series, and its sum (Art. 120.) is 

_j, j'-^-p _ p[(i+»-r-i] 

^—1 r 

This general equation contains four quantities, A', p, r, and n ; 
any three of them being given in any question, the others can be 
found, excq)t r. 

EXAMPLES. 

1« An annuity of $50 has remained unpaid for 6 years, at 
compound interest on the sums due, at 6 per cent., what sum is 
now due ? 

By the general equation, 

,^,_ 50[(l.06)^-l] 
.06 

Taking the log. of both members, we have 

log. •^'= log. 50+log. [(1.06)*— 1]— log. .06. 

The value of (1.06)S as found by logarithms, is 1.41852, from 
which subtract 1, as indicated, and take the log. of the decimal 
number .41852, we then have 

log. ^'=1.69897+(— 1.62172)— (—2.778151)=2.54218, 
From which we find, .^'=^$348.56 ^ns. 

9. In what time will an annuity of $20 amount to $1000, at 
4 per cent., compound interest ? 
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The equation applied, we have 

.04 
Dividing by 20, and multiplying by 0.4, we have 

2=(1.04)'^— 1 or (1.04)«=3. 

a log. 3 .477121 „^ 

•tfiw. n=-, — V;r:=-:r7=7r;^=28 years, 
log. 1.04 .017033 ^ 

8* What will an annuity of $50 amount to, if suffered to 
remain unpaid for twenty years, at 3^ per cent, compound in- 
terest? ^ns. $1413.98. 

4* What is the present value of an annuity or rental of $50 
a year, to continue 20 years, discounting at the rate of 3^ per 
cent., compound interest ? 

N. B. By question 3d, we find that if the annuity be not paid 
nntil the end of 20 years, the amount then due would be $1413.98. 
If paid now, such a sum must be paid as, put out at compound 
interest for the given rate and time, will amount to $1413.98. 

Now if we had the amount of $1 at compound interest for 20 
years, at 3^ per cent., that sum would be to $1 as $1413.98 is 
to the required sum, $713.50. 

(Art. 155.) To be more general, let us represent the present 

worth of an annuity by P. By (Art. 153.) the amount of one 

dollar for any given rate and time, is •^* ; ^ being 1+r and n 

the number of years. By (Art. 154.) the value of any annuity 

p remaining unpaid for any given time, n years, at any rate of 

. pA^ — p ^ 

compound mterest r, is ' — or ^'. 

r 

Now by the preceding explanation we may have this propor- 
tion: 

w^« : 1 : : ^' : P, or P^^ (1) 

Hence, to find the present worth of an annuity, we have this 
Rule. Divide the amount of the annuity supposed unpaid 

for the given number of years, by the amount of one dollar for 

the same number of years. 
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If in equation (1) we put the value of A\ we shall have 
PJi^ssi^ i-. Divide both members by ./?», and we have 

pJ~^ (2) 

r 

This last equation will apply to the following problems : 

5. The annual rent of a freehold estate is p pounds or dollars, 
to continue forever. What is the present value of the estate, 
money being worth 5 per cent., compound interest ? 

P 
Here, as n is infinite, the term, -^ becomes 0, and equation 

P P 

(2) becomes iP=i-=-^=20p ; that is, the present value of the 

estate is worth 20 years' rent. 

6« The rent of an estate is $3000 a year ; what sum could 
purchase such an estate, money being worth 3 per cent, com- 
pound interest ? Ans. •100000. 

T. What is the present value of an annuity of $350, assigned 
for 8 years, at 4 per cent. ? Ans. $2356.46. 

§• A debt due at this time, amounting to $1200, is to be dis- 
charged in seven annual and equal payments ; what is the 
amount of these payments, if interest be computed at 4 per cent. ? 

Arts. $200, nearly. 

9. The rent of a farm is $250 per year, with a perpetual lease. 
How much ready money will purchase said farm, money being 
worth 7 per cent, per annum ? *^ns. $3571 y. 

10. An annuity of $50 was suffered to remain unpaid for 
20 years, and then amounted to $1413.98 ; what was the rate 
per cent., at compound interest ? 

N. B. This question is the converse of problem 3, and, of 
course, the answer must be 3 3 per cent. But the general equa- 
tion gives us 
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n-Lr^» 1 

Or 28.2796=i-^^ ; 

r 

an equatioa from which it is practically impossible to obtain r, 
cept by successive approximations. 



SECTION VII. 

CHAPTER I. 

GENERAL THEORY OF EQUATIONS. 

(Art. 156.) In (Art 101.) we have shown that a quadratic 
equation, or an equation of the second degree, may be conceived 
to have arisen from the product of two equations of the first de- 
gree. Thus, if x=a, in one equation, and x=^b in another' 
equation, we then have 

X — a=0, 
and X — 6=0; 



By multiplication, ac^ — {a'\-b)x+ab=0. 

This product presents a quadratic equation, and its two roots 
are a and 6. 

If one of the roots be negative, as x=^ — a* and x=bf the 
resulting quadratic is 

rc*+(a — b)x — ab=0. 

If both roots be negative, then we shall we have 

a^+{a+b)x+ab=0. 

Now let the pupil observe that the exponent of the highest 
power of the unknown quantity is 2 ; and there are two roots. 
The coefficient of the first power of the unknown quantity is 
the algebraic sum of the two rootSf with their signs changed; 
and the absolute term^ independent of the unknown quantity^ 
is the product of the roots {the sign conforming to the rules of 
multiplication). 
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Wlien the coelHcients and absolute term of a quadratic are not 
large, and not fractional, we may determine its roots by inspec- 
tion, by a careful application of these principles. 

EXAMPLES. 

Given a:*— 20a:+96=0, to find x. 

The roots must be 12 and 8, for no other numbers will make 
— 20, signs changed, and product 96. 

Given y* — 6y — 55=0 to findy. RooU 11 and 

Given ar* — 6a:— 40=0 to find a?. RooU 10 and 

Given ar^+Bx— 91=0 to find x. Roots 7 and —13. 

Given y* — 5y — 6=0 to find y. Roots 6 and —1. 

Given y*+12y— 589=0 to find y. 

Here it is not to be supposed that we can decide the valaes of 
the roots by inspection; the absolute term is too large; but, 
'nevertheless, the equation has two roots. 

Let the roots be represented by P and Q. 

From the preceding investigation 

P+«=- 12 (1) 

And p$=_589 (2) 

By squaring eq. (1) P'-\-2PQ+ $»= 144 

4 times eq. . . . (2) iPQ =—2356 

By subtraction, p^—2PQ+^= 2500 

By evolution, P— $= ±50 

But p^Q=— 12 

Hence iP=19 or — 31, and Q=— 31 or +19, the true 
roots of the primitive equation; and thus we have another 
method of resolving quadratics, 

(Art. 157.) In the same manner we can show that the product 
of three simple equations produce a cubic equation, or an equa- 
tion of the third degree. Conversely, then, an equation of the 
third degree has three roots. 

The three simple equations, x=af a?=6, x=c,* may be put 

* Of counie, x cannot equal different quantities at one and the aame time ; 
and theae equations must not be thus understood. 
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IB the form of x — a=0, x — 6=0, and x — c=0, and the pro- 
duct of these three give 

(a? — a){x — h){x — c)=0 ; 

and by actual multiplication, we have 

a^ — {a-\-h-{'c)x^-\-{ab-]rac-]rbc)x — a6c=0. 

If one of the simple equations be negative, as 0?= — c, or 
£+(=0, the product or resulting cubic will be 

3? — (a+6 — c)a:'+(a6 — ac — 6c)a?+a5c=0. 

If two of them be negative, as a:=^-6 and a:= — c, the 
resulting cubic will be 

«*+(6+c — a)2^-\- {he — ab — ac)x — a6c=0. 

If all the roots be negative, the resulting cubic will be 

a?']r{fi-\'h'\'C)7?-\'{ab-\-ac-\-hc)x-\-abc=0. 

Every cubic equation may be reduced to this form, and con- 
ceived to be formed by such a combination of the unknown term 
and its roots. 

By inspecting the above equations, we may observe 

1st. The first term is the third power of the unknown 
quantity. 

2d. TTie second term is the second power of the unknotvn 
quantity, with a coefficient equal to the algebraic sum of the 
rootSt with the contrary sign. 

3d. The third term is the first power of the unknown 
quantity^ unth a coefficient equal to the sum of all the products 
which can be made, by taking the roots two by two. 

4th. The fourth term is the continued product of all the roots, 
unth the contrary sign. 

It is easy, then, to form a cubic equation which shall have 
any three given numbers for its roots. 

Assuming x for the unknown quantity, what will the equation 
be which shall have 1, 2 and 3 for its roots ? 

Jlns. ar»— (l+2+3)a:«+(2+3+6)a>-6=0 ; 
Or a:*— 6x*+lla:=6. 



Find the equation which shall have 2, 3, and — 4 for its roots. 

Ans. a?»— a:*— 14a:-f-24=r0 
W 
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Find the equation which shall have — 3, — 4, and +7 for its 
roots. ^ns. a^±:Ox^ — 37a: — 84=0. 

Or a:«— 37x— 84=0. 

These four general cases of cubic equations may all be repre- 
sented by the general form. 

Thus: r'+joar'+|7ar+r=0, (1) 

(Art. 158.) When the algebraic sum of three roots is equal to 
zero, equation (1) takes the form of 

x^+qx+r=0 (2) 

Equation (1) is a regular cubic, and is not susceptible of a 
direct solution, by Cardan's rule, until it is transformed into 
another wanting the second term, thus making it take the form 
of equation (2j. To make this transformation, conceive one of 
the roots, or x, in equation (1), represented by w+v. 

Then a^=^ic'+Su^v+duv^ +v'^ 

p3i^= pu^ -{'2puv'\-pv* 
qx = qu -^qv 

r = r 

By addition, and uniting the second member according to the 
powers of t/, we shall have 

w'+(3y-f-/?)w'+(3u^+2jot'+9)?^4-(y'+Jt>t;^+5'v+»)=0, 

for the transformed equation. But the object was to make such 
a transformation thut the resulting equation should be deprived 
of its second power ; and to effect this, it is obvioqs that we 
must make the coefficient of w* equal zero, or 3t;+j5=0. 

Therefore, v = — Ip, 

Hence, we perceive that if x^ in the general equation (1), be 

P 
put equal to u — ~, there will result an equation in the form of 

o 

?^'+l7i/+r=0, or the form of equation (2). 

P 
As x=^u — ^, and if a, b, and c represent the roots of equa- 
o 

tion (1), or the values of x, the roots of (2), or values of u will be 

a+ip, b+ip, and c+\p. 
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EXAMPLES. 
!• Transform the equation ^ — 9a:*+26a: — 30=0, into another 
wanting the second term. 

By the preceding investigation, we must assume 

a:=ti4-3. Here />= — ; therefore, — jP^^* 

aJ»=ir'+9w2+27ti+27 

— 9x«= — 9m«— 54t/— 81 

26j: = 26M+78 

_30 == —30 



Sum, =u' — M — 6=0, the equation required. 

3. Transform the equation ^ — 6a:*+10a>— 8=0, into another 
not containing the square of the unknown quantity. 

Put ar=M+2. JtemlU w'— 2w — 4=0 

8. Transform 7i? — Sx'+Oa?— 12=0, into another . equation, 
wanting the second power of the unknown quantity. 

Put a:=w+l. Result, i^+3w — 8=0. 

(Art. 159. We have shown, in the last article, that any regular 
cubic equation containing all the powers of the unknown quan- 
tity can be transformed into another equation deficient of the 
second power ; and hence all cubic equations can be reduced to 
the form of ^J^^px^iq. 

We represent the coefiicient of x by 3p, and the absolute term 
by 2^, in place of single letters, to avoid fractions, in the course 
of an investigation. 

Now, if we can find a direct solution to this general equation, 
it will be a solution of cubic equations generally. 

The vadue of x must be some quantity ; and let that quantity, 
whatever it is, be represented by two parts, «+y» or let 
X^^v-^-y, Then the equation becomes 

By expanding and reducing, we have 

Now as we have made an arbitrary division of x into two parts, 
V and y, we can so divide it, that 
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This hypothesis gives 

r'+jr'^ ^ (^ 

And ry=_p, (^ 

Here we have two equations, {A) and (^), containing two un- 
known quantities, similarly involved, which admit of a solution 
by quadratics. (Art. 108.) Hence we obtain v and y, and their 
algebraic sum is x. 

From equation (^), 

This substituted in equation {A)^ gives 



,3_;^-. 






Or, v^ — 2qv^=p^, a quadratic. 

1 

Hence <'=(s'=t=V?'+/'') 

And y=(g=FV?+?)^ 



Or, as y 



— p — p 



" {q±>j9t+i^)i 



1 1 

Therefore x^^^^q-^-J^+p^y+^q—Jf^-Zy. .(C) 

Or, -=(^^V?+?) "(^™)* • • (^) 

These formulas are familiarly known, among mathematicians, as 
Cardan's rule. 

(Art. 160.) When p is negative, in the general equation, and 

its cube greater than ^, the expression Jq* — f^ becomes imagi- 
nary ; but we must not conclude that the value of x is therefore 

imaginary ; for, admitting the expression J^^i^ imaginary, it 

can be represented by a^y— 1, and the value of a?, in equatioA 
(C), will be 
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«=(?+ov=i)*+(?-«7=r)* 



Now by actually expanding the roots of these binomials by the 
binomial theorem, and adding their results together, the terms 

containing ^ — 1 will destroy each other, and their sum will be 
a real quantity ; and, of course, the value of x will become real. 
If in any particular case it becomes necessary to make the aeries 

converge, change the terms of the binomial, and make -tj'—'i 

stand first, and 1 second. 

EXAMPLES. 

Given a^ — 6a;=5.6, to find the value of x. 

Here, 3;>= — 6, and 2g=5.6, or p= — ^2, and g=2.8. 
Then 

i i 

a:=(2.8+^7.84— 8) +(2.8— ^7.84--8) , by equation (C) 

i 



Or a'=(2.8+.47— 1) +(2.8— .47— 1)' 



X 



Expand th«[ binomials by the binomial theorem, (Art 186.) 
and ibr the sake of brevity, represent }J — 1 by 6; 

Then 6*=— jV. and b'^J^X^\. 



{l+\J—l)^l+b. (1_^7_1)=1.— 6, 
r2 17 
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^ ' 3.6 3.6.9 3.6.9.12 

Sum. =2_,(3^^6.)_a(g5g^.)+. ^. 

=2+0.004535— 0.000034=^2.0045. 

Therefore, 

^-7^-5=2.0045 or a?=(2.0045)(2.8) =2.8256, nearly. 
w2.o 

(Art. 161.) Every cubic equation of the form of 

3i^±^x=ztq 
has three roots, and their algebraic sum is 0, because the equa- 
tion is wanting its second term. (Art. 157.) 

If the roots be represented by a, 6, and c, we shall hare 
a+6+c=0, and abc=zt:q. 

If any two of these roots are equal, as b=c, then <i=:— 26 (i)t 
and ab*=dzq (2). Putting the value of a taken from equation 
(1), into equation (2), and we have — 2^=db^. 

Hence, in case of there being two equal roots, such roots must 
each equal the cube root of one half the quantity representti 
byq. 

EXAMPLES. 

The equation a?'— 48x=128 has two equal roots; what are 
the roots ? 

Here, — ^2&',=128, or 6*= — 64; therefore, ^==—4. 

Two of the roots are each equal to —4, and as the sum of the 
three roots must be 0, therefore -—4, —4, -|-8, must be the 
three roots. 

If the equation s^ — ^272:= 54 have two equal roots, what are 
the roots ? Ans. —3, —3, and +6. 

Either of these roots can be taken to verify the equation ; and 
if they do not verify it, the equation has not equal roots. 

(Art. 162.) If a cubic equation in the form of 

SB*+/)x*+ya:+ra»0 
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^^▼e two ec^aal roots, each one of the equal roots will be 

'Ci^Tial to ^, . 

The other root will be twice this quantity subtracted from p, 
:>ecause the sum of the three roots equal />. (Art. 157.) 

This expression is obtained from the consideration that the 
three roots represented by a, 6, and c, must form the following 
equations : (Art 157.) 

a-^b+c=p (1) 

ab+ac-\'bc=q (2) 

abc=r (3) 

On the assumption that two of these roots are equal, that is, 
a=bj equations (1) and (2) become 

2a+c=p (4) 

And aF+2ac=q (5) 

Multiply equation (4) by 2a, and we have 

4c^+2ac=2ap • • (7) 

Subtract (5) a*+2ac= q (8) 

And we have 3a* =2ap — q. 

This equation is a quadratic, in relation to the root a, and a 
solution gives a=^i{pzh,Jp^ — 3q), 

(Art. 163.) A cubic equation in the form of a^d=px=±iq can 
be resolved as a quadratic, in all cases in which q can be resolved 
into two factors, m and n, of such a magnitude that m^-^-p^n. 

For the values of p and q, in the general equation, put the 
assmned values, mn=q, and p=n — m*. 

Then we have a^+nx — m*x=fnn. 

Transpose •— tn'o?, and then multiply both members by x, and 

n* 
Add — to both members, and extract square root ; 
4 

Then a:*-U-=m»+-. Drop -, and divide by ar, and x^sun. 
2 2 2 - 
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Therefore, if such factors of q can be found, the equation is 
already resolved, as x will be equal to the factor m. 

EXAMPLES. 

!• Given a:'+6a?=88, to find the values of x. 

Here, mn=88=4X22, 4«+6=22. Hence, ar=s4. 

9« Given x^-\'3x=l4i to find one value of x» 

2X7=14, 2*+8=7. Hence, aF=2. 

3. Given a^'\'6x=45, to find one value of x. Ans. a;=3. 

4. Given a? — 13a;= — 12, to find x. An8. a?=3. 

5. Given y'+48y=104, to find y. Ana. y=2. 

\dl the above examples we have given only one answer, or one 
root ; but we have more than once observed, that every equation 
of the third degree must have three roots. Take, for example, 
the 4th equation. We have found, as above, one of its roots to 
be 3. Now we may conceive the equation to have been the 
product of three factors, one of which was {x — 3) ; therefore the 
equation must be divisible by x — 3 without a remainder, (other- 
wise 3 cannot be a root) ; and if we divide the equation by :i>— 3, 
the quotient must be the product of the other two factors. 

Thus, a:— 3)a:«— 13a:+12(a:*+3aN-4 

r^— 3x« 



3«*— 13a: 
30*— 0a? 



— 4a;+12 

— 4a:+12 



By putting a:*+3a: — 4=0, and resolving the equation, we find 
ars=l, or — 4, and the three roots are 1, 3, —4. Their sum is 
0, as it should be, as the equation is deficient of its second term. 
In the general equation 

If p and q are each equal to 0, at the same time, the equation 
becomes oi'-f'^^O, a binomial equation. 
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JBvery binomial equation has as many roots as there are 
^^^^%ts in the exponent of the unknown quantity. 

Thus a«+8=0, and a^— 8=0, or a:»+l==0, and ««— 1=0, 
^o., are equations which apparently have but one root, but a 
^U solution will develop three. 
Take, for example, :c»=8 

By evolution, x =2 

2)^:*— 8(a:*+2a?+4 



2x*— 8 

23l^—4tX 

4a>-8 
4x— 8 

Now by putting a'+2ar+4=:0, and resolving the equation, 
we find a?=7-l+,y — 3, and x= — 1 — ^—3; and the three 
roots of the equation s^ — 8=0, are 2, — 1+V — ^» *^^ 
— 1*-^^I^, two of them imaginary, but either one, cubed, will 
give 8. 

The three roots of the equation a::'+l=0, are 

11 ,11 ,— s- 

— 1» 2'*"2^ ' r^^~^' 



CHAPTER n. 

GENERAL THEORY OF EQUATIONS— Continued. 

(Aji. 164.) In the last Chapter we confined our investigations 
to equations of the second and third degrees ; and if they are 
well understood by the pupil, there will be little difficulty, in 
fiiture, as many of the general properties belong to equations of 
every degree. 

All the higher equations may be conceived to have been formed 
by the multiplication of the unknown quantity connected to each 
of the roots of the equation with a contrary sign, as shown in 
(Art. 167.). 
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Let a, bf c, d, e» ^., be roots of an equation, and x 
its unknown quantity, then the equation may be formed by the 
product of {x — a){x — b){x — c), Ac, which product we may 
represent by 

x^+jlaf^'+Bx'*'^ Tx+U=^0. 

Now it being admitted that equations can be thus formed by 
the multiplication of the unknown quantity joined to its roots, 
conversely, when any of its roots can be found, such root, with 
its contrary sign joined to the unknown term, will form a com- 
plete divisor for the equation ; and by the division the equation 
will be reduced one degree, and conversely. 

^ any quantity, connected to the unknown quantity by the 
sign plus or minus, divide an equation toithaut a remainder, 
such a quantity may be regarded as one of the roots of the 
equation. 

The product of all the roots form the absolute term U. 

(Art. 165.) Every equation having unity for the confident 
of the first term, and all the other co^eients, whole numbers, 
can have only whole numbers for its commensurable^ roots* 

This being one of the most important principles in the theory 
of equations, its enunciation should be most clearly and distinctly 
understood. Such equations may have other roots than whole 
numbers ; but its roots cannot be among the definite and irre- 
ducible fractions, such as f , |^, '^ , &c. Its other roots must be 

among the incommensurable quantities, such as J2, (3) , ^m 
t. e,, surds, indeterminate decimals, or imaginary quantities. 

To prove the proposition, let us suppose ^ a commensurable 

but irreducible fraction, to be a root of the equation 

x!^+Aaf^'-\-Bar-^ Ta^+CfeO, 

A, B, &c., being whole numbers. 

Substituting this supposed value of x, we have 

r+^&^£ ^+^=0. 



^m • ^m- 



* The word commensurable means all numbers that meoMwrt or can be 
measured hy unitj ; hence, all whole numbers and definite fisctioiM aie com- 
moisurable. Surd$, and imaginary quantities, are incommensurablBk 
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TniMpoM an the temifl bat the first, and multiply by 6**~', and 
we have 

Now, as a and b are prime to each other, b cannot divide a, 
or any number of times that a may be taken as a factor, for •=- 

being irreducible, ^X a is also irreducible, as the multiplier a 

a* 
will not be measured by the divisor b ; therefore -r- cannot be 

expressed by whole numbers. Continuing the same mode of 

reasoning, -r- cannot express whole numbers, but every term in 

the other member of the equation expresses whole numbers. 

Hence, this supposition that the irreducible fraction r is a root 

of the equation, leads to this absurdity, that a series of whole 
numbers is equal to another quantity /Ao/ must contain a fraction. 
Therefore, we conclude that any equation corresponding to 
these conditions cannot have a definite commensurable fraction 
among its roots. 

(Ajrt. 166.) Any equation having fractional coefficients, can be 
uransformed to another in which the coefficients are all whole 
numbers, and that of the first term unity. 
For example, take the equation 



, , aaj« . bx . e ^ 

a;»+— H +-=0. 

m n p 



.- y 



Assume 2;=-^^, and put this value of x in the equation, 
mnp 

And »" ,+ ^ + ^ +^--0, 

m*n^ mWp^ mr?p p 

Multiply every term by mWp^j and we have 

j^+anpj^+bmhip^+cnMf^^O. 
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When m, n,aiu^ p have common faetwr%^ we may jnUiL equal 
to y divided by the least common multiple of these quaniiiiest 
as in the following examples : 

aoa^ hx c 

Transform the equation ar'H 1 1 — =0, into another 

pm m p 

which shall have no fractional coefficients, and that of the first 

term unity. 

To effect this, it is sufficient to put ar=— . With this value 

^ pm 

of X the equation becomes 

joW jo'm' pm* p 
Multiplying every term by p^m\ we obtain 

for the transformed equation required. 

^^ 3^ 7^ \ 

Transform the equation a?*+-^+-r+ir7+TS =^^» ^^ *^" 

O 4 24 IZ 

Other, having no fractional coefficients. 

Beeult, y*+2(y+12.24y«+7(24)^+2(24)"s«:0. 

(Art. 167.) Now as every commensurable root consists of 
whole numbers, and as the coefficients are all whole numbers, 
each term of itself consists of whole numbers, and the commen- 
surable roots are all found among the whole number divisors of 
the last term ; and if these divisors are few and obvious, those 
answering to the roots of the equation may be found by trial. If 
the factors are numerous, we must have some systematic method 
of examining them, such as is pointed out by the following rea- 
soning : 

Take the equation x'^+Aa^+Bx^+Cx+D=0. 

Let a represent one of its commensurable roots. Transpose 
all the terms but the last, and divide every term by a. 

a 
Bat, since a is a root of the equation, it divides 1) without a 
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remainder, the left hand member of this. last equation is therefore 
a whole number, to which transpose C, also a whole number* 

and represent — +C' by N. 

o ^ 

Then N=^—c^'-^Ac^—Ba. 

Divide each term by a, and transpose B^ and we have 

N 
a 

The right hand member of this equation is an entire quantity, 

(not fractional), therefore the other member is also an entire 

quantity ; let it be represented by N'^ and the equation again 

divided by a* 

N' 
Then — =— a— .^. 

a 

Transpose — wf ; reasoning the same as before, we can repre- 
sent the first member by N", and we then have 

JV"=— a. 

Divide by a, and — =^— 1. This must be the final result, in 
case a is a root. 

From these operations we draw the following rule for deciding 
what divisors of the last term are roots of an equation. 

Rule. Divide the last term by the several divisors, {each 
designated by a,) and add to the quotient the coefficient of the 
term involving x. 

Divide this sum by the divisors (a), and add to the quotient 
the cotfficient of the term involving a?*. 

Divide this sum by the divisors (a), and add to the quotient 
the co^cient of the term involving o^. 

And thus continue until the first coefiicient, «^, is transposed, 
and the sum divided by a ; the last quotient will be minus one, 
if a is in fact a root. 

X 



9«0 
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• EXAMPLES. /X 

!• Required the commensurable roots (if any) of the equation 

ar«+ 4a:*— a*— 1 6a?— 12 =0. 
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EQUAL ROOTa 2fFt 

^ "ii* Required the commensarable roots of the equation 
«^— aaJ+llaN— 6=0. Ans. 1,2,8. 

S. Required the commensurable roots of the equation 
a^^— 6x*— 16a?+21 =0. Ans. 3 and 1. 

Here the student might hesitate, as one regular term of the 
equation is wanting, or rather the coefficient of a:^ is ; hence, 
the equation is s^ztQs? — Ba:* — 16ar+21=0. 
Go through the form of adding 0. 

4« Required the commensurable roots of the equation 
;t«— 6a!'+6a;'+2a>— 10=0. Ana. —1, +6. 

As the commensurable roots are only two, there must be two 
incommensurable roots ; and they can be found by dividing the 
given equation by x-\-\y and that quotient by x — 5, and resolv- 
ing the last quotient as a quadratic. 

EQUAL ROOTS. 
(Art 168.) In any equation, as 

ar«+w^a?*+^a;»+Ca:»+Z?a?+^=0,* (1) 

the roots may be represented by a, 6, c, (f, e, and either one, put 
in tiie place of a?, will verify the equation. 

Now, let y represent the difference between any two roots, as 
a—b ; then y=a — 6, and by transposition 6-|-y=a« But as a 
will verify the equation, it being a root, its equal, (6+y), sub- 
stituted for 07, will verify it also. That is, 

(6-f-y)«+w^(6+yr+^(6+y)»+q^+y)'+/>(6+y)+^=o. 

By expanding the powers, and arranging the terms according 
to the powers of y, we have 

V +5ft*y +106y +106y +56y*+y' ' 

w^6*+4.^6»y+ 6.^6y+ 4Aby*+Ay* 

Bb^+SBbh/+ SBby'+B^ 

Cl^-\-lCby +C^ 

Bb+Dy 

E 

We might have been more general, and have taken ai'^Axi'^^^ Ac, finr 
the equation ; but, in our opinion, we shall be better comprehended by taking 
•a eqnatioii definite in d^grae ; the zeMoning ifl leadilj undmatood as generaL 



:0- 



268 ELEMENTS OF ALGEBRA. 

Now, as 6 is a root of the equation, the first column of this 
transformation is identical with the proposed equation, on sub- 
stituting the root b for x. Hence, the first column is equal to 
zero ; therefore, let it be suppressed, and the remainder divided 

We then have 

SBb^+BBby+By' 
2Cb +Cy 
D 



=0. 



On the supposition that the two roots a and b are equals y • 
becomes nothings and this last equation becomes 

As 6 is a root of the original equation, x may be written in 
place of 6 ; then this last equation is 

5aJ*+4.^aj'+35a:»+2Car+i)=0 (2) 

This equation can be derived from the primitive equation \tj 
the following 

Rule. Multiply each coefficient by the exponent of x, and 
diminish the exponent by unity. 

Equation (2) being derived from equation (1), by the above 
rule, may be called a derived polynomial. 

(Art. 169.) We again remind the reader that b will verify the 
primitive equation (l)* it being a root, and it must also verify 
equation (2) ; hence, b at the same time must verify the two 
equations (1) and (2). 

But if b will verify equation (1), that equation must divide by 
{x — 6), (Art. 164.), and if it will verify equation (2), that equa- 
tion also, must divide by {x — 6), and {X'—b) must be a eommon 
measure between the two equations (1) and (2). That is, in case 
the primitive equation has two roots equal to b, 

(Art. 170.) To determine whether any equation contains equal 
roots, take its derived polynomial by the rule in (Art. 168.), and 
seek the greatest common divisor (Art 27.), [which designate by 
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(Z>),] between the given equation and its derived polynomial ; 
tnd if the divisor D is of the first degree, or of the form of x — A, 
then the equation has two roots each equal to h. 

If no common measure can be found, the equation contains no 
equal roots. If /> is of the second degree, with reference to x, 
put jD=0, and resolve the equation; and if jD is found to be in 
the form of (x — Kf ; then the given equation has three roots 
equal to h. 

If J5 be found of the form of (x — h){x — A'), then the given 
equation has two roots equal to A, and two equal to h'. 

Let D be of any degree whatever ; put Z)=0, and, if possible, 
completely resolve the equation ; and every simple root of D is 
twice a root in the given equation ; every double root of D wiU 
be three times a root in the given equation^ and so on. 

EXAMPLES. 

1. Docs the equation x* — 23? — Taf'+^Oar — 12=0 contain 
any equal roots, and if so, find them ? 

Its derived polynomial is Ac? — Ba:^ — 14a:+20. 

The common divisor, by (Art. 27.), is found to be a>— 2 • 
therefore, the equation has two roots, equal to 2. 

The equation will then divide twice by x — 2, or once by 
{x — ^2)^, or by s^-^x-^A. Performing the division, we find 
the quotient to be s^-^-^x — 3, and the original equation is now 
separated into the two factors, 

(x«— 4a?+4)(x'+2a:— 3) =0. 

The equation can now be verified by putting each of these 
fiictors equal to zero. From the first we have already a?s=2, 
and 2, and from the second we may find ar=l or ^—3; hence, 
the entire solution of the equation gives 1, 2, 2, — 3 for the four 
roots. 

a. The equation aj'+2a:* — llaJ* — 8a:!"+20x+16=0 has two 
equal roots ; find them. Ans. 2 and 2. 

3. Does the equation sf — ^v^-^-Za? — ^Trc'+So? — 3=0 contain 
oqual roots, and how many? 

Ansn It contains thrtt equal roots, eadi equal to t. 
x2 



270 ELEMENTS OF ALGEBRA. 

4« Find the equal roots, if any, of the equation 

ar*+x^— 16a:+20=0. Ant 2 and 2. 

ft* Find the equal roots of the equation 

aJ*+2x" — 3a:* — 4a?+4=0. 
Ans. Two roots equal to 1, and two roots equal —4. 

6« Find the equal roots of the equation 

a:«_6x»+ 10a?— 8=0. 

Ana. It contains no equal roots. 

(Art. 171.) Equations which have no commensurable roots, or 
those factors of equations which remain after all the commema- 
rable and equal roots are taken away by division, can only be 
resolved by some method of approximation, if tliey exceed the 
third or fourth degree. It is possible to give a durect solution in 
cases of cubics and in many cases of the fourth degree ; but, in 
practice, approximate methods are less tedious and more conve- 
nient. 

We may tramform any equation into another who$e root» 
shall be greater or leas than the roots of the given equaiioH hy 
a given quantity. 

Suppose we have the equation 

a^+Ax^+Ba^+C3^+I)x+I!==0, (1) • 

and require another equation, whose roots shall be less than&ose 
of the above by a. 

Put x=a+y, and, of course, the equation involving y wiU 
have roots less than that involving or, by a, because ysszX'^-'^ or 
y is less than x, by a. 

In place of a?, in the above equation, write its equal (a-|-y)i 
and we have 

By expanding and arranging the terms according to the powen 
of y, we shall have, as in (Art. 168.}, 
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(a+y)«=«^ +6tf* 


y+10a» 


y«+10a« y»+6a 


»*+»•] 


A{a+y)*=Jl(^+4Jla'' 


+6^a* 


+4w^a 


+^ 


• • • 


^(a+y)»=5o»+3£«^ 


+ai?a 


n • • • 


C{a+yy=Ctf +2Ca 

n(n-i-*i\ — 7)/i 4- 7) 


+c .... 





==0 

(2) 



After a Utde observation, these transformations may \% made 
▼ery expeditiously, for the first perpendicular column may be 
written out by merely changing ar to a, in the original equation, 
and then, each horizontal column run out by the law of the 
binomial theorem. 

Thus ff becomes 5c;^, and this, again, lOaS ^' 

^ ^ / 

Now, the first column of thciigfaNrhand member of this equa- 
tion consists entirely of known quantities ; and the coefficients 
of the different powers of y are known ; hence we have an 
equation, involving the several powers of y, in form of equa- 
tion (1), 

Or, y*+^y+^y«+C^y*+^'y+i5;=0; the equation 

required; Jl'^ B', &c., representing the known coefficients of 
the different powers of y. 

In commencing this subject, we took an equation definite in 
degree^ for the purpose of giving the pupil more definite ideas ; 
but it is now proper to show the form of transforming an equation 
of the most general character. 

For this purpose, let us take the equation 

ar+J^x'^-^+Bar^ Ox+H=0. 

Now let it be required to transform this equation into another 
wtiose roots shall be less than the roots of this equation by a. 

Put x==a-\-y9 as before ; then 
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If we should desire to make the third term (counting from the 
lughest power of y) of equation (2) to disappear, we must 

Put 10««+4^a+J?=0 ; and this involves the 

solution of an equation of the second degree, to find the definite 
value of a. To make the fourth term disappear would require 
the solution of an equation of the third degree ; and so on. 

If a is really a root of the primitive equation, then x=ay ^»0, 
and each perpendicular column of the transformed equation is 0. 

If we designate the first perpendicular column of the general 
transformed equation by X, and the coefficients of the succeeding 
columns by 

X' X" X"' 

X" X'" 

X+X'y+^t/»+^y' y"=0- 

The coefficients of the dififerent powers of y, as X', X", X"', ^c. 
are called derived polynomialsy because each term of X' can be 
derived firom the corresponding term of X ; and each term of X" 
cm be derived from the corresponding terms of X', by the law of 
the binomial theorem, as observed in the first part of this article. 
Baty to recapitulate : 

X is derived from the given equation by simply changing x 
to a, 

X' is derived from X by multiplying each of the terms ofX' 
by the eaqponent of a, in that term^ and diminishing that expo- 
nent by unity, and dividing by the exponent of y increased by 1. 

X" is derived from X', in the same manner as X' is derived 
from X ; and so on. 

X' is called the first derived polynomial ; X" the second, iic. 

To show the utility of this theorem, we propose to transform 
the following equations : 

1* Transform the equation 

ar*— 12a;»+ 17a?2— 8ar+7=0, 

into another, which shall not contain the 8d power of the un- 
known quantity. 

18 
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12 
By (Art. 172.), put x=y+-j- or • • • • x=3+y 

Here a=s3 and m=4. 
X =(3)*— 12(3)»+17(3)«— 9(3)+7 ... or. . .X =—110 
X' =4(3)»— 36(3)«+34(3)— 9 or ... X' =—138 

^=6(3)«— 36(3)+17 or* • •?•' =— 87 

2 « 

X'" X'" 

T3=''W-^* o-'-O"--" 

Therefore the transformed equation must be 

y«_37y«_123y— 1 10=0. 

9. Transform the equation 

x»— 6a?*+ 1 3aj— 12 =0, 
into another wanting its second term. Put ap=:2-4~y. 

X =(2)«— 6(2)«+13(2)— 12 or. . .X =—4 

X' =3(2)«— 12(2)+13 or. . .X' =+1 

±- =3(2)»— 8 or. . 



2 ^ ' 2 

X"' , X'" 

2.3 2.8 

Therefore the transformed equation must be 

8. Transform the equation 

aj* — 4x'«— 8.r+32=0, 
into another whose roots shall be 2 less. 

Put ar=2+y. Beault, y^+^y^— 24y=0. 

As this transformed equation has no term independent of ^f 
y=0 will Terify the equation ; and x=2 will verify the ofiginal 
equation, and, of coarse, is a root of that equation. 
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^ Trantfonii the equation 

af«+l(te«+©9x*+228x+144=B0, 
into another whose roots shall be greater by 8. 

Put a?=— 3+y. Besult, y*+4y»+9y*— 42y=0. 

«!• Transform the equation 

0^— 8a»+aJ«+82a>— 60=0, 

into another wanting its second term. 

JResub, y^— 23y»+22i/+60=.0. 

(Art. 173.) We may transform an equation by divinon^ as 
welt as by substitution^ as the following invutigatum will show. 

Take the equation 

**+^«*+-»«»+Car+l>=Q • (1) 

If we put xsaa-jry^ in the above eqiiationy it will be trans- 
formed (Art. D.) into 

Y'" Y" Y' 
y+|;gy+|-»»+^+X==0 (2) 

As a?=a+y, therefore y=a? — a ; and put this value of y in 
equation (2), we have 

Now it is manifest that equation (3) is identical with equation 
(I), for we formed equation (2) by transforming equation (l),and 
from (2) to (3) we only rewrsed the operation. 

Now we can divide equation (3), or in fact equation (1), by 
(ar — a), and it is obvious that the first remainder will be X. 

Divide the quotient, thus obtained, by the same divisor, {x^^, 
and the second remainder must be X'. 

Divide the second quotient by (j>— ^), and the third remainder 

must be — . 

X"' 
The next remainder must be ^-^ Ac., te., according to the 

degree of the equation. 
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Now if we reserve these remainders, it is manifest that they 
may form the coefficients of the required transformed equation ; 
taking the last remainder for the Jirat coefficient ; and so on, in 
reverse order. 

For illustration, let us take the third example of the last article. 

a?=2+y» or yssso^— 2. 



2)a^— 4x«— 8a?+32(x«— 2a!*— 4a?— 16 


a^— 2x" 




— 2a:»— Sx 


/ 


—2a^+4a^ 




— 4a» — 8a? X 


^2)aj»— 2a:^— 4a>— 1 6(a!*-4 


— 4aj»+8a? 


ar»— 2a:* 


— iar+32 


— 4a>-16 


— lte+32 


— 4a?+ 8 


0=X 


— 24=X' 


,aju.2)a^-4(a?+2 


ar— 2)a?+2(l 


a:^— 2* / 


a>— 2 


2a>—4 
2a^— 4 


2.8 







1.2 



Hence the transformed equation is 



or, 



3^+4y«dbOy^24y+0=0 ; 
y*+4y^— 24y=0, as before. 



For a further illustration of this method, we will again operate 
on the first example of the last article. 
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— 9a^+17x* 
— 9a:»+27a:» 



lOaj* — 9a? 
.10a!*+30a? 



— 39a:+ 7 
— 39a?+117 



— 110=sX. Ist Remainder. 



ar^-3)a!*— 9a:'— lOaeu— 89(a»— 6a?— 28 
a!»— 3a;* 



— 6a?* — 10a? 
— 6a:«+18a? 



-28a:— 39 

-28a?+84 



— 128=X'. 2d Remainder. 

X — 3)a!* — 6a:— 28(a? — 3 a? — 3)a? — 3(1 

a?" — 3a? a? — 3 



o • A 0=-^-;:. 4th Rem. 

— 3a?-f. 9 < 2.3 



Hence ^=^0^^—37^^ — 123y — 110==0, must be the trans- 
formed equation. 

We shall have a 4th remainder, if we operate on an equation 
of the 4th degree ; a 5th remainder with an equation of the 5th 
degree ; and, in general, n number of remainders with an equa- 
tion of the nth degree. 
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But to make Uiis method tufficieDtly pnoticaU tlie opentov 
must understand 

SYNTHETIC DIVISION. 

(Art 174.) Multiplication and division are so intimately blended* 
that they must be explained in connection. For a particulair 
purpose we wish to introduce a particular practical form of per- 
forming certain divisions ; and to arrive at this end, we commence 
with multiplication. 

Algebraic quantities^ containing regular powers^ may be 
muitipHed together by uHng detached co^cientSf and annexing 
the proper literal powers afterwards. 

EXAMPLES. 

!• Multiply a*+2oa:+j:* by a+x. 

Take the coefficients. Thus 

1+2+1 
1+1 



1+2+1 
1+2+1 



Product, . • . . 1+3+3+1 
By annexing the powers, we have 

«»+3a*a:+3ar«+x". 

•• Multiply a^'+ary+y* by x" — ^ay+jA 

As the literal quantities are regular* we may take detached 
coefficients, thus : 

1+1+1 
1—1+ 1 



1+1+1 
—1—1—1 

1+1+1 
Product,. . . . 1+0+1+0+1 
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-Sere the second and fourth coefficients are ; therefore the 
^rms themselves will vanish ; and, annexing the powers, we shall 
aave for the full product 

8. Multiply 3a«— 2ar— 1 by 4x+«. 

3—2—1 

4+2 



12 8 1 
6—4—2 



12—2—8—2 
Product, . . . 12x"— 2a:*— 8a:— 2. 

4. Multiply aJ* — aai?-]rc?3i^''~<fx']ra^ by x+a. 

1—1+1—1+1 
1+1 



1—1+1—1+1 
+1—1+1—1+1 

1+0+0+0+0+1 



As all the coefficients are zero except the first and last, there- 
fore the product must be 

«»+a^. 

(Art. 175.) Now if we can multiply by meant of detached 
confidents J in like cases we can divide by means of them. 

Take the last example in multiplication, and reverse it, that is, 
divide ar'+o* by x+a. 

Here we must suppose all the inferior powers of a^ and a* 
really exist in the dividend, but disappear in consequence of their 
coefficients being zero ; we therefore write att the eogficienti of 
the regular powers thus : 
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J 

DiTiior. DiTiduid. QnoliMt 

1+1)1+0+0+0+0+1(1—1+1—1+1 

1+1 

—1+0 

—1—1 



1+0 

1+1 



-1+0 

—1—1 



1+1 
1+1 



Annexing the regular powers to the quotient, we have af^ — 02*+ 
o'a:' — d^x-^-a^ for the full quotient. 

•. Divide a*— 5<t«6+10a*6*— 10a«6«+6a6*— 6» by a«— 
2a6+6«. 

1_2+1)1_5+10— 10+5— 1(1— 3+3— 1 
1—2+ 1 

_3+9^10 
_3+6— 3 



3—7+5 
3—6+3 

—1+2—1 

These coefficients are manifestly the coefficieats of a ca^; 
therefore the powers are readily supplied, and are 

a*— 3a«6+3ai*— 6». 

N. B. If we change the signs of the coefficients in the divisor, 
except the first, and then add the product of those changed terfMf 
we shall arrive at the same result. 

Perform the last example over again, after changing the signs 
ci the second and third terms of the divisor. Thuf, 
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1+a— 1)1— 6+10_l0+ 5—1(1—3+3—1 
1+2— 1 

Sum . . *— 3+ 9—10 
—3— 6+ 3 



Sum .... * 3— 7+5 

34- 6—3 



Sum •— 1+2—1 

— 1—2+1 

Sum * 0+0 

S. Divide a;*— 6a:*+lla?— 6 by x—2. 

Change the sign of the second tenn of the divisor. 

1+2)1—6+11—6(1—4+3 
1+2 



11 

8 



3—6 
3+6 



Let the reader observe, that when the first figure of the divisor 
is 1, the first figure of the quotient will be the same as the first 
figure of the dividend ; and the succeeding figures of the quotient 
are the same as the first figures of the partial dividends. 

Now this last operation can be contracted. 

Write down the figures of the dividend with their proper signs, 
and the second figure of the divisor, with its sign changed, on 
the right. Thus 

1—6+11—6(2.= Divisor 
8+6 



(1—4+3) 

7%« ^rst figure^ 1, t* brought doum for the firet figure oj 
the quotient. 

The divisor, 2, is put under — 6 ; their sum is «— 4, which 
multiplied by 2, and ihe product «— 8 put under the next term 
y2 
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the sum of +11 — 8 is 3, which multiplied by 2, gives 6, and the 
sum of the last addition is 0, which shows that there is no 
remainder. 

The numbers in the lower line show the quotient^ except the 
last; that shows the remainder^ ifony. 

This last operation is called synthetic division. 

4. Divide a:r»+2x*— 8a>— 24 by a^— 3. 

COMMON METHOD. 

J?— 3)x»+2a:»— 8j?— 24(x*+6a?+7 
a^ — 3x^ 



ba^ — Sx 
6a:*— 16a? 



7a>— 24 
7a>— 21 

— 8 

STNTHITIC METHOD. 

1+2— 8—24(3 
8+16+21 



(1+6+7)— 3 

Now we are prepared to work the examples in (Art £.) in a 
more expeditious manner. 

Transform again, the equation x^~^4j? — 8a;+32=0, to an- 
other, whose roots shall be less by 2. 

This equation has no term containing s?^ therefore the coeffi- 
cient of 3? must be taken =0, if we use Synthetic Division, 

FIRST OPERATION. 

l_4dh:0— 8+32 (2 
2—4—8—32 



(1_2— 4—16), 0=X, 

SECOND OPERATION. 
1—2—4—16(2 

2db0— 8 

(1+0— 4),-2l=X'. 
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THIBD OPERATION. 
lifcO —4 (2 

2+4 
(1+2) 0=^. 

FOURTH OPERATION. 
1+2(2 

2 



(1) 4=r 



2.8 

Hence our transformed eqaatioa is y^+4^ — ^24ys=0, as 
before. 

To transform an equation of the fourth degree, we must have 
four operations in division; an equation of the nth degree n 
operations, as before observed. 

But these operations may he all blended in one. Thus 

1 —4 ±0 — 8 32 (2 
2—4—8 —32 



—a —4 —16 ttaX 
2 0—8 



—4 —24 =X' 
2 +4 

2 0=— 



*~ 2.3' 



We omit the first column, except in the first line, as there are 
no operations with it. 

The pupil should observe the structure of this operation. It 
is an equation of Uie 4th degree, and there are four sums in ad> 
dition, in the 2d column ; three in the next ; two in the nezt^ 
&c., giving the whole a diagonal shape. 
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Transform the equation a?* — 12a!*+17«^— 9a?+7=0, into an- 
other whose root shall be 3 less. 





OPERATION. 


—12 


+17 


— 9 + 7 (3 


+ 3 


—27 
—10 


— 30 —117 


— 9 


— 39 — 110=X 


+ 3 


—18 
—28 


— 84 


— 6 


— 123==X' 


+ 3 


— 9 




— 3 


—37= 


"2 


8 






= 


X"' 





2.3 

Hence the transformed equation is 

y4+(y-«37y^— 123y— 1 10=0. 

Transform the equation re*— 12x — ^28=0, into another whose 
roots shall he 4 less. 

1 





4 

T 


—12 

+ 16 

4 


—28 (4 
+16 

— 12=X 


4 


32 




T 


36= 


rX' 


4 


• 




12= 


X'' 





Hence the transformed equation must be y'+12y'+36y — 
12=0, on the supposition that we put y=^x — 4. 

Transform the equation x" — 10x^+30!; — 6946=:0, into another 
whose roots shall be 20 less. 

Put a:=20+y. 
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—10 


3 


—6946 


(20 


20 


200 

203 
600 


4060 




10 


—2886 




20 






30 


803 






20 








50 









The three remainders are the numbers just aboHre the daubU 
lines f which give the following transformed equation : 

y«+5(y+803y— 2886=0. 

Transform this equation into another, whose roots shall be 3 
less. Put y=3-\-z. 



50 


803 


—2886 (3 


3 


159 


+2886 


53 


962 
168 





3 




56 


1130 




3 







59 
Hence the second transformed equation is 

This equation may be verified by making z=^0 ; which gives 

y=3 and a:=20+3=23. 

Thus we have found the exact root of the original equation by 
successive transformations ; and on thii principle we shall here- 
after give a general rule to approximate to incommensurable roots 
of equations of any degree ; but before the pupil can be prepared 
to comprehend and surmount every difficulty, he must pay more 
attention to general theory, .as developed in the following 
Chapter. 
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CHAPTER in. 

GENERAL PROPERTIES OF EQUATIONS. 

(Art. 176.) Any equation^ having onhf negative roots, will 
have all its signs positive. 

If we take — a, — 6, — c, &c., to represent the roots of an 
equation, the equation itself will be the product of the factors ; 

(ar+fl), (ar+6), (a?+c), &c., =0 : 

and it is obrioos that all its signs must be posithre* 

From this, we decide at once, that te equation a^+ZsiM'' 
6a?-{-6=0 ; or any other numeral equation, having all its sigas 
plus, can have no rational positive roots. 

(Art. 177.) Surclsj and imaginary roots, enter equations by 
pairs. 
Take any equation, as 



and suppose (a-^r^Jb) to be one of its roots, then (a-^Jb) must 
be another. 

In place of at, in the equation, write its equal, and we have 

{a+Jby+Ji{a+Jby+B{a+Jby+C{a+Jb)+D=0. 

By expanding the powers of the binomial, we shall find some 
terms rational and some surd. The terms in which the odd 

powers of Jb are contained will be surd; the other terms 
rational ; and if we put R to represent the rational part of this 

equation, and S^Jb to represent the surd part, then we must have 

B+Sjb=0. 

But these terms not having a common factor throughout, cannot 
equal 0, unless we have separately i7=0, and S=0 ; and if this 
be the case we may have 

HSJb^O. 

This last equation, then, is one of the results of (a+^^J, 
being a root of the equation. 
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Now if we write (a — ^Jb) in place of a?, in the original equa- 
tion, and expand the binomials, usmg the same notation as 
before, we shall find 

But we have previously shown that this equation must be true ; 
and any quantity, which, substituted for a?, reduces an equation 

to zero, is said to be a root of the equation; therefore (a— ^S) 
is a root. 

The same demonstration will apply to {-{-Jo), (— ^a), to 

+^ — a, — 4/—^ and to imaginary roots in the form of 

(Art. 178.) If we change the signs of the alternate terms qf 
an eqtmtionj it toill change the signs qf aU its roots. 
At first, we will take an equation of an even degree. 

If a is a root to the equation 

a*+^a^+i9a*+Ca?+Z>=0 (1) 

then will — a be a root to the equation 

a:«_w^ar»+jBa*— Car+/>=0 (2) 

Write a for x, in equation (1), and we have 

iDr*-|-w^a«+jBa*+Ca+Z>=0 (8) 

Now write — a for x, in equation (2), and we have 

tf*+w^a«+5a»+Ca-|-Z>=0 (4) 

Equations (3) and (4) are identical ; therefore if a, put for x in 
equation (1), gives a true result, — a put for x in equation (2), 
gives a result equally true. 

We will now take an equation of an odd degree. 

If the equation a^+^a*+jBx+ C=0, 

have a for a root, then will the equation 

have — a for a root. 
From the first €?-\'A<^-{'Ba+ C=0. 

From the second —a* — w^o*— -^a— CM). 
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This second equation is identical with the first, if we change 
ail its signs, which does not essentially change an equation. 

The equation a?*+a^— 19a:*+lla?+30=«0, has —1, 2, 3, 
and — 5, for its roots ; then from the preceding investigation 
we learn that the equation 

a:*.^-<r»— 19x^^1 la?+30=0, 
must have 1 -—2, —-3, and +& for its roots. 



(Art. 179.) If we introduce one positive root into an equa- 
tion^ it wUl produce at least one variation in the signs of its 
term; if two positive roots^ ctt letut two variations. 

The equation a!«+x+l=0, having no variation of signs, can 
have no positive roots. (Art. 176.) Now if we introduce the 
root -|-2, or which is the same thing, multiply hy the factor x — 2, 

a!*+ X +1 

X — 2 

a?'+ «*+ X 
— 2a!*— 2ar— 2 



Then ai^^a^ — a?— 2=0; 

and here we find one variation of signs from -h^ to — -«*, and 
one permanence of signs through the rest of the equation. 

If we take tliis last equation and introduce another positive 
root, say +5, or multiply it by x — 5, we shall then have 

1—1 —1 —2 
1—5 



1—1 —1 —2 
—5 +5 +5 +10 

a?*— 6r^+4a^+3a?+10=0. 

Here are two variations of signs, one from -\-pt^ to -— Gar*, and 
another from — 6a^ to +4a;*. 

And thus we might continue to show that every positive root, 
introduced into an equation, will produce at least one variation 
of signs. But we must not conclude that the converse of this 
proposition is true. 
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Every positive root will give one variation of signs ; hui 
every variation of signs does not necessarily show the existenet 
of a positive root. 

For an -equation may have 



(«+6V— I), (i^^V— 1), — c, — rf, 

for roots ; then the equation will be expressed by the product of 
the factors 

{xf''^2ax+(^+b^) {x+c) {x+d)=0. 

As one of these terms, (-^2ax), has the ininus sign, it will 
produce some minus terms in the product ; and there must neces- 
sarily be variations of signs ; yet there is no positive root. At 
the same time, the whole factor in which the minus term is found, 
must be plus^ whatever value be given to a?* as it is evidently 
equal to {x — a)*+6^ the sura of two squares. 

The equation 

a:4_2r»— a:2+2a:+ 10=0, 

has two variations of signs, and two permanencies^ but the roots 
are all imaginary^ viz. ^ 



(2+V— 1). (2— V— 1)» (— 1+V— 1)' and (— l—^— 1). 

If it were not for imaginary roots, the number of variations 
among the signs of an equation would indicate the number of 
plus roots : and this number, taken from the degree of the equa- 
tion, would leave the number of negative roots ; or the number 
of permanencies of signs would at once show the number of 
^ negative roots. 

To determine a priori the number of real roots contamed in 
any equation, has long baffled the investigations of mathemati- 
cians; and the difficulty was not entirely overcome until 1829, 
when M. Sturm sent a complete solution to the French Academy. 
The investigation is known as Sturm's Theorem, and will be pre- 
sented in the following Chapter. 

LIMITS TO ROOTS. 

(Art. 180.) All positive roots to an equation are compri8e4 
between zero and infinity ;. and all negative roots between sero 
Z 19 
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and mintis infinity ; but it is important to be able at once ^ 
assign much narrower limits. 

We have seen, (Art. 179.), that every equation, having a posi- 
tive root, must have at least one variation among its signs, and 
at least one minus sign. 

If the highest power is minus, change all the signs in the 
equation. 

Now we propose to show that the greatest poeitive root must 
be less than the greatest negative coefficient plus one. 

Take the equation 

It is evident, that as the first term must be positive for all de- 
grees, X must be greater and greater, as more of the other terms 
are minus : then x must be greatest of all when all the other 
terms are minus, and each equal to the greatest coefiicient, [D 
being considered the coefficient of xf). 

Now as A, B, &c., are supposed equal, and all minus, we shaU 
have 

a:*— w^(a:«+ar*+ar+ 1)=0. 

. For the first trial take x==^Jij and transpose the minus quantity, 
and we have . 

Divide by wi*, and we have 

1=1+1+1+1 

Now we perceive that the second member of the equation is 
greater than the first, and is not, in fact, an equation. x=^ 
proves X not to be large enough. 

For a second trial put a?=w^+l. 

Then (w^+l)*=^[(w^+l)»+(^+l)«+(^+l)+l] 

Dividing by (•^+1)^ we have 

We ratain the sign of eqoalitjr for coDTenienee, thongii the 
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members are not equaL The second member consists of tenns 
in geometrical progression, and their sum, (Art. 120), is 

1 — , a . ... . Hence the first member is greater than the second, 

(•a-ri; 

which shows that {'^-{-l) substituted for a;, is too great. But ^ 
was too small, therefore the real value of x, in the case under 
consideration, must be more than A and less than (w^+l). 

Tliat is, the greatest positive root of an equation, in the 
most extreme case, must be less than the greatest negative 
coefficient pius one. 

In common cases the limit is much less. 

From this, we at once decide that the greatest positive root to 
the equation ar^— 3a?*4-7«* — Sa^ — 9x— 12=0, is less than 13. 

Now change the second, and every alternate sign, and we 
have the equation 

a^+3x*+7ar^+Sx^'^9x+ 1 2=0. 

The greatest positive root, to this equation, is less than 10 ; but, 
by (Art 178.), the greatest positive root of this equation is the 
greatest negative root of the preceding equation ; therefore 10 is 
the greatest limit of the negative roots of the first equation ; and 
all its roots must be comprised between -)-13 and —-10 ; but as 
this equation does not present an extreme case, the coefiicients 
after the first are not all minus, nor equal to each other ; there- 
fore the real limits of its roots must be much within +13 And 
— 10. In fact, the greatest positive root is between 3 and 4, and 
the greatest negative root less than 1. 

If it were desirable to find tlie limits of the least root, put 
0?=-, and transform the equation accordingly. Then find, as 

if 

just directed, the greatest limit of y, in its equation ; which will, 
of course, correspond to the least value of x in its equation. 

(Art. 181.) If we substitute any number less than the least 
root, for the unknoum quantity, in any equation of an even 
degree, the result will be positivb. w^nd if the degree of the 
equation be odd, the result will be negative. 

Let a, 6, e, dtc., be roots of an equation, and ;r the unknown 
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quantity. Also, conceive a to be the least root, b the next 
greater, and so on. Then the equation will be represented by 

{x — a){x — b){x — c){x — d)f &c., =0. 

Now in the place of x substitute any number h less than a, and 
the above factors will become 

(A^-fl)(A— 6)(A— c)(^— d), &c. 

Each factor essentially negative, and the product of an even 
number of negative factors, is positive ; and the product of an 
odd number is negative ; therefore our proposition is proved. 

Scholium, — If we conceive h to increase continuously, until it 
becomes equal to a, the first factor will be zero ; and the product 
of all of them, whether odd or even, will be zero, and the equa- 
tion will be zero, as it should when h becomes a root* 

If h increases and becomes greater than a, without being 
equal to b^the result of substituting it for x wUl be negative, 
in an equation of an even degree^ and positive in an equation 
of an odd degree. 

For in that case the first factor will be positive^ and all the 
other factors negative ; and, of course, the signs of their product 
will be alternately minus znd plus, according as an even' or odd 
number of them are taken. 

If h is conceived to increase until it is equal to b, then the 
second factor is zero, and its substitution for x will verify the 
equation. If h becomes greater than 6, and not equal to c, then 
the first two factors will be positive ; the rest negative; and the 
result of substituting h for x will give a positive or negative 
result, according as the degree of the equation is even or odd. 

If we conceive A to become greater than the greatest root, 
then all the factors will be positive, and, of course, their product 
positive. 

For example, let us form an equation with the four roots -^S, 
2, 6, 8, and then the equation will be 

(a?+6)(ar— 2)(ar— 6)(x— 8)=0, 

Or. . . . a^— lla;»— 4a^+284av-480=:0. ^ 

(The greater a negative number is, the less it is considered.) 
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Now if we substitute — 6 for x, in the equation, the result must 
be positive. Let — 6 increase to — 5, and the result will be 0. 
Let it still increase, and the result will be negative, until it has 
increased to +2, at which point the result will again be 0. 

If we substitute a number greater than 2, and less tlian 6, for 
Xj in the equation, the result will again be 'positive, A number 
between 6 and 8, put for x, will render the equation negative ; 
and a number more than 8 will render the equation positive ; 
and if the number is still conceived to increase, there will be no 
more change of signs, because we have passed all the roots. 

If we substitute numbers for the unknown quantity, in any 
equation which differ from each other by a less number than 
the difference between any two roots, and commence with a 
number less than the least root, and continue to a number greater 
than the greatest root, we shall have as many changes of signs 
in tiie results of the substitution as the equation has real roots. 

If one real root lies between two numbers substituted for the 
unknown quantity, in any equation, the results will necessarily 
show a change of signs. 

If one, or three, or any odd number of roots, lie between the 
two numbers substituted, the results will show a change of signs. 

If an even number of roots lie between the two numbers sub- 
stituted, the results will show no change of signs. 

In the last equation, if we substitute —6 for x, the result 
will be plus. 

If we substitute -|-3, the result will also be plus, and give no 
indication of the two roots —5 and +2, which lie between. 

(Art. 182.) If an equation contains imaginary roots, the 
factors pertaining to such roots will be either in the form of 
{x^+a), or in the form of [(a? — af+b^, both positive, whatever 
numbers may be substituted for x, either positive or negative ; 
hence, if no other than imaginary roots enter the equation, all 
substitutions for x will give positive results, and of course, no 
changes of sign. It is only when the substitutions for x pass 
real roots that we shall find a change of signs, 
z2 
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CHAPTER IV. 

GENERAL PROPERTIES OF EQUATIONS— Continded. 

Sturm's TTieorem, 

(Art 183.) If we take any equation which has all its roots 
real and unequal, and make an equation of its first derived poly- 
nomial, the least root of this derived equation will be greater than 
the least root of the primitive equation, and less than the next 
greater. 

If the primitive equation have equal roots, the same root will 
verify the derived equation.* 

We shall form our equations from known positive roots. 

Let Oy b, c, dy &c., represent roots ; and suppose a less than 
bf b less than c, &c., and x the unknown quantity. Aji equation 
of the second degree is 

x^—{a+b)x+ab==:0; 

Its first derived polynomial is 

2x— (a+6). 

If we make an equation of this, that is, put it equal to 0, we 
shall have 

Now if b is greater than a, the value of x is more than a, 
and less than 6, and proves our proposition for all equations of 
the second degree. If we suppose a=6, then x=(Zf in both 
equations. 

An equation of the third degree is 

3^—(a+b+c)3^+{ab+ae+bc)x—abc=0 (I) 

Its first derived polynomial is 

3x«— 2(a+6+c)ar+a6+ac+6c=0 (2) 

This equation, being of the second degree, has two* roots, and 
on/y two. * 



• To ensure persincuity and avoid too abstruse generality, we operate on 
equations definite in degree; the result will be equally satls&ctoiy to the 
learner, and occupy, comparatively, but little space. 
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Now if we can find a quantity which, put for x, will verify 
equation (2), that quantity must be one of its roots. If we try 
two quantities, and find a change of signs in the results, we are 
sure a root lies between such quantities. (Art. 181.) Therefore 
we will try a, or write a in place of x. As b and c are each 
greater than a, we will suppose that * 

b=a+h 

With these substitutions, equation (2) becomes 

3a^^— 2(3a+A+A')«+3a*+2aA+2aA'+AA'=0; 

Keduced, gives +AA'=0. 

Therefore a cannot be a root; if it were we should have 0=0. 
If we now make a substitution of b for x, or rather (a^h) 
for Xj and reduce the equation, we sliall find 

(A_A')A=0. 

It is apparent that this quantity is essentially minuSj as h' 
is greater than A. Hence, as substituting a for x, in the equa- 
tion, gives a small plus quantity, and b for x gives a small 
minus quantity, therefore one value of x, to verify equation (2), 
must lie between a and b. 

This proves the proposition for equations of the third degree : 
and in this manner we may prove it for any degree ; but the labor 
of substituting for a high equation would be very tedious. 

If we suppose as=ft, and put c=a-^h', and then substitute a 
in place of or, we shall find equations (1) and (2) will be verified. 

Therefore in the case of equal roots, the equation and its 
first derived polynomial will have a common measure, as before 
shown in (Art. 168). 

If all the roots of an equation are equal, the equation itself 
may be expressed in the form of 

(x — a)**=0. 

Its first derived polynomial, put into an equation^ will be 

m{x — a)*"*s=0. 

It is apparent that the primitive equation has m roots equal to 
a ; and the derived equation, (m— -1), roots also equal to a. 
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Lastly, take a general equation, as 

a-»+w^a:«-'+jBir-^ Bx+S=0. 

Its first derived polynomial, taken for an equation, will be 
fna?*-'+(m— l),tfa:™-« i?=0. 

i^e may suppose this general equation composed of the 

factors 

(a?— «)(a>— ^)(a? — c), &c, =0, 

and also suppose b greater, bat insensibly greater ^ than a ; c 
insensibly greater than 6, &c. Then the equation will be nearly 

(a:— a)**=0 ; 
and its derived polynomial, 

m(a>— «)"^*=0, 

cannot have a root less than (a), the least root of the primitive 
equation ; but its root cannot equal cr, unless the primitive equa- 
tion have equal roots ; therefore it must be greater. 

By the same mode of reasoning we can show that the greatest 
root of an equation is greater than the greatest root of its derived 
equation ; hence the roots of the derived equation are interme- 
diate, in value, to the roots of the primitive equation, or contained 
within narrower limits. 

(Art. 184.) If we take any equation, not hnHng equal roots, 
and consider its first derived polynomial aUo an equation, 
and then substitute any quantity less than the least root of 
either equation, for the unknoum quantity, the result of such 
9ubstitution ivill necessarily give opposite signs. 

Let a, b, c, &c., represent the roots of a primitive equation, 
and a', b\ &c., roots of its first derived polynomial ; x the un- 
known quantity. Then the equation will be 

' [x — a){x — b){x — c), &c., to m factors =0 ; 

the derived equation will be 

{x — a'){x — b'){x — c'), &c., to (m — 1) factors =0. 

Now if we substitute A for x, and suppose A less than either 
root, then every factor, in both equations, will be negative. 

The product of an even number of negative factors is positive, 
and the product of an odd number is negative ; and if the factors, 
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in the primitive equation are e?en, those in the derived equation 
must be odd. 

Hence any qtumtiiy less than any root rf either equation^ will 
necessarily give to these Junctions apposite signs, 

(Art 185.) Now if we conceive h to increase until it becomes 
equal to a, the least root, the factor (2>— <a) will be 0, and reduce 
the whole equation to 0. Let h still increase and become 
greater than a, and not equal to a', (which is necessarily greater 
than a, (Art. 184.), and the factor (X'^-a) will become plus, while 
all the other factors, in both equations, will be minus, and, of 
course, leave the same number of minus factors in both functions, 
which must give them the same sign. Consequently, in passing 
the least root of the primitive equation a variation is changed into 
a permanence. 

Sturm*s Theorem. 

(Art. 186.) If we take any equation not having equal roots, and its 
first derived polynomial, and operate with these functions as though 
their common measure was desired, reserving the several remain- 
ders with their signs changed, and make equations of these func- 
tions, namely, the primitive equation, its first derived polynomial 
and the several remainders with their signs changed, and tiien 
substitute any assumed quantity. A, for x, in the several functions, 
noting the variation of signs in the result ; afterwards substitute 
another quantity. A', for x, and agam note the variation of signs ; 
the difference in the number of vacation of signs, resulting 
from the two substitutions, unll give the number of reed roots 
between the limits h and h'. 

If *-r-QO and +Q0 are taken for A and A', we shall have the 
whole number of real roots ; which number, subtracted from the 
degree of the equation, will give the number of imaginary roots. 

DEMONSTRATION. 

JjOt X represent an equation, and X' its first derived polyno- 
mial. 

In operating as for common measure, denote the several quo- 

* Symbols of infinity. 
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tients by Q, Q'« Q'S &c., and the several remainders, with their 
signs changed, by R, R', R", &c. 

In these operations, be careful not to strike out or introduce 
minus factors, as they change the signs of the terms ; then i 
re-chanee of signs in the remainder would be erroneous. 

From the manner of deriving these functions, we must have 
the following* equations : 

X' ^ X' 

X' R' 

R ^ R 

R ^ R" 
R' ^ R' 



If 



R'^^ R" 
&c. &c. 

Clearing these equations of fractions, we have 

X =X' Q — R 

X=RQ' — R' 
R =R'Q" — R' 
R=R"Q"'— R 



i»f/ 



R,»-2=Riii-iQii.-i"— ^ 



M J 



(A) 



As the equation X=0 must have no equal roots, the functions 
X and X' can have no common measure (Art. 168.), and we shall 
arrive at a final remainder, independent of the unknown quantity, 
and not zero. 

Proposition 1. No two consecutive functions , in equations (A), 
can become zero at the same time. 

For, if possible, let such a value of A be substituted for ar, as 
to render both X' and R zero at the same time ; then the second 
equation of (A) will give R'=0. Tracing the equations, we must 
finally have the last lemainder R^ =0; but this is inadmis- 
sible ; therefore the proposition is proved. 

Prop. 2. TfTien one of the functions becomes zero, by giving 
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a particular value to x, the adjacent functions between which it 
M placed must have opposite signs. 

Suppose R' in the third equation, (A), to become 0, then the 
equation still existing, we must have R^— R". 

The truth of Sturm's Theorem rests on the facts demonstrated 
in Arts. 184, 185, and in the two foregoing propositions. 

If we put the functions X, X', R, R', ^., each equal to , 
that is, make equations of them, and afterwards. substitute any 
quantity for x, in these functions, less than any root, the first 
and second functions, X and X', will have opposite signs, (Art. 
184.) ; and the last function will have a sign independent of Xf 
and, of course, invariable for all changes in that quantity. The 
other functions may have either plus or minusj and the signs 
have a certain number of variations. 

Now all changes in the number of these variations must 
come through the variations of the signs to the primitive func' 
tion X. Jl change of sign to any other function will produce 
no change in the number of variations in the series. 

For, conceive the following equations to exist : 



X=0 1 

X'=0 

R=0 

&C.&C. 



• • • 



(B) 



Now take x=^h^ yet h really less than any root of the equa- 
tions, (B), and we may have the following series of signs : 

X = — 1 

X'= + 
R = — 
R' = — 

R"=: — 

R"'= + J 



» • • • 



(C) 



Or we may have any other order of signs, restricted only to the 
fact that the signs of the two first functions must be opposite, and 
the last invariable, or unafifected by all future substitutions. 

Hert are three variations of signs. 
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• 

Now conceive h to increase. No change of signs can take 
place in any of the equations, unless h becomes equal and passes 
a root of that equation ; and as there are no equal roots, no two 
of these functions can become at the same time (Prop. 1.) ; 
hence a change of sign of one function does not permit a change 
in another ; therefore by the increase of A, one df the functions, 
(C), will become 0, and a further increase of h will change its 
sign. 

In the series of signs as here represented, X' cannot be the 
first to change signs, for that would leave the adjacent functions, 
X and R, of the same sign, contrary to Prop. 2 ; nor can the 
function R' be the first to change sign, for the same reason. 

Hence X or R or R'' must be first to change sign. 

If we suppose X to change sign, the other signs remaining the 
same, the number of variations of signs is reduced by unity. 

If R or R'' change sign, the number of variations cannot be 
changed ; a permanence may be made or reduced* and all cases 
that can happen with three consecutive functions may be ex- 
pressed by the following combinations of signs ; 

+ ± - 
Or — ± + 

either of which gives one variation and one permanence. 

Now as no increase or decrease in the number of variations of 
signs can be produced by any of the functions changing signSi 
except the first, and as that changes as many times as it has real 
roots, therefore the changes in the number of variations of signs 
show the number of real roots comprised between h and h\ 

If h and A' are taken at once at tbe widest limits of possibility, 
from — infinity to + infinity, the number of variations of signs 
will indicate the number of real roots ; — and this number, 
taken from the degree of the equation, will give the number of 
the imaginary roots. 

(Art. 187.) The foregoing is a full theoretical demonstration 
of the theorem; but the subject itself, being a little abstruse,' 
some minds may require the following practical elucidation. 
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Form an equation with the four assumed roots, 1, 3, 4, 6. 

The equation will be 

(a:— l)(a>— 3)(a>-4)(ay-6)=0 ; 

orX = a^— J4a:»+e7a:*— 126a?+72=0 Roots 1, 3, 4, 6. 
X'= 4a:»—42a:*+ 134a? —126 =0. . i?oo/« 2, 3.3, 5 nearly. 

R sl3a::^— 9107+153 Roots 2.8, 4.1 nearly. 

R's70ar— 252 . • . Root 3.6 

R"= + 

Jjet the pupil observe these functions, and their roots, and see 
that they correspond with theory. The least root of X is less 
than the least root of X'. (Art. 183.) The roots of any func- 
tion are intermediate between the roots of the adjacent functions. 
This corresponds with (Prop. 2.) ; for if three consecutive func- 
tions have the same sign as — , — , — ^ or +, +, +, the middle 
one cannot change first and correspond to (Prop. 2.) ; but signs 

change only by the increasing quantity passing a root, and it must 
pass a root of one of the extreme functions first ; therefore the roots 
of X' must be intermediate in value between the roots of X and 
R ; and the roots of R intermediate in value between the roots 
of X' and R' ; and so on. But the roots of X' are within nar- 
rower limits than the roots of X (Art. 183.) ; therefore the roots 
of all the functions are within the limits of the roots of X. 

We will now trace all the changes of signs in passing all the 
roots of all the functions. ^ . 

We will first suppose x or h s ; which is less than any 
root ; then as we increase h above any root, we must change the 
sign of that function, and that sign only. 

We represent these changes thus : 
2A 
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We commenced with 4 variations of signsy and end with 
variations, after we have passed all the roots ; therefore the real 
roots, in the primitive equation, must be 4 — 0^4. 

By this it can be clearly seen, by inspection, that the changes 
of sign in all the functions, except the first, produce no change 
in the number of variations. 

In making use of this theorem we do not go through the inte^ 
mediate steps, unless we wish to learn the locality of the roots as 
well as their number. We may discover their number by sub- 
stituting a number for x less than any root, and then one greater; 
the difference of the variations of signs will be equal to the num- 
ber of real roots. 

If we take — x &nd + QC, the sign of any whole function 
will be the same as that of its first term. 

* In making this table, we did not really substitute the numben assumed for 
x, as we previoudy detennined the roots; and as passing any root changes the 
sign in that /uncfum, we write a star against that sign wfaidi has joit 
changed. 
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APPLICATION or STURM'S THEOREM. 808 

Clf APTER V. 

APPLICATION OP STURM'S THEOREM. 

(Art. 188.) In preparing the functionfl, remember that we are 
at liberty to suppress positive numeral factors. 

EXAMPLES. 

1* How many real roots has the equation x^+dx=6 ? 
Here X = a:*+9a>— 6 

X'= a:«+3 
R=— x+l 
R'=— 

Now for X substitute — oo or — 100000, and we see at once 

^^* X X' - R R' 

— + — — 2 Tariations. 

A^jain, for x put +qo or +100000, and the resulting signs 

must be , , i • ♦• 

+ + — — 1 vanation. 

Hence the above equation has but one real root ; and, of course, 
two imaginary roots. 

To find a near locality of this root, suppose a?=0, and the 
aigMwUlbe __ + 4. _ avariatioM. 

a:=l + + — — 1 variation. 

Hence the real root is between and 1 

Now as we have found x, in the equation a^-\'9x — 6=0, to 
be less than 1, x^ may be disregarded, and 9a: — 6=0, will give 
us the first approximate value of x; that is, a:=.6, nearly. 

9* How maoy real roots has the equation :e^— 82*— 4ss0 ? 

X= a?«_8aj*— 4 
X'=:4a:»— ear 
R =+25 
If a?=— CO + *— +2 variations. 

jPss-|-oo -|- -|- -|" ^ variation. 
Hence there most be 2 real root8,and 2 imaginary roots. 
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8. How many real roots has the equation a:**— 4x^—621^01 
(See Art. 103.) 

X =a:«— 40:^—021 

X'=a*— 2x* 

R =:-f.625 

When a:=— 00 + — + 2 variations. 
When a:=+oo + + +0 variation. 
Hence there arc two real roots and four imaginary roots. 

4* How many real roots has the equation a:*— -1507-1-21=0! 

^m. 3. 

5. How many real roots are contained in the equation 

aJ»_5a:8+8a?— 1=0? Ana. 1. 

6* How many real roots are contained in the equation 

2a?*— 13a:*-hl0a>— 19=«0? An8. % 



T. 


Find the number and situation of the roots of the equation 
aJ»+l la:«_102a?+ 181 =0. 


f 




X= a:»-|-llx*- 
X'=3aj»4-22x - 

• 

R=122a>-393 
.R=+ 


-102ar+181 
-102 




Putting 


a:= — 00 — 

a:— +00 -1- 


+ — 
+ + 


-|- 3 variatioitf. 
-H variation. 



Hence all the roots are real. 

To obtain the locality of these roots there are several principles 
to guide us; there is (Art. 180), but the real limits are much 
narrower than that article would indicate, unless all the coeffi* 
cients after the first are minus, and equal to the greatest. 

A practised eye will decide nearly the value of z positive root 
by inspection; but by (Art. 183.) we learn that the root of R, 
or 122ar — 393=0, must give a value to x intermediate between 
the roots of the primitive equation. 

From this we should conclude at once that there must be a 
root between 3 and 4. 
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Sobstitotiog 9 for Xf in the aboTe functioiw, we have 

+ — — + 2 variations. 
a?=4 + + + + variation. 
Hence there are two roots between 3 and 4* 

As the sum of the roots must be — 11, and the two positive 
roots are more than 6, there must be a root near — 17. 

As there are two roots between 3 and 4, we will transform 
the equation, (Art. 175.), into another, whose roots shall be 3 less ; 
or put xsxS+y. Then we shall have 

X= y»+2(y-0y+l«O 
X'=a 8y*+40y— 9 
R— 122y— 27 

R'==+ 

The value of y, in this transformed equation, must be near 
the value of y in the equation 122y=27, (Art 183.) ; that is, y 
is between .2 and .3 

yaB.2 gives + — — + 2 variations. 

y=.3 gives + + + + variation. 

Hence there are two values of y between .2 and .3 ; and, of 
course, two values of x between 3.2 and 3.3. 

Weonay now transform- this last equation into another whose 
roots shall be .2 less, and furdier approximate to the true values 
of Xf in the original equation. 

Having thus explained the foregoing principles, and, in our 
view, been sufficiently elaborate in theory, we shall now apply it 
to the solution of equations, eommehcirig with 

NEWTON'S METHOD QF APPROXIMAIIOK. 

{Art. 189.) We have ;seen,.in (Art^I7<^.), tliat if we have an/ 
equation involving x, and put x^a+y* and with this value 
transform the equation ipto . a^other involving y^ ^e equation 
will be 

If a is the real value of x, then yasO, and X^O. 
2a2 20 
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If a is a very near value to a?, and consequently y very 
small, the terms containing y^j y^, and all the higher powers of 
y, become very small, and may be neglected in finding the ap- 
proximate value of y. 

Neglecting these tefms, we have 

X+X'y=0, 

Or y=^.... (I) 

In the equation 2:=a-f-y9 if <s is less than x, y must be posi- 
tive ; and if y is positive in the last equation, X and X' must 
have opposite isigns, corresponding to (Art. 184.). 

Following formula (1), we have an approximate value of y ; . 
and, of course, of x. The value of a;, thus corrected, again call 
a, and find a correction as before ; and thus sgpproximate to any 
required degree of exactness. 

EXAMPLES. 

1* Given da^+4a;^ — ^ — 140=0, to find one of Hjie approxi- 
mate values of x. 

By trial we find that x must be a little more than 2. 

Therefore, put a:=2+y. 

X=r S{2f+ 4(2)«-^(2)— 140 . . .or. . .X»^*4i2 

X'=15(2)*+12(2)«— 5 .or. . .X'» 283. 

* ■ 

X 22 

Whence y«,-^=^«:0.07 nearly. 

For a second operation, we have . 

a:=2.07+y. 
X= 3(2.0r)»+ 4{2.(n)*— 5(«.07>i-140..'.Bylog. X«i«:--0.854 

X'=:l5(2.07)^+13{2.0t)«-i-5 . . .... -By log. X^*» 321.82 

■ 8 54'"'" • ■■■■■ ■ 
' Hence the iiecond ^alue, or ya a^ ' ■ u-i0 .002P5+ r 

And ./. . ar=*:2.07^65+ 

«. Given a:'+2a:«— 23x=70, to find an approximate value 
of X. Jin». d.l345+. 



m ^ 
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8. Given x^ — 3j::^+75a?=10000, to find an approximate 
value of X. Arts. 9.8864-. 

4. Given 3ar* — 353?* — 1 la:?* — 14ar+30=0, to find an approxi- 
mate value of a?, yins, 11.998+. 

5. Given 5ic*— 3a:* — 2a:=1560, to find an approximate value 
of X. Arts. 7.00867+ . 



CHAPTER VI. 

HORNER'S METHOp OF APPROXIMATION. 

(Art. 190.) In the year 1819, Mr. W. G. Homer, of Bath, 
England, puhlisbed to the world the most elegant and concise 
method of approxim^itijog to roots of any yet known. . 

The parallel between; Newton's and Horner's method, is 
this ; both methods commence by finding, by triaU a near value 
to a root. 

In using Homer's method, care must be taken that the number, 
found by trial, be less than the real root. Following Newton's 
method we need not be particular in this respect. 

In both methods we transform the original equation involving 
0?, into another involving y^ by plotting x^^r-^^y^ as in (Art. 175), 
r being a rough approximate value of a;, found by trial. 

The transformed equation enables us to find an approj^imate 
value of y, (Art. 189.), 

Newton's method puts this approximate value of y to r, and 
uses their algebraic sum as r was^ used in the first place ; again 
and again transforming the same equation, after each successive 
correction to r. 

Homer's me&od transforms the transformed equation into 
another whose roots are less by the approximate value of y ; and 
again transforms that equation into another whose roots are less, 
and so OB, as far. as desired. 

By continaing similar notation through the several transforms* 
tions we may have 
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Zsst+Z' 

z'=u+z'' 

Hence :p=^r-t-^+^ ^« » ^» ^» ^ ^o being successive figures 
of the root. Thus if a root be 32fi, r=300, 9=209 and /=5. 

On the principle of successive transibrmations is founded tde 
following 

Rule for approxinuOing to the true value of a real root 
to an equation. 

1st. Find by Sturm^e Theorem^ or otkerwiee^ the vahe of 
thejiret one or two figures of the rootf which designate by r. 

3d. Transform the equation (Art. 175), into another whose 
roots shall be less by r. 

3d. With the absolute term of this transformed equation for a 
dividends and the coefficient of y for a divisor, find the next 
figure of the root. 

4th. Transform the last equation into another^ whose roots 
shall be less, by the value of the last figure determined; and 
so proceed until the whole root is determined^ or stiffieunily 
approximtUed to, ^ incommensurable. 

Note 1. In any transformed equation, X is a general symbol 
to represent the absolute term, and X' represents the coefficient 
of the first power of the unknown quantity. If X and X' be- 
come of the same sign, the last root figure is not the true one, 
and must be diminished. 

Note 2. To find negative roots, change the sign of every alter- 
nate term, (Art 178.) : find the positive roots of that equation, 
and change their signs. 

(Art 101.) We shall apply this principle, at first, to the solu- 
tion of equations of the second degree ; and for soeh equations 
as have laige ^oeffioientf and inoommensumbl^ rootst it will fiir- 
nish by far the best practical rule. 
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EXAMPLES. 
1* Find an approximate root of the equation 

x«+av-60s=0. 

We readily perceire that x must be more than 7,. and leas 
than 8, therefore rs?. 

Now transform this equation into another whose roots shall be 
less by 7. 

Operate as in (Art. 175.), synthetic division 

1 1 _60 (7 

7 66 

.8 — 4 

7 

15 



Trans., eq. y* + iSy — 4«=0 

Here we find that y cannot be far from ^j, or between .2 and 
.3; therefore transform the last equation into another whose 
roots shall be .2 less ; thus, 

1 15 ^ —4 (.2 

0.2 3.04 



15.2 -^.06 

2 



15.4 
Tlie second transformed equation, therefore, is 

2:«+15.4ar— 0.96=0 

.96 

To obtain an approximate value of Zf we have -^^-r or 0.06. 

15.4 

In being thus formal, we spread the work over too large a 
space, and must inevitably become tedious. To avoid these diffi- 
culties, we must make a few practical modifications. 

1st. We will consider the absolute tetm as constituting the 
second member of the equation ; and, in place of taking the 
algebraic sum of it, and the number placed under it, we will take 
their difference. 
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2d. We will not write out. the transfonned equations ; that is, 
not attach the letters to the coefficients; we can then unite. the 
whole in one operation. 

3d. Consider the root a quotient ; the absolute term a dividend, 
and, corresponding with these terms, we must have divisors. 

In the example under consideration, 8 is the Jirst divisor ; 15 
is ihejirst trial diy'iBor ; 15.2 is the second divisor, and 15.4 is 
the second trial divisor ; 15.46 is the third divisor, &c 

Let us now generalize the operation. The equation may be 
represented by a>+ax=n 

Transform this into another whose ropts shall be less by r ; that 
equation into another whose roots shall be less by 8, &>e., &c, 

SYNTHETIC DIVISION. 



1 


a n 
r ar 


{r+8 
+f* 


1st divisor, . . 


. . a-^-r % 
r 


n' 

{a+2r+8)8 


1st trial divisor, . 
2d divisor, • . . 


, .a+2r 

0+8 

> .a+2r4-« 

8 


n" 
dz;c. 


2d trial diyisor, . 


. a+2r +28 
dz;c. 





In the above we have represented the difference between n 
and {ar+r^) by n', &c. As n', n", n"', &c., with their corre- 
sponding trial divisors, will give «, /, ti, &c., the following for- 
mula will represent the complete divisors for the solution of all 
equations in the form of 
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3U 



Iflt divisor, • 

add • 

2d divisor, . 

add . 

3d divisor, . 

add . 

4th divisor, . 
dz;c. 



rfca+ r 

r+ 8 

it:a+2rH- 8 

d=a+2r+2*+ t 

t+u 

±:a+2r+28+2t+u 



For eqnationf have an expressed.co^fficient of (h^higheit power. 
As 



the fonnalas will bcf : 

1st divisor, . . 

add . . 

2d divisor, . . 

add •- ', 

3d divisor, . . 
Ac. 



zha+ cr 

er-i- cs 



I > 



>*^ 



dba4-2cr+ cs 

es+ct 

dza+2cr+2ca+ct 



To obtain trial divisors we would add cr only, in place of 

We will now resume our equation for a more concise solution. 
1. ; . a?«+ar=6Q 

n r itu 

1 60 ( 7.262 

7 56 



1st divisor, . • 
add . r 


8 
7.2 


4 
304 


2d divisor, .. «. 
add. . .. 

• 


15.2 
26 


96 
9276 


dd divisoi^, : . 
add-; . 


15.46 
62 


324 
31044 



4th divisor, • . 15.522 



1366 



,• > ■ ■ « 
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We can now divide as in simple difition^ and annex the quo- 
tient figures to the root, thus : 

15522)1356 (08784 
124176 

11424 
10865 

559 
465 

04 
Hence* • • • • afafc7.28B0873+- 

B. Find x, from the equation «^— 700xs:50829. 

On trial, we find x cannot exceed 800 ; therefore, rBs700. 

11+ r —700+700= 50820(777 

r+ 8 700+ 70—770 00)000 

a+2r+ 9 =770 770)5a829=n' 

t+/=70+7 77 5300 

fl+2r+2«+/ «847 847)6929==n" 

5929 

Hence, • 4?8b777, 

3. Find X from the equation 3^ — 12*8^^=16848. 

By trial, we find that x mtist be niore than 1000, and tess 

than 2000; therefore, r=1000. 

in r»iu 

a+ r= —288 16848(1296 

r+ «= 120Q —283 

a+2r+ «'= 917 917)2998 

«+/ 290 1834 

a+2r+2«+/= 1207 1207)11644 

/+ti=96 10863 

1303 1308) 78li 

7818 

Hence, . .-. ■. .\ . . • ar=12!96. 
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4U.i6iteii asV«.>&r«M88d6, to find jr. 

By trial, we find x must be more than 90, and less than 100. 

Therefore, a+ r = 85 ) 8366 ( 84=:?? 

r+s.. 94 



765 



«+«r+»«=179 ) 716 

• V ■. •: . • 71« 

5. Find x, from the equation a^ — 375a?+ 1904=0. 
Here the first figore of the root is 5. 



5 

—375 


—1904(5.1480052207 
—1850 


Ist ditisor, -*^6. 

5.1 


—5400 
—3640 


2d divisor, —364.9 

44 


—175100 
—145903 


3d divisor, —364.76 

48. 


—2919600 
—2917696 


4th ditvorv —364.712 

8 


—190400 
— 1823519 


5th divisor, —364.7039 


—80491 
—72941 

—7550 
^72»4 

—256 
—255 



—1 

« 

6. Given «»+7a>— 1194=0, to find x. Am. 81.2311099. 

7. Given a'*— 21ir=21450176O78d, to find x. Ans. 463251 . 

It might be difficult for the pupil to decide the value of r, as 
applied to the last example, without a word of explanation : x 
must be more than the square root of the absolute term» tluit is, 
2B 21 
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more than 400000 ; then try 600000, whkh will be found loo 
great. 

(Art. 192.) When the. coefficient of the highest power is not 
unity, we may (if we prefer it to using the lest formulas for di- 
visors), transform the equation into another, (Art. 166.), which 
shall have unity for the coefficient of the first term, and all the 
other coefficients whole numbers. 

8. Given la^ — 3ir=376. 

Put x^ and we shall have ^— 3y==2629. 

One root of this equation is found to be 52.7567068-H« od^ 
seventh of which is 7.536672-|- ; the approximate root of the 
original equation. 

•• Given Ix^ — 83a:+ 187=0, to find one value of x. 

dna. 3.024402664 



10. Given ar* — rT^=9» *® ^^^ ^^^ v^lne of x. 

jSn$. 2.96807600231 

11« Given 4a:?*+Ja:=J, to find one value of x. 

Jlns. Ant. .14660+ 

!•• Given |a:*+Ja?=T\, to find one value of x. 

Aru. .6042334631 

IS. Given 116— 3a:*— 7ar=0, to find one value of x. 

Ans. 6.13368606 

(Art. 193.) We now apply the same principle of transforma- 
tion to the solution of equations of the third degree. 

EXAMPLES. 

1* Find one root of the equation 

a:*— a?*+70aj^— 300=0. 
We find, by trials that one root must be between 3 and 4. 
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Ml 



r 



s 



p»^ 






1 — 



1 
3 

2 
3 

3 



70 

*76 
16J 



i 


' .■ 




. r 


—800. 
888 


(3. 



— 72=X 



• • • 



• • • • 



78 



y=9r=«-' 






o 

3 



8 
0.7 

T7 

7 

Ti 
loa 



91 

0. 



00-^ 



*97.09 , 
6.58J 

103.e7=X' 



72 ; (0.7 
67.968 



'f ' 1 i - i .■<i 



_ 4.037=X 



1 



10.1 
.03 

10.13 
3 

10J6 
3 

10.19 



103.67 
.3039-^ 

*103.9739 , 
.3048 J 

104.2787=X' 



t 

— 4.037 (0.03 

— 3.119217 

— 0,917783=X 



10.19 
.008 

10.198 
8 

10.206 
8 



104.2787 
.081584 

*1 04.360284 
81648 

104.441932 



u 



0.917783(0.008 
0.834882272 

.082900728 



10.214 



• ' i 
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The terms here marked X' ar& trial divison ; we haiFe pre- 
fixed stars to the mimbers that wTknay call complete diriaors. 
We rest here with the equation 

(«")'+l<>-214(z7+104.4419ar"— 0.0829«=0. 

The value of z'* ia so small that we^ may neglect all its powers, 
except the first, and obtain several figures by diTiait>h» thus: 

104 ) 829 ( 797 
728 , 

H)I 
936 

"74 

r siu 

Hence, one approximate value of a? is • • . • 3.738797+. 
(Art. 193.) We, may make the same remarks here as in (Art 
191.), and, as in that article, generalize the operation* 

Let x^+^a^+Bx^N represent any equation of the tfiird 
decree, and transform it into another whose roots shall be r lest; 
thus, 

1 A B :=: If {r 

r {r+JJ)r r^Jit^+Br 



2r+^ (2r +Ji)r 



_ Sf»+2dr+B 

The transformed equation is 

y'+{Sr+Jiy+{Sf^+2Mr+B)y^If'. 

If we put (8r+wi)=^', (3r«+24r+J5)=^, 

and iV^— r^-^f*— JSr^iV', 

we shall have . . . 7^+Ji'y^+B'y=N*f an equation similar 
to the primitive equation. 

If we transform this equation into another whose roots shall be 
less by s, we shall have 

z^+{B8+Jl')z'+{B^+2Jl'8+B')z^N*\ 

Or, . . s^+A":i^+B"z=^N" ; an equation ^abo similar to 
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tiie first eqOstioa. -And thnt we MBygo on forming equition 
after equatioiiy similar to &e>firsty^hoseiro«tB«i8 less and. iess. 

The quantities N\ N", &Cf vtp tiiii same as X inonr. pravioiift 
notation, and the quantities B\ B", &c., are the same as the 
general symbol, X'; but irehave adbpt^d this last method of 
notation to preserre simiterity; 

Observe, that as (H-^)r4-jB is die firit ^^owpl^te divisoT, A^ 
is the number considered as a dfridend and r th^ quMieiiY^ ^ and' 

therefore . . , r= ^^^^J^^ , nearly. 

The next «q(iMtion giTea OS 

N' ■■ Tf'"-- 

And the next, t—^^,;^^^ '•?[/+3(r+*)+^]+^' 

Sec. = &c. &c. 

The denominators of thes& fractions are considered complete 
divisors, and the quantities, B', B'\ B'", are considmd tfitd 
divisors. The further we advance in the operation the nearer 
will the trial awl time divisors agree. 

Before the operation is considered, as commenced, ve must 
find the first figure of the root {r) by trial. Then the operator 
can experience no serious difficulty, provided he has in his mind 
a clear and distinct method of forming (he divisors ; and these 
may be found by the-fi^Iowing : . 

Rule. 1 st Write the number represented by B, and Mrectly 
under it, write the value of r (r+A) ^ the algebraic sum of these 
two numbers is the first complete divisor. 

2d. Directly under the first divisor write the value of r*, and 

the sum of the last three numbers is JB'i or the. first tnal 4imsor. 

^3d. Find by trial, as in simple division, how often B' is con- 

tained in N*, calling the first figure s, {making some aUowanee 

for the augmentation ofB'), and b will be a portion ef the 

root vnder trial. 

2b2 
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itlu Takt the value of Ae expreeeian (9r+9^A)$and add 
iitothe firet trial dhuorf the eum U the second divieor (if 
we have reeUg the true value ef e). 

• ■ • . . 

In osmeral teres; 

Under any complete divisor, write the square of ihe last figure oi 
the root ; add together the three last columns, and their sum is 
the next trial divisor. With this trial divisor decide the next 
figure of the root. 

Take the algebraic sum, of three times the root previously 
found, the present figure under trial, and the coefficient Jij and 
multiply this sum by the figure under trial, and this product, 
added to the last trial divisor, gives the next complete divisor. 

EXAMPLES. 

1. Given a;'+2a:*+3a:= 13089030, to find one value of x: 

By trial, we soon find that x must be more than 200 and less 
than 800 ; therefore we have 

.r=200, w3=2, £^3. 
By the rale. 



B . . 

r{r+Ji) 



• •■ • 



8 

40400 



1st divisor 40408 

r* • • 400o6J 



N ra 

40403 ) 13089080 ( 285 
80606 



139763 ) 600848 =N' 
419289 



1st trial divisor. . fi' =120803 
(8f4-t+-^)s • • . 18960 



2d divisor 139763 

s* 900J 



168108) 815640«A^' 
815640 



II 



2d trial divisor • • jB'^^I 59623 

(3r+3>+^+-^)^ • • 8485 



8d divisor •....*« 163108 

Hence, ^ x=s235. 
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9. Given a:*-fl73x» 14760038046, to find one yalue of x. 

Here Jl^O, ^=173, and we find, by trial, that x must be 
more than 2000, and leas than 3000 ; therefore r==3000. 

S . . 173 

r{r+JT) 4000000% 

Ist diyisor 4000173 f 

f* ........ . 400000oi 



j?', ..... . .12000173 

(Br+s+£)8 2560000 

2d divisor 14560173 

tF 160000J 



J9" 17280178 

(3r+3»+^+w^)/ . . 362500 

8d divisor 17642673 

2500 



B" 18007673 

{nR+u+^u .... 22059 

4th divisor 18029732 

4000173 ) 14760638046 ( 2453»r 
8000346 

14660173 ) 67602920 =iV' 
58240692 



17642673 ) 93622284 =iV»' 

88213365 



18029732 ) 54089 i96=iV^" 

54089196 

8. Given «*+2a:^— 23aEr=70, to find an approximate value 
of X. AfiB. a;=:5.134578+. 

4. Given o^*— 17a^+42jr=sl85, to find an approximate value 
of X. *9ni. XS1502407+. 
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(Art. 194,) When tlie coefficient of tbe highest power is not 
unity^ we . ma J. transform the equaUQ9 into another* (Art 186.), 
in whi«h the coefpicieDt of Ibe first term is unity,, and all the 
other coefficients whole numbers ; but it is more direct and con- 
cise to modify th^ rtde to suit the case. 

If the coefficient of the first power is c, the first divisor will 
be {cr+^)r+B, io pUce of {r+ji)r+B. 

In place of (^r+e+.^)t, to corr^t. the first trial divisor, we 
must have (3cr-|-C9+«/^)« ; and, in general, in place of using 3 
tiroes the root ahneady found, we n1u8t'u6e 8c times the root ; and, 
in place of the square of any figure, as i', «*, &c., we most use 
Cf*f c«*, Ac. 

EXAMPLES. 

5. Find one root of the equation, 3a'*+2a:*+4x=75. 

By trial, we find' that x mnst be more than 2, and less than 3; 
therefore 



r=2, c=3, ,^=2, 



B. . . 

(cr+A)r 



4. 

16. 



1st divisor 20. 

cr* 12. 



B=4. 

N r stu 
75 ( 2.577 
40 

36=A^' 
29375 



B' 

(3cr+c«+.^* 



• • 



48. 
10.75^ 



2d divisor 58.75 

c»* 76 



B" 70.25 

*{3cR+ct+.^t . 1.7297 

3d divisor .... . 71.9797 
ce 147 



B'" 73.7241 

(3ci?+cti+-^)tt • 176057 
4t)iitivi/K>r 



5625=JV' 
5038579 

.586421 =iV*'' 
.517301099 

69119901 



Continue, by nmple division, thus : 

739 ) 6911 ( 935 
6651 



. . • • t 



260 
221 



73.900157 
Hence, . . . . , ar=2.577935+. 



* Jl if ft lymbol toi leprannt the entire root, as fiur as determined. 
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6. Find one root of the eqaatioiif So;*— *0a^+3a;= — 85. 

^ns. ar= — ^2.16399 — . 

7. Find one root of the equation, 12a5"+a:^^— 6jc=830. 

^n9. x=»S.036475+. 

8. Find one root of the equation, Soc'+Oa:^— 7a;=s2200. 

Jina. ar=7.ia73536+. 

9. Find one root of the equation, ba?^^a^ — ^2x=1560. 

Jfn#. ar«7.0086719+. 

(Art. 195.) Thio principle of resolving cubic equations may 
be applied to the extraction of the cube root of numbers, and 
indeed gives one of the best practical rules yet known. 

For instance, we may. require the cube root of 100. This 
gives rise to the equation 

in which df aoO, and ^=0, and the value of x is the root 
sought. 

As A and B are each equal to zero, the rule under (Art. 193.) 
may be thus modified. 

1st. Keeping the symbols as in (Art. 193.), and finding r by 
trialf r* will be the first divisor, and 3r* is B', or the first trial 
divisor, 

2d. Bi/ means of the dividend {so called), arhd the first trial 
divisor, we decide s the next figure of the root* 

3d. Then (3r+«)5 ; that is, three times the portion of the 
root already found, with the figure under trial annexed, and 
the sum multiplied by the figure under trial, will give a sum, 
which, if written two places to the right, under the last trial 
divisor, and added, will give the next complete divisor. 

4th. After we have made use of any complete divisor, write 
the square of the last quotient figure under it ; the sum of the 
three preceding columns is the next trial divisor; which use, 
and render complete, as above directed, and so continue as far as 
necessary.* 

* III case of approximate roots after three or four divison are found, we 
may find two or three more figures of the root, with aoctnraey, by simple division. 

22 
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We may now 



l8t dhrisor • 

(3r+t)t 
2d divisor • 

{ZR+t)t 
dd divisor • 

4 th divisor • 
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resolve the equation 
a:>«100, r—4. 
• 16 



.48 
• 756 

*5656 

' 86 J 

.6348 
. 5536 

. 640336 
16J 



r Mtu 
100 ( 4.6415889+ 
64 

36 
33336 



2664000 
2561344 



645888 
13U21 

64602721 
1. 

64616643 
646166 



102656 
64602721 

38053279 
32308321 

5744958 
5169331 

575627 
516938 



58694 
58154 



d. Extract the cube root of 

1st divisor . • 64 x 
B' ... 192 

(3r+*)t • 1729^ 

2d divisor • .20929 [ 

49 J 



673373097125. 

N ntu 

673378097125 (8765 
512 



161373 
146503 



J5" . . . 22707 
{9R+t)t . 15696 

3d divisor . . 2286396 
86J 

B'" 2302128 
131425 



14870097 
13718376 



rNoTK.— To dctcr- 
I mine t^yn have 

J 192)1613( 
I Some allowanee 
- ^ made for the in- 



1151721125 L creawjoflW. 

1151721125 



230344225 
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8. Extract the cube root of 1352605460594688. 

^ns. 110592. 

4. Extract the cube root of 5882674. Jlna. 175.25322796. 

5. Extract the cube root of 15926.972504. 

Jim. 25.16002549 

•• Extract the cube root of 91632508641. 

Jina. 4608.33859058. 

7* Extract the cube root of 483249. Jins. 78.4736142. 

(Art. 196.) The method of transforming an equation into an- 
other, whose roots shall be less by a given quantity, will resolve 
equations of any degree ; and for all equations of higher degrees 
than tiie third, we had better U9e the original operation, as in 
(Art. 192.), and attempt no otiier modification than conceiving the 
absolute term to constitute the second member of the equation ; 
and the difference of tiie numbers taken in the last column in 
place of their algebraic sum. 

The following oj^ration will sufficientiy explain : 
1* Find one value of x from the equation 



10000 (9 
6993 





1 ±0 


—3 


75 




9 


81 


702 




9 
9 


78 
162 


777 
2160 


OD 


18 


240 


tl987 


i 


9 


243 




s?. 

o 
s 

• 


27 
9 


483 





3007=iV' 



36 

(CanHnued on the next page.) 
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P9 





36 

.8 

36ji 
8 

37^6 

8 

38.4 

8 

39.2 



483. 
29.44 

512.44 
30.08 

542.52 
30.72 

573.24 



2937. 
409.952 

3346.952 
434.016 

3780.968 



s 
:3007. ( 0.8 
2677.5616 

829.4384»iV^' 



Take the coefficients to their nearest 
unit. 



1 


39 

+ 


573 
3 


3781 
46 


t 
» 829.4384 ( 0.08 

806.16 




89 

+ 


576 
3 


3827 
46 


28.2784«iV^" 




39 


579 


8873 




1 


39 


579 


3873 
3 


u 
— 23.2784(0.00600+ 

88.256 



3876 
3 

3879 



224 



Hence, x«9.88600+. 

N. B. We went through the first and iecond transformationf in fulL Had 
we been exact, in the third, we should have added .08 to 39.2, and mult^died 
their sum, (39.28), j>y .08, giving 3.1424; we reserve 3. only to add to tho 
next column. By a sinular operation we obtain 46; to add to the next cohun. 

XX AMPLKS. 

1. Given a:— a:"— a;»— a:<-|-500=0, toind onevaloe of a:. Am, 4.46041671 

2. Given a:<-*6a:^-|-9a;=2.8, to find one value of x. Aru. .3297105.5072 

3. Given 20a?-|^lla5»4-9a^— ar*=4, to find one vahie of a?. 

Afu. .17968402.502 

4. Required the 5th root of 5000; or, in other terms, find one root of the 
equation a;<^5000. Ans. 5.49280-|- 

(8ar \« 
^j-rr ) to find one value of x. An$. 2.120003355 



.^+lJ 



APPENDIX. 



Tho81 who liaTe taken bat a raperfioal vievr of the edenoe of algebn, eom- 
monlj regard it only aa a means of more eaaily raaolnng arithmetieal prob- 
lems. Thej do not, at once, recognize that it is a p o werful engine for philo- 
sophical inTestigations. We have shown this, in some degree, in our 
application of the problems of the couriers and the lights ; and the few pages 
now left us, we shad derote solely to the application of algebra to philoBophical 
truths ; not finr the purpose of elucidating philosophy, but for impressing upon 
the mind the power and utifity of algebra. 

With this object in view, we propose to inrestigate the subject of 

SPECIFIC GRAVITY. 

Gravity is weight. Specific gravity is the specified weight of one bo^, 
compared with the ipedfied weight of anodier body (of die same bulk), taken 
as a standard. 

Pure water, at the common temperature of 60® Fahrenheit, is the standard 
for solids and liquids ; common air is the standard for gases. 

Water will buoy up its own weight. If a body ii lighter than water, it 
will float; if heavier than water, it will sink in water. 

If a body weighs 16 pounds, in air, and when suspended in water weighs 
only 14 pounds, it is clear that its bulk of water weighs 2 pounds ; and the 
body is 8 times heavier than water; therefore the specific gravity of this body 
is 8, water being 1. 

If the specific gravity of a body is n, it means that it is n thnes heavier 
than its bulk of water. Therefore — 

If we divide the weight of any body by its tpecijie gravUyt ihe giuHent 
will be, ihe weight of Um bulk ofwaier. 

On this fact alone we may resolve all questions pertaining to specific gravity. 

BXAMPLBS. 

* 1. Two bodies, whose weights were A and B, and specific gravities a and b, 
were put together in such proportions as to make the specific gravity of the 
compound mass e. What proportions of A and B were taken? 

A quantity of water, equal in bulk to A, must weigli — 

A quantity " «» •« ** B, ** ** ^ 

A^-B 
A quantity of water, equal in balk to {A'\'B) , will weigh — • — 

A B A^B 

Therefore, ---|---=--2--; Or, heA+aeB^=:abA^^B \ 
a o , c 

Or, 5(o— ii)ilss3(i(^— c)B. 
2 C (Wft) 
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Hence the qnantitief of each mutt be reciprocal to theee coeflkients ; or if we 

take one, or unity of B, we must take -t( ) units of A* 

2. Hiero, king of Sicily, sent gold to his jeweler to make him a crown ; he 
afterwards suspected that the jeweler had retained « portion of th* gold, and 
sidMtitated die same weight of silyer, and he employed Aichunedes to asceiw 
tain the fiK^ who, after doe reflection, hit upon the expedient of specific gravity. 

He found, by accurately weighing the bodies both in and out of water, that 
the spedfie gravity of gold was 19, of silver 10^, and of the crown 16A 
From this data he found what portion of the king's gold was purloined. Re* 
peat the process. 

llie preceding problem is the abstract of this, in which A may represent the 
weight of the goU in the crown, B the weight of the silver, and (Ar{-B) the 
weight of the crown ; a=l9, 6=10J» c=:16j^. 

Then if we take B^l, one pound, one ounce, or any unity of wei^t, of* 

silver, the comparative weight of the gold will he expressed by -t( )• 

That is, ftsr every ounce of silver in the crown, there were 4^'j ounces of 
gold. If clearer to the pupil, he may resolve this problem as an original one, 
without substituting firom the abstract problem. 

3. I vrish to obtain the upecific gravity of a piece of wood t£at weighs 10 
pounds ; and as it will float on water, I attach 21 pounds of copper to it, of a 
specific gravity of 9. The whole mass, 31 pounds, when weighed in water, 
weighs only 4 pounds ; hence 27 pounds of the 31 were buoyed up by the 
water ; or we may say, the same bulk of water weighed 27 pounds. Kequired 
the specific gravity of the wood. 

Let 8 represent the specific gravity of the wood. 

10 
Thesa — s= the weight of the same bulk of water. 

21 
And *^-=: the weight of water of the same bulk as the copper. 

10 7 80 

Hence, ..•••... — j-? ^^^'^y ^» 9= w^A95 f nearly. 

4. Granite rockhas a specific gravity of 3. A piece that weighs 30 ounces, 
being weighed in a fluid, was found to weigh only 21.5 ounces. What was 
the specific gravity of that fluid ? 

The weight of the fluid, of the same bulk as the piece of granite, was evi* 
dently 8.5 ounces. Let s represent its specific gravity. 

8k5 80 

Then — = the weight of the same bulk of water; alio --^=^1^^^== ^ 

weight of the same bulk of water. 

8.5 
Hence ---=10, Or, ^=.85 Aru^ which* mdicates impure alcohol 

9 



R. Thi qieciA»(p«n^of pore tkoholu.TS?; > quwtiQ ■ c&nd cfdW 
ipedSe gniitf tt JBi, what propcatton of walar don il eeoluD? 
LM j4= lh« pun akohol, and ir = th« water. 

Aiu. Tb« loolatica i^ thia aqnatioa ibowa 1 puitko of water to SJSt^- 
portioDa of akaboL 

e. There ia a block of marble, in the walk <fBaIbeck,e3 lot loof, IS wide, 
and 13 high. Whsl a the weight of it in Uam, the tptdSe gran^ of marble 
bangS.T andacabiclbatofwatareijpoatid*, Atu. eSSyV tons. 

7. The apedfic giavit; of diy oak i* 0.9SS ; what, then, ia the wei^t of a 
U17 oaklog, SO feet ia length, 3 ftel broad, and 3i feel dsep? .Jiw. SSTljtbe. 

We ma; now change the lulject, to make a little examinatian into taa»mu 
and nuiunui. For Ihii pmpoi^-leliueiaminaFnililem 2 (Art-lU). 

I. Dinde 20 into two nich paita that their pmtiiet ahalt be 140. It may 
be impoaBble to fulfil thJi reqniaition, therefbre we will change it ai foUowa ; 

DividaSO into [wo Bucb parti, that tbeiipRvduct will be the jrcaftatjNMnAic. 

Let x^y^ one part, and x — y^ the other part 

Then 2a=20, and x=10, and the product, a:*— y', ii evidentlj the 
gieateat powlik when y^A. Hence the two part* are equal, and the greatest 
product ia 100, or the aquare of one half the given number. 

i. Given the baae, m, end the perpendicular, r, of a plane triangle, to find 
'.he gtealeat poanble rectangle thai can be inicribed in the triangle.* 

Let ^£C be tiie triangle^ BC=m, 
AF=n, Ap=x, and AE:£x;.I}e U a 
vcr^ small distance, BO that »■ i> but ioMU- 
■ibly greater than z. 

A» A comparatiTBly, ia not&r beax the 
vertex, il ia viMble, thai the rectangle 
^b'tiit ia greater than the rectan^ abed. 

If we conceive the upper aide of the 
rectan^ 10 paia tbioogh If, in place at 
D, and we reptssant Ajy by x, and At 
bj if, it i» viaible that the rectangle 
if^V ia Uts than the rectangle efgh. ^ 

If we eubtnct the rectangle ahcd bom the rectan^ n'ft'e'^, we riuS lM*e 
y pontine remainder. 

If we nibtract the reetangte t/g-A (nnn the rectangle e'/'g'A', we ahatl have 



i 





* Wfl da not iatrodnee (hit problani to ahow iti 
ai^ la ita plaee, ia extRHielr linpfa ; 
ettanriveliP ami la iba Ughac maihematita, and, perakaac* our iD 
a piqiil in Ua pngnai in tka calaBlaa. 
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Tbe raetangk. a (eil cannot be the greatest poariible, ao long ma we can have 
a positive remainder by aablracting it from the next eonaecothre rectangle 
immediately below. 

After we paas tbe point on the line ilF where the greateit poasible rectangle 
comes in, the next consecutive rectangle immediately below, will become less; 
and fay subtrsetiBg the upper from it, the difieience will be negati've. 

Hence, when abed becomes the greatest possible rectangle^ the difierence 
between it and its next consecutive rectangle can be neither plug nor minuSt 
ant must be zero. 

Therdbre, it is manifest, that if we obtain two algebraical expreasioDs for the 
two rectangles abed And a'b'c'd', and put their diflference equal to 0, a resolu- 
tion of the equation will point out the position and magnitude of the maximum 
rectangle required. 

Put the line aftoy, and i^lifs=y'. As AIh=x and AE^sjif, DF=n--x 
and EFssnr^af, The rectangle abe <feBy(ti— «), and a*b'ffdf=sy'{n — x>). 
From the coDsideration just given, the maximum must give 

y'(»i— «')— y(fi — ar)=s=0. 

fflX 

By proportional triangles, we have x i y ii n i m or, y= — . 

By a like proportion, we have yts^—x', 

n 

Put these values of y and y^ in the above equation, and, dividing by — , 



we have x'(n — xf)=x{n — jr) ; 

Or, a* — a:'* =n{x — afy 

By division, x '\- x^ =71 

As x' is but insensibly greater than x, 2x=n ; which shows that AD is one 
half ilF, and the greatest rectangle must have josthalfthe altitude of the triangle. 

3. Required the greatest possible eyUnder that can be cut from a right cone. 

Conceive the triangle (of Prob. 2.) to show the vertical plane cut through 
the vertex of the cone, and aif=y the diameter of the required cyfinder. Then, 
the end of the cylinder is .7854^^, and its solidity is .7854^*(n — x). The next 
consecutive cylinder is .7854y'2(ii — x'). Hence y''(n — ^T')==y«(n x). 

By similar triangles x : y : : n : m. Or, y *== — j" "**^ y''^ — *'*• 
Hence, «'«(n— «')=*'(»*—«)» Or, «»— *'3=n(xa— x**) ; 
Divide both members by (x — «'), and a*-f"**'"l"*'*='* (*"!-*')• 
As x=x' infinitely near, 3x«=2wx, or, x=|«; which shows that .the 
altitude of the maximum .cylinder is J the altitude of the cone. 

In this way all problems pertaining to maxima axid minima can be resolved ; but 
the notation and langoage of the calculus, in all its Uarmgs^ is preferable to this. We 
had but a single object in yiew — that of showing the power of algebra. 
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SCIENTIFIC CLASS BOOKS. 

Among the more important pablications, is a course of Mathematical and Scientific 
OLASS BOOKS, by Horatio N. Robinson, A. M., fonnerly Professor of Mathematies 
in the Navy of the United States. 

ROBINSON'S THEOBETIOAL AND FRAOTIOAL ARITHMETia, pp. 288: 
retail price 37^ cents. 

ROBINSONS ALQ-EBRA, school edition, pp. 364 : retail price, 76 cents. 

R0BINS0N13 AI^EBRA, university edition, pp. 33S : retail price $L 00. 

ROBINSON^S KEY to both editions of the Algebra, containing also a short treatise 
on the Indeterminate and Diophantine Analysis : retail price, 60 cents. * 

ROBINSONS NATURAL PHILOSOPHY— expressly designed and adapted for a 
Qass Book— containing the modern improvements in science up to the present time, 
pp. 288 : retail price, 75 cents. 

IN PREPARATION, A WORK ON GEOMETRY, by the same author, in which 
the science of Algebra is brought to aid the more dr^' synthetical reasoning; and the 
application of the science carried out in plane and spherical trigonometry, and the 
formation and use of tables, &c., &c. 

ALSO, A CLASS BOOK ON ASTRONOMY— one not above the comprehension 
of students on the one hand, nor on the other a superficial or trifling production, bat 
suitable to give efficient instruction to the higher class of pupils in schools and 
Vsademies. 

Both author and publisher of this series, have made it a principle, not to publish re- 
commendations from any one who has not adopieJ the books, or who is not taking 
measures to do so. This seems to be necessary, as the public have been too oflen mis- 
led by mere complimentary nnd unmeaning coirimendutious. But the following are 
very decided and unmistakable 

TESTIMONIALS. 

St. Charles CJollege, Mo. 
Mr. Robinson: Dear Sir — Since I saw you in Cincinnati. I have more carefully ex- 
amined your elementary treatise on Algebra, and also your Practical and Theoretical 
Arithmetic. We cannot better give you our opinion of these works than by inform- 
ing you that we have adopted both as text books in our institution. 

Yours, respectfully, ISAAC EBBERT. 

i' — 

Vermillion College, Haysville, C, July 28, 1847. 
Mr Robinson: Sir — Havingr found a copy of your Algebra in the possession d'a 
friend, I borrowed it for examination. I have examined it carefully, and have no hes- 
itation in saying, that it is decidedly the best elementary Algebra I have ever seen. I 
will introduce it into the Institution with which I am connected, as soon as possible. 
Yours, very respectfully, ISRAEL BOOTH, Prof. Math. 

The Rev. J. M. Goshorn, Principal of a Female Institute at Pittsburgh, writes to the 
Rev, J. NevinSj Principal of a Female School near Pinshnrgh, in the following words: 
*^ Having examined it (meaning Robinson's Algebra), I find it a work of rare merit, one 
which meets the demand of the times, and 1 have therefore introduced it as the text 
book, into the institution of which 1 have charge. It is written by a teacner — one who 
is familiar with all the difficulties of the pupil in his progress of obtaining a knowledge 
of this important science.*^ 

Pittsburgh, Pa., Sept. 20th, 1847. 
Mr. Robinson : Dear Sir — After a carefiil examination of tne best treatises on Alge- 
bra now before the public, it gives me pleasure to inform you, that I give the prefer- 
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«nce to your work as a class book, and that with the unanimous concurrence of the 
Faculty of the University, I have accordingly introduced it into the Institution of which 
we have charge. Yours, most truly, L. STEPHENS, 

Prof, of Math., Western University of Pa. 

Cincinnati, April, 1846. 
Mr. Robinson : Dear Sir— The book which you have submitted to my notice de- 
mands apedal recommendation, as being a clear, concise, and elegant exposition of the 
principles and operations of Algebra, and a most skillful attack upon the real difficul- 
ties of the subject; as containing the first effort at a regular and systematic arranse- 
ment of those arti^fiees that are used by experienced algebraists to shorten difficult solu- 
tions, and bring *' stubborn equations" under rule — and, as a happy comi)ination of the 
theoretieal and pnutietU, which, without rendering labor on the part of the student unne- 
cessary, directs it to the best advantage. 

.Yours, respectfully, JOHN C. ZACHOS, 

Teacher of Mathematics in the Cincin'a Classical Academy. • 

Wooster, February 22, 1848. 
Mr. H. N. Robinson : Among the many books designed as aids in acquiring a 
knowledge of Algebra, none, in our opinion, is more worthy attention than that by 
Professor Robinson, of Cincinnati. He has successfully avoided the faults, and to a 
very great extent embodied the advantages, of most of las predecessors. In this work, 
the dull monotony of the ordinary methods of solution is finely relieved, by the con- 
stant and judicious introduction of arti^es — thus spreading before the private student 
the beauties heretofore exhibited only in the hall of the accomplished professor. In 
our own classes it has been constantly successful ; and in this region is rapidly super- 
seding the works formerly in use. J. MORGAN PAROTE. 

The following is an extract of a letter received from one of the mathematical teach- 
ers at the Oberlin Institute, and under the circumstances comes right to the point. The 
object of the letter was not to recommend the book, but to make some inquiries of the 
author concerning Sturm's Theorem, &c. When the author was in Oberlin, he left a 
general request, that they might pay attention to imperfections, errors, &c., and in 
answer to that request, the letter says : 

" I cannot now point out particular faults and blunders in your book. I hope yon 
will be here in the spring. I make these remarks the more readily because, as I said 
before, I think your Algebra the best one we have. It introduces one into the very 
spirit of the science, more than any other I am acquainted with. It is incomparable on 
* pure and quadratic equations,' avoiding that dull way of developing a few '• formulae,' 
and leaving the student to apply them the best way he can. I think that you miffht 
enlarge to advantage on 'Proportion,' giving a greater number of theorems, and also 
a little on ' Variations.' 

" Excuse my plainness in this letter, and believe me always to be your friend. 

*' Prof. Fairchild sends his compliments to you. Write soon. 

" HORATIO M. JONES." 

South Salem, Ross co., Ohio, Feb. 23, 1848. 
Prof. Robinson : I had long felt the necessity of a better text book on the science of 
Algebra than any I had been able to obtain — one that would be practical, and at the 
same time sufficiently extensive to afford a thorough knowledge of the science. Soon 
afler the publication of Robinson's Algebra, we adopted it as the text book in Salem 
Academy. So far, it seems to be just the book I had desired. 1 hesitate not to recom- 
mend it as far supierior to any work on the subject that had previously fallen under my 
notice. Its chief excellence seems to consist in its uniting comprehensiveness with 
simplicity and conciseness. The author has succeeded in throwing into that difficult 
science a peculiar charm, beauty, and spirit, which imparts the highest pleasure in the 
midst of the severest study. I believe that students, with the same diligence, will ac- 
quire a better knowledge of Algebra from this work, in two sessions, than in three 
with other works. The mahod of reducing binomial surds is of itself worth the price of 
the book. JOHN C. THOMPSON. 

Edinburgh, Apple Creek P. O., Wayne co., Ohio, March 23, 1848. 

Mr. Ernst: Sir— Having examined carefully (he University Edition of Robinson's 

Algebra, published by you. I feel fully convinced of its superiority over all others now 

m use, and have a desire to introduce it in the college under my care. I therefore drop 

you this note to ascertain where the books can be had. If the Algebra of Robinson 
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could be'as easily obtained as Bourdon, I think its superiority wonld'be sufficiant com- 
pensation for the inconvenience of the change. Please write immediately, and let 
me know your terms of sale, and where or how the books can be obtained. Our col- 
lege is young, but flourishing. We now number about fifty pupils, and our number 
is still on the increase. In naste, I have the honor of subscribing myself yours, &c., 

SAML. I^NDLEY, Prest 
Jacob Ernst, Esq., No. 183 Main st, Cin. of Edinburgh College. 

In a subsequent letter he says : 

Edinburgh, Apple Creek P. O., April 15, 184& 
Mr. Ernst : You will see by the enclosed circular, that we have introduced Robin» 
son's Algebra, University Edition, into our school ; and I now vnrite to obtain a supply. 

Mt Sterling, June 1, 1848. 
Mr. W. S. Brown : Dear Sir— Among the School Books you sent to me, I find ProC 
H. N. Robinson's "Treatise on Algebraj" which I have examined, and with which I 
ara much pleased. It is a work peculiarly adapted to the American student, and it 
will, I doubt not, supersede all others in our schools. The practical character of the 
treatise, the omission of abstruse, theoretical discussion, the felicitous manner of eZ' 
plainin? the elementary principles of the science, and the animation which marks the 
style of the author, are qualities which will not fail to inspire in the minds of students 
a passion for a subject, which, o^ing to the style and method of text books heretofore 
used, has been generally unwillingly and unprofitably pursued. There is just enough 
of theory given in the book of Mr. Robinson, to render the practice intelligible and m- 
teresting, and to show the abstract beauty of Algebra as a science. I shall, unhesita- 
tingly, adopt it as a text book in ray school. 

Yours, very respectfully, JNO. AUG. WILLIAMS. 

Xenia, Greene county, Ohio, June 28, 1848. 

Mr. Jacob Ernst: — ^The two editions of Robinson's Algebra, and his Natural Phi- 
losophy, which I obtained of you in Cincinnati a few weeks ago, have each been 
under examination at such times as I have been able to spare ; and my approval of 
them all I wish to state, as follows : 

The school edition of the Algebra I prefer to any I have yet used : I have already 
introduced it into my school, and shall encourage it all I can. The University edition, 
as well as the other, gives evidence that the author was well Qualified for the task he 
assumed. Professor Armstrong, of Xenia, formerly of Oxford College, expresses his 
entire approbation of the work. The Natural Philosophy I am much pleased with,' it 
illustrates the various subjects in a masterly manner — giving copious practical exam- 
ples, calculated to rivet the entire science on the mind of the pupil. I have began, 
and intend to continue its use in my school. 

In my next visit to your city, I will call and see you. 

Yours truly, J. H. MILLER. 

Mr. H. L. Hosmer : Dear Sir — Having devoted considei^ble time to the examination 
of " Robinson's Algebra," and " Elements of Natural Philosophy," by the same au- 
thor, which you placed in my hands on your return from Cincinnati, it affords me great 
pleasure to say that, in my opinion, the work on Algebra is calculated to give a clearer 
and more thorough knowledge of the science in less time than any other work upon 
this subject. 

In this book we find the excellencies of the demonstrative methods of the French 
most happily combined with the more practical operations of the English. The solu- 
tions are concise, and clearly explained. The work is adapted to a large class of 
students in our schools and academies. 

The work on Natural Philosophy is a very great improvement upon those which 
have preceded it. It is not a dry and formal scientific class book, nor a mere compi- 
lation of philosophical facts, but a book of theorv and fact together, uniting demonstra- 
tion with observation and practical results, well calculated to teach the pupil, to inte- 
rest and allure him on in his efforts to acquire a knowledge of this most useful science. 
There is in fact more real philosophy ii^ this little work, man can be found elsewhere, 
in a much larger space. 

Mr. Robinson has shown conclusively, in the composition of these books, that he 
regards the interests of the youn^ as well as those of the community, and that he has 
hM much experience in the business of instruction. 

For clearness, extent^hilosophical correctness and practical utility, these books 
must stand unrivaled. Time must soon set to them the seal of approval from all 
lovers of truth and educational improvement L. S. LOWNsBURY, 

Principal of Toledo Academy. 
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THE BOOK OP PRICES OP THE HOUSE CARPENTERS OF 

CINCINNATI— Caraftilly revited and enlarged, Feb., 1844, by Louis H. Shallt. 

Haring reviewed this new edition of oar old Bill of Prices for Carpenter and Joiner 
work^ we find that it is a true copy of the old Bill : and further, that it contains a fiill 
description of onr new style of work as is now being done in this city, with prices 
affixed thereto eorresponoing with the prices given in the o riginal part of the Bui. 

OSGOOD FIFIELD, 'I 
JOHN SNYDER, Cmt^^mr^^^ 

GEO. W. TOWNLEY, >M»Aiums. 

LOUIS H. SHALLY, J 



JUVENILE BOOKS. 

JUVENILE LIBRART.— This Beries of instroctive and useful Juvenile 
Books, neatly packed up in dozens, contains upward of seventy beantifnl engravings, 
appropriate to the reading in each book, and has been expressly written for the young, 
and consisu of books of the following titles, viz. : 

Pabt 1. THE SABBATH DAY. Pabt 7. PRIDE, 

a. THE SABBATH SCHOOL. 8. RESOLUTION. 

3. PRAISE TO GOD. 9. INDUSTRY. 

4. LOVE BETWEEN CHILDREN. 10. INNOCENCE. 
6. OBEDIENCR 11. BEAUTY. 

6. BENEVOLENCK 12. THE GARDEN. 

All the topics are highly moral or religions; and the style is well adapted to the juve- 
nile mind, being simple, yet elevated. We hope this series will supplant some of the 
juvenile publications that have appeared of late years — publications which contain 
the foolishness of folly, and instead of tending to elevate children, only make them still 
more childish, if not idiotic. 

The typographical execution is very neat. — Western Christian Advocate. 

CmcnvMATi Classical Acadxmt, 
, Center street, Aug. 7, 1845 

Mr. J. Ernst : Dear Sir— I have examined with some attention, partly in manuscript 
and partly since their issue, your series of children's books, '* The Juvenile Library of 
Moral and Useful Instruction, by Mrs. Oliver.'' 

I commend this little series, with all heartiness, to the numerous readers for whose 
instruction in the most precious of all lessons, it is designed. >It presents to them '* ap- 
ples of gold in pictures of silver." 

I am, dear sir, very cordially, &c., CHAUNCEY COLTON. 



THE HEFATIOAi OB SPRING- FLOWERS FOR OHTLDRRN; 

In Six Parts. 
This beautiful series of Juvenile Books is embellished with numerous cuts, and neatly 
bound. It comprises part of a full and complete series of useful and instructive books 
for children, now in press. They are well designed for presentation books, in the 
week-day or sabbath school. 

Preface to the Series. 
" In presenting this little work to the juvenile part of onr community, it is not intend- 
ed to convey any thing of an exciting nature, for the youthful imagination to feed upon ; 
but rather to draw out those gentler feelings, which harmonise so well with the noblest 
qualities of humanity, and which require so much early culture, in order that they may 
bud, blossom, and bear fruits unto perfection. 

"We humbly hope these little stories, unpretending as they are, may not only pro- 
duce that effect, but also impart some instructive or moral lesson in the 'dress of inno- 
cent amusement, which is not denied admittance to the wise and good of all ranks."* 

Emma. 
Neatly put up in packages. Trade price 60 cents. 






THE NORMAL TEACHER. 



opzxrzoxrs or thb wo: 

From FnfeMr M. a WILLIAMS, FriMiinl of DaTton Aaimof, DeCMnber 17, 1M& 

ThisMtheUaeofanelementaiySdiool BaokiJoit ImimI byJ.EniLor Ciaeii^^ Tlie aunn of te aaann 
will be a guarantj tint the work powewea man naa ordiouy merit Albert Picket, WB. it a veteran in tb* cam* 
of education ; hit whole life hu been spent in Invettigatinf the true philowphj of nind, and (he raeana of develop- 
ioffitapowen in its fint dawnings. And the ** Normal Teacher" is tne result of his experience and icflectian in tub 
department If ri^tlr used, it will make children (JktiU, as well as rand and ipell ; mat ifavas ia laid on nod apel 
ling. This we like ; for it is sadly ne^;]ecti^ in most of cor schools. There are, oeaides the qteUi^g naons ia 
ccduBMis, many well selected pieces of poetry intended far exercise in speDing. Theae are valaaUe. 

** They form superior exercista. It is by the association of words, that ideaa are dieited and iB4K«aaed vpen Hm 
mind. This is the s{)irit of the Normal system of teaching." 

The leaaons in spelling are so inwafpi as to introduce the child by ea^ and gradual stepa to a knowledge of 0m 
fcnnation of derivative words from their roots, and at the same time that he is Muninf to conatmet a word Im is 
learning the definition, and also to speil it Gieat care seems to have been given to this part in aelecttng the bcrt 
word or words to give the true meaning. 

This work is also made a jTrncttcoi introduction to English Grammar. This part dcaenrea medal atleatioii, for 
dtfldran cannot begin too soon the jvoeftos of Grammar ; this may be done as ia nere raeoaunesasd, witboot i 
firing formal roles and definitions. 

Ine Normal Teacher has great merit, and it needs only to be known, and it will be folly appraeiated by 1 



aacagsJ in primary instruction. 

After a full examination of the Normal Teacher, I have concluded to recommend it, and as an eridenee of mj csti- 
outkm of the book, it will be introduced iuto the Dayton Academy. 

From Prot H. M. JOHNSON, Ohio Wesleyan University, Delaware. Novsmbear 1st, 184& 

« I have examined it, the ' Normal Teacher,' and hesitate not to say that it is admirably calcnkted for the idace it is 
designed to occupy in a sy^em of instruction. I think it the best adapted of any other waik. I have aeeo, to develope 
(AougM, and to teach ideas in connexion with words. I eqieclally admire the plan of the lufom, on the Irrt fiftr 
pagea, wnere, by giving the derivative words, foltowing in order from the primitive, instead of covering pagea with 
fossono contumng wonls ot uniform length, but having no natural connection^ a most important leasm is taiwht, 
and ahabit of mind of great value — that of bacing such connections — is established, and without any additioiiarfak. 
bor ; and, if I mistake not, the mere &ct of learning so many words, u made much easier by this truly improved ar* 
rtngsment This advantage, I notice, as being additional to that of fixing in the mind of the learner, die niK* ayod 
tliesevanl lessons which they are designed to illustrate. In a word, this little book olbn to our schools a most vnlu' 
iHs qrtfem of eienratary instruction.'' 

lYtmi Dr. B. H. BISHOP, D. D., hte President of Miami Univenity, 0., now of the Fumer*B CoUen, Pleasant 
HilL October lad, 184fiw 

"In the hands of a connietont instructor, a better book, for the purpose fiw which it ia intended, cannot be selected 
than Picket's * Normail Teacher.' Those who may wish, to see tne value of the general principles upon whidt fliis 
%mall work is constructed and exemplified, would do well to consult Dr. Bacbeli report to the trustees of tbo Oiraid 
College, on Education in Europe, throughout, but particularly pages 191, 192, 249 and 2Sa'' 

From the Principal, Mr. N. F. TUCK, of Bardstown Female Academy, Ky. Bardstown, Nov. 10^ 1845i. 

" After a thoroaefa examination of flie ' Normal Teacher,' I have no hesitation in saying; that its introdnctioa into 
ear schools gsnenily, would greatly facilitate the pupils progress in the acquisition oftfae Eqgllah hngoage." 

From Dr. E. D. McMASTER, D. D. President of Miami University. Oxford, 0., Dec 8th, 184S. 

** The ' Normal Teacher' seems to me, to be executed with good judgment ; and certainly is greatly superior to Qie 
books in nae in the days of my initiation into the mysteries of spelliog and reading, and English Grammar." 

From Prof. OLMSTEAD, Tale College, l^vember 1st, 1845. 

"Hw ' Normal Teacher* is an excellent work. I shall take pleasure in bringing it befiore the notice of our poblie 
instructors. Its introduction into cur schools would promote the best interests of education." 

From Dr. ELUAH flACK^ D. D. fbrroerly Vice President of Princeton College, N. J.. President of CiDdnnati 
C(41ege, Professor of Chemistry in Ohio Medical College, ftc. Cincinnati, October 28th, 1845. 

<* I have examined most thoroughly, < The Normal Teacher,' and consider it a new and strictly philosophfcal ai^ 
rtngement for spelling, raising brailies of words fmm their roots, and for teaching the essential principles of Eng. 
lisk nammar. and for impressing on the leariier's mind a knowlMge of English words, their spellinr and derive- 
tioo, It is most admirably adapted. I do not hesitate to express an opinion, that it is entttjed to bigoer confidenoe 
tbtt KKf other work in use among us." 

From Mr. J. F. WRIGHT, President of the Hamilton County Association of Teachers. 

Mount Pleasant, 0., November. 70), 1845b 
*< I have ^ven the 'Normal Teacher' a searching exsmination, and am much pleased with it I consider it in 
many respects superior to any other work with which I am acquainted. It b peculiarly adapted to the wants in 
oar sebools, combining the important branches of tpeiling, reading and EngKih Chrammar. I am free to say, that 
I tbbk it confers an important (kvor on the cause of eduttUon." 

From Prof. N. TILUNOHAST, Principal of one of the State Normal Schools. 

Bridgewater, Mass., December 9th, IMSw 

" I have looked through the ' Normal Teacher,' and am pleased with the ameeption and execution of it I ahoold. 
if I conld procure copies sufficient, use it in both my Normal and Model Schools. • • I find with Qie pupils re 
orived hen, that raelling has, in most ca8iB8,been most wretchedly neglected, and accurate defining, indeed almost 
.altogettier overiooked." 

rnm flie Hon. FRANCIS DWIGHT, Editor of the New Tork District School Journal, one of flie Trvteet of Ibe 
State Noimal School, and Albany Superintendent of District Schools, tuu November Sd, 1846b 

« Ihave examined the < Normal Teacher,' withgreat care, and lam highly pleased with it In flie handsofagMK 
Teaebsr, it will prove a most mdnmiUe work. Tbeplanand executionof toe work are aood, and mast oomaM»^ik 
to •verj^KiiBsout Teacher. I give it mr most ctndua approbation." 

191 



193 ^ " 'I'HE NOIOIiULtTEACHER. 

Fram CHANDLER BOBBINS, ProfeMor of LBig&igei, Ai^;iu<m Colhge, K7. Deenber lltli, VUL 



''Ihave Okveftillr emniiiedtlie 'Noniud Teacher,' and I am prepared to mftm my onqoaiified approbtUon of tt> 
AiBOiigtlieftratofltsezceUeociei,!atbemmiberor itsleaons suited t#T^te learnert. I highly approve ttwtt^ 
nu^pment of words far Spelling leMOM. It is theonly planthatcanbead|jftod togirea child aoorrect Idfaofte 
chaises wrought od the meaning of words by the various affixes and suflxes in our langnage. No definition can com* 
vev accurately to die mindof a chiULa notiOB of what changes, their terminations ana prefixes efibct In a word, I 
tbuk the autoon of this work have hit upon the ontylrue tnemod of teaching the elements of laogoage." 

From A. S. RUNNELS, Preddent of fliaTeacher>{i College, WestFennsylvania, and Principal ofttie Ceotnl Nofml 
Sebocd. Somerset Januaiy 16(h, 184A. 

** I have carefully examined the ' Nonnal Teacher,' and consider it the best work I have ever wen on elementuj 
education. A» soon as circumstances will permit, I shall introduce it into the Schools under my chaife." 

From Professor J. K. PARKER. November Stb, 184S. 
* I have well examined the 'Ncmnal Teacher,' and shall introduce it intomyschooL'' 

From Ftofessor C. F. McWILLIAMS. Springfield, (Hiio, November 10, 1846. 

" I have looked Messrs. Pickets' 'Normal Teachei' tbnni|^ veir carefullj, and I have also submitted it to the i»- 
qjection of others, and I deem it poor praise to say, that I decidedly prefer it to any other work Cor the same porpeea 
which is noio m uie." 

From PHILIP D. PUTNAM, Principal of one of the Public Schools. Ddaw^ure, 0., Jaa IStb, I84S. 

** I have carefuUv examined Messrs. Picket's Normal Teacher, and give it the preference to any other book fbr 
the same purpose, I have overseen. I deem it only necessary, that the work be carefully examined by the friends 
of education, to insure its needy introduction into schools : and I shall not hesitate to use my utmost exertions to ef* 
feet that end." 

Fiom Rev. W. F. BROADDUS, Principal of Woodward Female Institute. Yenailles, Ky. Jan. 12th, 184S. 

** 1 have carefully examined Messrs. Pickets' 'Normal Teacher,' and I am prepared to express my unqualified l^ 
probation of the plan and its execution. I shall immediately introduce it into my Institutioik'' 

From the Daily Cincinnati Gazette, December a6th, 1845. 

" The learning and experience of the authors of the ' Normal Teacher.' will go Car to induce flie belief^ that it b a 
valuable work. Those who have critically examined it, claim for it high merit" 

From the Cincinnati Daily Chronicle, October 29tb, I84B. 

<*To say that Mr. Albert Picket, a veteran teacher, and his son. Dr. J. W. Picket, are Its authors, b at onee, 
to recommend it to public fe,vor. We are most favorably impressed both with its plan and mattov' 

From the Zanesville Gazette, October 6th, 1845. 
** We have examined the 'Normal Teacher,' a new work, prepared by A. Picket, aenr., and hb son, Dr. J. W. 
Picket. We see that the prevailinx object of the work, is, to teach the learner to Mink— to reaton—*i* venckrtttatd. 
While it teaches to spell and read, it toches also to analyse grammatically : and he who b fiuouUar wiSi tUs littla 
t)ook, has aL-eady laid the ground woriL of aoaurait gmmmatical knowledge." 

From the Xenia Torch Light, November 6th, 1845. 

" Frtmi the examination we have ^ven the Normal Teacher, a new work by Messrs. Kcket, tSB an Indwid l» 
believe they have succeeded in producing a moit admirabU and vaiuabU school bodu" 

From the Chillicothe Advertiser, November 8th, 1845. 

** The deni^ of the ' Normal Teacher' is good^ and well calculated to bcilihite the elementary branchea of edMi^ 
tlon. We commend it to the notice of School Directors, and those engaged in instroctioii. The typographical 
cution is highly creditable." 

From the Dayton Transcript, November 15th, 1845. 

"The Normal Teacher, by Messrs. Picket, has great merit ; and it needs onlv to be known, to recelvo the 
of all engaged in primary instruction." 

From Mrs. CAROLINE LEE HENTZ^ Tuskege« Female Instihite, Alabama, January 11, I84S. 

"lam verv much pleased indeed with the ' Nonnal Teacher,' and could I have access to it, would bo clad to i 

dace it into ray School. 1 ha ve shown it to several Teachers, who have all approved of it most highly. lUdak it OM 
of the best vt-orlcs of the kind I have ever seen." 
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